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Overview 


In this book, we develop a theory of complex dimensions of fractal strings 
(i.e., one-dimensional drums with fractal boundary). These complex dimen- 
sions are defined as the poles of the corresponding (geometric or spectral) 
zeta function. They describe the oscillations in the geometry or the fre- 
quency spectrum of a fractal string by means of an explicit formula. Such 
oscillations are not observed in smooth geometries. 

A long-term objective of this work is to merge aspects of fractal, spectral, 
and arithmetic geometries. From this perspective, the theory presented in 
this book enables us to put the theory of Dirichlet series (and of other zeta 
functions) in the geometric setting of fractal strings. It also allows us to 
view certain fractal geometries as arithmetic objects by applying number- 
theoretic methods to the study of the geometry and the spectrum of fractal 
strings. 

In Chapter 1, we first give an introduction to fractal strings and their 
spectrum, and we precisely define the notion of complex dimension. We 
then make in Chapter 2 an extensive study of the complex dimensions of 
self-similar fractal strings. This study provides a large class of examples 
to which our theory can be applied fruitfully. In particular, we show in 
Chapter 3 that self-similar strings always have infinitely many complex 
dimensions with positive real part, and that their complex dimensions are 
quasiperiodically distributed. This is established by proving that the lattice 
strings—the complex dimensions of which are shown to be periodically dis- 
tributed along finitely many vertical lines—are dense (in a suitable sense) 
in the set of all self-similar strings. We present the theory of Chapter 3—in 
which we analyze in detail the quasiperiodic pattern of complex dimen- 
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sions, via Diophantine approximation—by using the more general notion 
of Dirichlet polynomial. 

In Chapter 4, we extend the notion of fractal string to include (pos- 
sibly virtual) geometries that are needed later on in our work. Then, in 
Chapter 5, we establish pointwise and distributional explicit formulas (ex- 
plicit in the sense of Riemann’s original formula [Riel], but more general), 
which should be considered as the basic tools of our theory. In Chapter 6, 
we apply our explicit formulas to construct the spectral operator, which 
expresses the spectrum in terms of the geometry of a fractal string. This 
operator has an Euler product that is convergent, in a suitable sense to be 
explained in Section 6.3.2, in the critical strip 0 < Res < 1 of the Rie- 
mann zeta function. We also illustrate our formulas by studying a number 
of geometric and direct spectral problems associated with fractal strings. 

In Chapter 7, we use the theory of Chapters 3 and 5 to study a class of 
suspended flows and define the associated dynamical complex dimensions. 
In particular, we establish an explicit formula for the periodic orbit counting 
function of such flows and deduce from it a prime orbit theorem with sharp 
error term for self-similar flows, thereby extending in this context the work 
of [ParrPoll, 2]. We also obtain an Euler product for the zeta function of 
a self-similar fractal string (or flow). 

In Chapter 8, we derive pointwise and distributional explicit formulas 
for the volume of the tubular neighborhoods of the boundary of a frac- 
tal string. We deduce a new criterion for the Minkowski measurability of 
a fractal string, in terms of its complex dimensions, extending the earlier 
criterion obtained by the first author and C. Pomerance (see [LapPo2]). 
This fractal tube formula suggests analogies with aspects of Riemannian 
and convex geometry, thereby giving substance to a geometric interpreta- 
tion of the complex dimensions. We also provide a detailed discussion of 
the pointwise fractal tube formulas in the important special case of self- 
similar strings, and study their consequences both for lattice and nonlattice 
strings. In particular, we deduce that a self-similar fractal string is Min- 
kowski measurable if and only if it is nonlattice (i.e., if the logarithms of 
its scaling ratios are not pairwise rationally dependent). We then explicitly 
calculate the Minkowski content of a nonlattice string and the (suitably 
defined) average Minkowski content of a lattice string. 

In the later chapters of this book, Chapters 9-11, we analyze the con- 
nections between oscillations in the geometry and the spectrum of fractal 
strings. Thus we place the spectral reformulation of the Riemann hypothe- 
sis, obtained by the first author and H. Maier [LapMa2], in a broader and 
more conceptual framework, which applies to a large class of zeta func- 
tions, including all those for which one expects the generalized Riemann 
hypothesis to hold. We also reprove—and extend to a large subclass of the 
aforementioned class—Putnam’s theorem according to which the Riemann 
zeta function does not have an infinite sequence of critical zeros in arithme- 
tic progression. This work is supplemented in Section 11.1.1 with an upper 
bound for the possible length of an arithmetic progression of zeros, and in 
Section 11.4.1, where we present Mark Watkins’ work on the finiteness of 
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shifted arithmetic progressions of zeros of L-series. Based on these results, 
we make a number of conjectures in Section 11.5 about the location of zeros 
and poles of Dirichlet series. 

The book culminates in Chapter 12 with a proposal for a new definition 
of fractality as the presence of nonreal complex dimensions with positive 
real part. Accordingly, for example, smooth Riemannian geometries are not 
fractal, but self-similar geometries are fractal, as expected. Furthermore, 
the Devil’s staircase (the graph of the Cantor curve) is fractal in our sense 
whereas it is not fractal according to Mandelbrot’s definition of fractality. 
Moreover, arithmetic geometries should be fractal in this extended sense 
(with the zeros and the poles of the associated arithmetic zeta functions 
or L-functions playing the role of the complex dimensions). We elaborate 
this definition and its consequences in several directions, including self- 
similarity, number theory and arithmetic geometry, fractal cohomology, 
and the spectrum of fractal drums. 

In Chapter 13 (and in Section 12.2.1), we present new work on (or motiv- 
ated by) the theory of complex dimensions, as well as make several sugges- 
tions for future research in this area. In Section 12.2.1, we summarize the 
results of [LapPel] on the complex dimensions and the volume of the tubu- 
lar neighborhoods of the von Koch snowflake curve, which provides a first 
example of a higher-dimensional theory of complex dimensions of fractals. 
Furthermore, in Section 13.1, we survey the higher-dimensional theory of 
complex dimensions developed by E. Pearse, the first author and S. Winter 
in [Pe2, LapPe2-3, LapPeWil], via fractal tube formulas and tubular zeta 
functions for fractal sprays and self-similar tilings. In Section 13.2, based 
on the work of H. Lu and the authors in [LapLul-3, LapLu-vF 1-2], we 
discuss the nonarchimedean analogue of aspects of the theory developed 
in this book, via zeta functions for p-adic fractal strings and appropri- 
ate nonarchimedean tube formulas. In Section 13.3, based on the work of 
J. Rock, the first author and J. Lévy-Véhel in [LapRol-3, LapLévRo, Ell- 
LapMR], we discuss the beginning of a theory of multifractal zeta functions 
which provides more refined topological and geometric information, both 
in the context of fractal strings and of multifractal measures. Moreover, in 
Section 13.4, we survey the work of B. Hambly and the first author [Ham- 
Lap] on random fractal strings, the associated random zeta functions and 
random fractal tube formulas. Finally, in Section 13.5, we briefly discuss 
aspects of the theory of quantized fractal strings (or ‘fractal membranes’) 
and their associated partition functions, as introduced by the first author 
in [Lap9—10] and further developed with R. Nest in [LapNes1l-3]. 
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This book is a revised and significantly enlarged second edition of [Lap- 
vF 11]. It is a self-contained unit and treats a broad range of topics that 
connect many areas of mathematics, including fractal geometry, number 
theory, spectral geometry, dynamical systems, complex analysis, distrib- 
ution theory and mathematical physics. 

This research monograph has been written so as to be helpful to experts 
and nonexperts alike, from beginning graduate students to established re- 
searchers. In particular, it can be used either as a reference book or as 
an introduction to the rapidly developing mathematical theory of complex 
fractal dimensions and its many applications. The beginning student of 
fractal geometry may safely ignore the references to the research literature 
provided in the main text or in the endnotes without loss of understanding. 
Whenever possible without too much lengthening the book, we have sup- 
plied a brief exposition of the material or techniques needed to understand 
some of the key topics under discussion. The three appendices provide im- 
portant background material as well. 

Compared with the first edition, Chapter 12 is split into two chapters: 
Chapter 12 discusses how our notion of complex dimension illuminates the 
concept of fractality, and Chapter 13 describes recent results and suggests 
future developments. In addition, we added some new illustrations and 
examples in Chapter 3, made other small changes throughout the book, 
and updated the notes and the bibliography. 

The material in our earlier book, Fractal Geometry and Number Theory 
([Lap-vF5], Birkhauser, January 2000), has been recast and greatly ex- 
panded, taking into account the latest research in the field. Compared 
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with that foundational monograph, the present book has twice as many 
illustrations and is twice as long. Furthermore, it contains three new chap- 
ters, Chapter 3 about the complex dimensions of nonlattice self-similar 
strings (this chapter corresponds to Sections 2.4—2.6 in [Lap-vF5]), Chap- 
ter 7 about flows, and Chapter 13, about new work, in addition to the 
new Appendix C, on an application of Nevanlinna theory, as well as many 
new sections within the original chapters of [Lap-vF5]. It also provides a 
number of new examples, comments and theorems, many of which have not 
previously been published in the mathematical literature. 

Chapter 1 provides a gentle introduction to some of the main topics. 
In Chapter 2 we introduce self-similar strings with gaps (following Marc 
Frantz). These self-similar strings correspond to (standard) self-similar sets 
in R. Moreover, their geometric zeta functions may have both poles (i.e., 
complex dimensions) and zeros, so that, as shown in the new Section 2.3.3, 
cancellations may occur and some of the potential complex dimensions may 
disappear as a result. 

In Chapter 3, we give a lot of information on the fine structure of the 
complex dimensions of nonlattice self-similar strings. In particular, both 
qualitatively and quantitatively, we obtain a very detailed understanding 
of the quasiperiodic patterns of the complex dimensions. Our theoretical 
and numerical results are illustrated by a variety of diagrams throughout 
this chapter, and several conjectures and open problems are proposed. Fur- 
thermore, dimension-free regions are obtained that are used to derive good 
(and sometimes sharp) error estimates in much of the remainder of the 
book. We introduce Dirichlet polynomials and we give the definition of 
generic nonlattice. We use a second approach to computing the density of 
the complex dimensions of a nonlattice self-similar string, improving upon 
the density results of Chapter 2. 

In Section 6.3.2, we discuss heuristically an operator-valued Euler prod- 
uct for the spectral operator (associated with the spectral counting func- 
tion) that is valid in the critical strip 0 < Res < 1. 

Chapter 7 (originally Section 2.1.1 of [Lap-vF5] and partly based on the 
paper [Lap-vF6]) contains material about the periodic orbits of self-similar 
flows, leading to an Euler product representation of the geometric zeta 
function of a self-similar fractal string. We obtain an explicit formula (ex- 
pressed in terms of the underlying dynamical complex dimensions) for the 
prime orbit counting function of a suspended flow, and thereby deduce a 
Prime Orbit Theorem in this context. Our results are most precise in the 
special case of self-similar flows. In that case we determine (via Diophan- 
tine approximation) dimension-free regions, from which we deduce a Prime 
Orbit Theorem with (often sharp) error term. 

We study the tubular neighborhoods of fractal strings in Section 8.1.1, 
Theorem 8.7, deriving an explicit formula that converges pointwise. Un- 
der suitable somewhat stronger hypotheses, this theorem complements and 
improves upon the conclusion of Theorem 8.1 (the distributional tube for- 
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mula). The latter theorem is central to our book. In Section 8.4.3, we define 
and compute the average Minkowski content of an arbitrary lattice string. 

The geometry and the spectrum of Cantor strings and truncated Cantor 
strings are presented in Chapter 10 and the corresponding results are ap- 
plied in Section 11.1.1. Shifted arithmetic progressions of zeros of Dirichlet 
series are studied in Chapter 11.! This provides tools to attempt solving 
some of the problems and conjectures proposed in Section 11.5. 

Chapter 12 is focused on the connection between complex dimensions 
and fractality. Section 12.4 elaborates our proposed theory of fractal co- 
homology. We also discuss the connection with the spectrum of a fractal 
drum. 

In Section 12.2.1 we briefly discuss the work of Erin Pearse and the first 
author [LapPel] on the complex dimensions and the volume of the tubu- 
lar neighborhoods of the von Koch snowflake curve. The latter work can 
be viewed as a step towards the long-term goal of developing a higher- 
dimensional theory of complex dimensions of fractals, as discussed in Sec- 
tion 13.1, which is based on the work of Erin Pearse, the first author, 
and Steffen Winter [Pe2, LapPe2-3, LapPeWil]. In the rest of Chapter 13, 
we then discuss the new work of Hung Lu and the authors [LapLul-3, 
LapLu-vF 1-2] on p-adic fractal strings (Section 13.2), as well as the new 
work of John Rock, the first author, and Jacques Lévy-Véhel ({[LapRol-— 
3, LapLévRo] and [El/LapMR]) on multifractal zeta functions (Section 13.3). 
We also discuss (in Section 13.4) results of Ben Hambly and the first au- 
thor [HamLap] on the complex dimensions of random fractal strings, in- 
cluding random self-similar strings and the zero set of Brownian motion. 
Furthermore, in Section 13.5, we give a short introduction to the theory of 
fractal membranes (quantized fractal strings), proposed by the first author 
in the book [Lap10] (see also [Lap9]) and further developed by Ryszard 
Nest and the first author in the papers in preparation [LapNes1-3]. 

In Appendix A, we have added a brief introduction to the two-variable 
zeta functions of Pellikaan [Pel], Schoof and van der Geer [SchoG], and 
Lagarias and Rains [LagR]. 

Several mistakes and misprints were pointed out to us by a number of 
people and have been corrected. We want to thank those people for their 
helpful comments. Without a doubt, new mistakes have been added, for 
which we take full responsibility. As was the case for the first book [Lap- 
vF5], and the first edition of the present book [Lap-vF11], we welcome 
comments from our readers. 

Some, but by no means all, of the main results of this book appeared 
in [Lap-vF 1-7, 9]. Our earlier book [Lap-vF5] combined and superseded 
our two IHES preprints [Lap-vF 1-2] and was announced in part in the pa- 


lWe thank Mark Watkins for allowing us to include an exposition of the work on 
shifted arithmetic progressions [Watk, vF Watk]. 
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per [Lap-vF‘4], which was a slightly expanded version of the IHES preprint 
M/97/85. Most of the material in [Lap-vF5] was entirely new. The inter- 
ested reader may wish to consult [Lap-vF4], as well as the research expos- 
itory article [Lap-vF9]|—in conjunction with the introduction and Chap- 
ter 1—to have an accessible overview of some of the main aspects of this 
work. 


Michel L. Lapidus and Machiel van Frankenhuijsen 


University of California, Riverside and Utah Valley University 
March 2012 
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Le plus court chemin entre deux vérités dans le domaine réel 
passe par le domaine complecze. 


[The shortest path between two truths in the real domain passes through 
the complex domain.| 
Jacques HADAMARD 


Introduction 


A fractal drum is a bounded open subset of R™ with a fractal boundary. 
A difficult problem is to describe the relationship between the shape (geo- 
metry) of the drum and its sound (its spectrum). In this book, we restrict 
ourselves to the one-dimensional case of fractal strings, and their higher- 
dimensional analogues, fractal sprays. We develop a theory of complex di- 
mensions of fractal strings, and we study how these complex dimensions 
relate the geometry and the spectrum of fractal strings. See the notes to 
Chapter 1 in Section 1.5 for references to the literature. 

In Chapter 1, we define the basic object of our research, fractal strings. A 
standard fractal string is a bounded open subset of the real line. Such a set 
is a disjoint union of open intervals, the lengths of which form a sequence 


L=h, lo, Igy0es5 


which we typically assume to be infinite. Important information about the 
geometry of £ is contained in its geometric zeta function 


Cc(s) = Dy. 


j=1 


We assume throughout that this function has a suitable meromorphic ex- 
tension. The central notion of this book, the complex dimensions of a fractal 
string L, is defined as the poles of the meromorphic extension of ¢-. These 
can also be referred to as the complex fractal dimensions of L. 


2 Introduction 


The spectrum of a fractal string consists of the sequence of frequencies! 


f=k-1;* (B7H1 235% 


The spectral zeta function of £ is defined as 
Gv(s) = S> Por 
f 


The geometry and the spectrum of £ are connected by the following for- 
mula [Lap2]: 


Gv (8) = Cc(s)¢(s), (*) 


where ¢(s) = 1+ 27*°+3°*%+... is the classical Riemann zeta function, 
which in this context can be viewed as the spectral zeta function of the 
unit interval. 

We also define a natural higher-dimensional analogue of fractal strings, 
fractal sprays, the spectra of which are described by more general zeta 
functions than ¢(s) [LapPo3]. The counterpart of (*) still holds for fractal 
sprays and can be used to study their spectrum. We refer the interested 
reader to Appendix B for a brief review of aspects of spectral geometry— 
including spectral zeta functions and spectral asymptotics—in the classical 
case of smooth manifolds. 

We illustrate these notions throughout Chapter 1 by working out the 
example of the Cantor string. In this example, we see that the various 
notions that we have introduced are described by the complex dimensions 
of the Cantor string. In higher dimensions, a similar example is provided 
by the Cantor sprays. 

This theory of complex dimensions sheds new light on, and is partly mo- 
tivated by, earlier work of the first author in collaboration with C. Pomer- 
ance and H. Maier (see [LapPo2] and [LapMa2]). In particular, the heuris- 
tic notion of complex dimension suggested by the methods and results 
of [Lap1-3, LapPol-3, LapMal-—2, HeLap1-2] is now precisely defined and 
turned into a useful tool. 

In Chapters 2 and 3, we make an extensive study of the complex dimen- 
sions of self-similar strings, which form an important subclass of fractal 
strings. This amounts to studying the zeros of the function 


f@)Sl-nm-—m- ty (se C), 


for a given set of real numbers r; € (0,1), 7 =1,...,N, N > 2. We intro- 
duce the subclass of lattice self-similar strings, and find a remarkable differ- 
ence between the complex dimensions of lattice and nonlattice self-similar 


1The eigenvalues of the Dirichlet Laplacian —d?/da? on this set are the numbers 
A= a (k, 7 € N*). The (normalized) frequencies of £ are the numbers VX/z7. 
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strings. In the lattice case, each number r; is a positive integral power of 
one fixed real number r € (0,1). Then f is a polynomial in r*, and its zeros 
lie periodically on finitely many vertical lines. The Cantor string is the sim- 
plest example of a lattice self-similar string, and we refer to Section 2.3 for 
additional examples. In contrast, the complex dimensions of a nonlattice 
string are apparently randomly distributed in a vertical strip. In Chap- 
ter 3, however, we show that these complex dimensions are approximated 
by those of a sequence of lattice strings. Hence, they exhibit a quasiperiodic 
behavior (see Theorems 2.16 and 3.6, along with Section 3.4). On page 53, 
Figure 2.12, the reader finds a diagram of the complex dimensions of the 
golden string, one of the simplest nonlattice self-similar strings. This and 
other examples are discussed in Section 2.3, and many other such examples 
are discussed in more detail in Chapter 3. In fact, much of Chapter 3 is 
devoted to the careful study (via Diophantine approximation techniques) 
of the beautiful and intriguing quasiperiodic patterns of the complex di- 
mensions of nonlattice strings, both rigorously and computationally. We 
also obtain in that chapter specific dimension-free regions of the complex 
plane for nonlattice self-similar strings (see Section 3.6). When combined 
with our explicit formulas from later chapters, this will enable us, in partic- 
ular, to give good estimates for the error term in the resulting asymptotic 
formulas, depending on the Diophantine properties of the scaling ratios. 


Chapters 4, 5 and 6 are devoted to the development of the technical tools 
needed to extract geometric and spectral information from the complex di- 
mensions of a fractal string. In Chapter 4, we introduce the framework 
in which we will formulate our results, namely, that of generalized fractal 
strings. These do not in general correspond to a geometric object. Never- 
theless, they are not just a gratuitous generalization since they enable us, in 
particular, to deal with virtual geometries and their associated spectra— 
suitably defined by means of their zeta functions—as though they arose 
from actual fractal geometries. In Chapters 9, 10 and 11, the extra flexibil- 
ity of this framework allows us to study the zeros of several classes of zeta 
functions. 

The original explicit formula was given by Riemann [Riel] in 1858 as 
an analytical tool to understand the distribution of primes. It was later 
extended by von Mangoldt [vM1-2] and led in 1896 to the first rigorous 
proof of the Prime Number Theorem, independently by Hadamard [Had2] 
and de la Vallée Poussin [dV 1] (as described in [Edw]). Writing f(x) for the 
function = Si + that counts prime powers p” < x with a weight 1/n, 


n<eon 


the explicit formula of Riemann is (see [Edw, p. 304 and Section 1.16]) 
ee Ul dx 


f(a) = Li(x) — )~ Li(2?) +f 


where the sum is over all zeros p of the Riemann zeta function, taken in or- 
dt 


der of increasing absolute value, and Li(z) is the logarithmic integral fe idee 


+ — log2 
x2—1 alogr ee 
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(see (5.78)). For numerical purposes, the left-hand side of Riemann’s ex- 
plicit formula is easy to compute. For theoretical purposes, however, the 
right-hand side is more useful. For example, the Prime Number Theo- 
rem f(a) = Li(a)(1 + 0(1)) as 2 — o0,? which was the primary motivation 
for Riemann’s investigations, follows if all zeros satisfy Rep < 1, that is, 
the function log ¢(s) has a singularity at s = 1 but no other singularities 
on the line Res = 1. 

An example of an explicit formula in our theory is formula (**) below, 
which expresses the volume of the tubular neighborhoods V(e) of a fractal 
string as an infinite sum of oscillatory terms ¢'~“, where w runs over the 
complex dimensions of the fractal string (and hence 1 — w runs over the 
complex codimensions). Much like Riemann, we use that formula to show 
that V(e) =e? (v + o(1)) as € — 0*, for some constant v which is related 
to the D-dimensional volume of the fractal, if and only if there are no 
nonreal complex dimensions on the line Rew = D. Here, D denotes the 
Minkowski dimension of the fractal boundary of the string. 

In Chapter 5, we state and prove our explicit formulas, which are the 
basic tools for obtaining asymptotic expansions of geometric, spectral or 
dynamical quantities associated with fractals. Our first explicit formula, 
which expresses the counting function of the lengths as a sum of oscillatory 
terms and an error term of smaller order, is only applicable under fairly 
restrictive assumptions. To obtain a more widely applicable theory, we show 
in Section 5.4 that this same function, interpreted as a distribution, is 
given by the same formula, now interpreted distributionally. The resulting 
distributional formula with error term is applicable under mild assumptions 
on the analytic continuation of the geometric zeta function. We also obtain 
a pointwise and a distributional formula without error term, which exists 
only for the geometry of a smaller class of fractal strings, including the self- 
similar strings and the so-called prime string. In Section 5.5, we use this 
analysis of the prime string to give a proof of the Prime Number Theorem. 

We note that our explicit formulas are close relatives of—but are also 
significantly more general than—the usual explicit formulas encountered 
in number theory [Edw, In, Pat]. (See the end of Section 5.1 and the notes 
in Section 5.6 for further discussion and additional references.) 


In the subsequent chapters, we investigate the geometric, dynamical and 
spectral information contained in the complex dimensions. The main theme 
of these chapters is that the oscillations in the geometry or in the spectrum 
of a fractal string are reflected in the presence of oscillatory terms in the 
explicit formulas associated with the fractal string. 

In Chapter 6, we work out the necessary computations to find the os- 
cillatory terms in the explicit formulas of a fractal string. We define the 


?We have Li(x) = —2—(1-+ 0(1)) as x — 0, but the approximation Li(x) for f(z) is 


log x 
better than 5. 
og x 
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spectral operator, which relates the spectrum of a fractal string with its 
geometry and obtain an Euler product representation for it, which provides 
a counterpart in this context to the usual Euler product expansion for the 
Riemann zeta function, but is convergent in the critical strip 0 < Res < 1. 
We also illustrate our results by considering a variety of examples of geo- 
metric and direct spectral problems. We study the geometric and spectral 
counting functions as well as the geometric and spectral partition functions 
of fractal strings. In particular, we analyze in detail the geometry and the 
spectrum of self-similar strings, both in the lattice and the nonlattice case. 

We show in Chapter 7 that the geometric zeta function of a self-similar 
string coincides with a suitably defined dynamical (or Ruelle) zeta function, 
and hence that it admits an appropriate Euler product; see Section 7.2. For 
example, the zeta function of the self-similar flow (or dynamical system) 
with weights tv = w 1, w2,...,wy is given by 


which is the geometric zeta function of a self-similar fractal string with 
scaling ratios r; = e~) (j = 1,..., N) and a single gap (see Chapter 2). 
The connection in this dynamical context with Marc Frantz’s more general 
self-similar strings with multiple gaps still remains to be clarified. We 
apply the theory of Chapters 5 and 6 to obtain a suitable explicit formula 
and an associated Prime Orbit Theorem for self-similar flows: the function 
which counts primitive periodic orbits with their weight has the asymptotic 
expansion 


where the sum is over all the (dynamical) complex dimensions of the flow, 
repeated according to their multiplicity, and R(«) = O(1) as x > co 
(see Section 7.4). Here, G(x) = 1 in the nonlattice case, when D is the 
only complex dimension with real part D, and G(a) is multiplicatively 
periodic in the lattice case. As was alluded to earlier, using the results of 
Section 3.6 on dimension-free regions, we deduce from this formula a prime 
orbit theorem with error term. We may analyze this error term (beyond 
the leading term) in terms of the Diophantine properties of the weights wy. 
For example, self-similar flows with weights that are badly approximable 
by rationals have a larger dimension-free region and hence a better (ie., 
smaller) error term in the above asymptotic formula. (See Section 7.5.) 


3Such self-similar strings, the boundary of which corresponds to self-similar sets in R, 
were introduced in [Fral, 2] after the publication of [Lap-vF5], where the prototypical 
case of a single gap was studied. They are discussed in Chapter 2. With the exception 
of Chapter 7, our theory can be applied immediately to this more general setting. 
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Analogous comments hold with regard to all our explicit formulas when 
they are applied in the self-similar case. 

In Chapter 8, we derive an explicit formula for the volume V(e) of the 
inner* e-neighborhood of the boundary of a fractal string. For example, 
when the complex dimensions of £ are simple, we obtain the following key 
formula: 


vie=> 0 + R(c), (2) 


where w runs over the complex dimensions of the fractal string £, c., denotes 
the residue of ¢¢(s) at s = w, and R(e) is an error term of lower order. 
Formula (**) yields a new criterion for the Minkowski measurability of a 
fractal string in terms of the absence of nonreal complex dimensions with 
real part D, the dimension of the string. (See Section 8.3.) This extends 
the joint work of the first author with C. Pomerance [LapPol; LapPo?2, 
Theorem 2.2], in which a characterization of Minkowski measurability was 
obtained in terms of the absence of geometric oscillations in the string. A 
comparison, in Section 8.2, of our formula with Hermann Weyl’s formula 
for tubes in Riemannian geometry [BergGo, p. 235] suggests what kind of 
geometric information may be contained in the complex dimensions of a 
fractal string. 

The last part of Chapter 8 (Section 8.4) is devoted to a detailed discussion 
of the tube formulas for the class of self-similar strings, both in the lattice 
and nonlattice case. The tube formula (**) takes a particularly concrete 
form for lattice strings, while the error term R(e) in (**) can be estimated 
by using some of the results of Chapter 3. In particular, it follows that a 
self-similar string is Minkowski measurable if and only if it is nonlattice. 


In Chapters 9, 10, and 11, we shift the emphasis from the geometry of 
fractal strings to the relationship between the geometry and the spectrum 
of fractal strings. 

In Chapter 9, we study the inverse spectral problem, the problem of de- 
ducing geometric information from the spectrum of a fractal string: Does 
the absence of oscillations in the spectrum of a fractal string imply the ab- 
sence of oscillations in its geometry? In other words, we consider the ques- 
tion (A la Mark Kac [Kac]) “Can one hear the shape of a fractal string?” 
This inverse spectral problem has been considered before by the first au- 
thor jointly with H. Maier in [LapMal-2], where it was shown that the 


4We use the inner tubular neighborhood (see Equation (1.3) in Chapter 1) so 
that V(e) does not depend on the placement of the lengths 1; in space (the geometric 
realization of the fractal string). Likewise, the Minkowski dimension and Minkowski con- 
tent are independent of the geometric realization of the fractal string, as opposed to the 
Hausdorff dimension and measure. This is the main reason why in [Lap1, LapPo2], the 
Minkowski dimension is used as well. 
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audibility of oscillations in the geometry of a fractal string of (Minkowski) 
dimension D € (0,1) is equivalent to the absence of zeros of the Riemann 
zeta function ¢(s) on the line Re s = D. In our framework, this becomes the 
question of inverting the spectral operator. We deduce, in particular, that 
the spectral operator is invertible for all fractal strings of dimension D 4 4 
if and only if the Riemann hypothesis holds, i.e., if and only if the Riemann 
zeta function ¢(s) does not vanish if Res 4 5, Res > 0. 

By considering (generalized) fractal sprays, instead of fractal strings, we 
extend the above criterion for zeros of ¢(s) in the critical strip to a large 
class of zeta functions, including all those for which the analogue of the 
generalized Riemann hypothesis is expected to hold. We thus characterize 
the generalized Riemann hypothesis as a natural inverse spectral prob- 
lem for fractal sprays. In addition to the Epstein zeta functions, this class 
includes all Dedekind zeta functions and Dirichlet L-series, and more gen- 
erally, all Hecke L-series associated with an algebraic number field. It also 
includes all zeta functions associated with algebraic varieties over a finite 
field. We refer the interested reader to Appendix A for a brief review of 
such number-theoretic zeta functions. 

In Chapter 10, we make an extensive study of the geometry and the 
spectrum of generalized Cantor strings. The complex dimensions of such 
strings form an infinite sequence in vertical arithmetic progression, with 
real part the Minkowski dimension D of the string. We show that these 
strings always have oscillations of order D in both their geometry and 
their spectrum. In Chapter 11, we deduce from this result that the explicit 
formulas for the geometry and the spectrum of Cantor strings always con- 
tain oscillatory terms of order D. On the other hand, if ¢(s) had a vertical 
arithmetic progression of zeros coinciding with the arithmetic progression 
of complex dimensions of £, then, by formula (*), the explicit formula for 
the frequencies would only contain the term corresponding to D, and not 
any oscillatory term. Thus we prove that ¢(s) does not have such a sequence 
of zeros. This theorem was first obtained by Putnam [Pul, 2] in 1954. How- 
ever, his methods do not apply to prove the extension to more general zeta 
functions. We also apply this idea in Section 11.1.1 to the geometry and 
the spectrum of the truncated generalized Cantor strings, to deduce an ex- 
plicit upper bound on the maximal possible length of a vertical arithmetic 
sequence of zeros. In Section 11.4.1, we present Mark Watkins’ extension 
to finite shifted arithmetic progressions. In view of these results, we present 
in Section 11.5 some natural conjectures that may be accessible by similar 
methods. 

By considering (generalized) Cantor sprays, we extend this result to a 
large subclass of the aforementioned class of zeta functions. This class in- 
cludes all the Dedekind and Epstein zeta functions, as well as many Dirich- 
let series not satisfying a functional equation. It does not, however, include 
the zeta functions associated with varieties over a finite field, for which this 
result does not hold (this is explained in Section 11.6). Indeed, we show 
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that every Dirichlet series with positive coefficients and with only finitely 
many poles has no infinite sequence of zeros forming a vertical arithmetic 
progression. 


Chapter 12 is the culmination of the book. Here we develop the phi- 
losophy that fractality is characterized by complex dimensions. In Sec- 
tion 12.1, we propose as a new definition of fractality the presence of at 
least one nonreal complex dimension with positive real part. In this new 
sense, every self-similar set in the real line is fractal. On the other hand, in 
agreement with geometric intuition, certain compact subsets of R, assoc- 
iated with the so-called a-string, are shown here to be nonfractal, whereas 
they are fractal according to the definition of fractality based on the no- 
tion of Minkowski dimension. We suggest one possible way of defining the 
complex dimensions of higher-dimensional fractals, and we discuss the ex- 
amples of the Devil’s staircase and of the snowflake drum (see Figures 12.1 
and 12.6). In particular, the Devil’s staircase is not fractal according to the 
traditional definition based on the Hausdorff dimension. However, there is 
general agreement among fractal geometers that it should be called fractal. 
(See [Man2, p. 84].) We show that our new definition of fractality does 
indeed resolve this problem satisfactorily. 

In Sections 12.1 through 12.4, we discuss several conjectures and open 
problems regarding possible extensions and geometric, spectral, or dynam- 
ical interpretations of the present theory of complex dimensions, both for 
fractal strings and their higher-dimensional analogue, fractal drums, for 
which much research remains to be carried out in this context. We explain 
the connection with geometries over finite fields in Section 12.4.1. We also 
propose in Section 12.4.2 to develop a suitable fractal cohomology theory 
motivated by complex dimensions and illustrate our proposal in the context 
of curves over finite fields and self-similar strings. 


In Chapter 13, we present some of the new results based on the idea 
of complex dimension (Sections 13.1-13.5). In Section 13.1, we discuss an 
extension of our framework of fractal strings to higher-dimensional fractals. 
We discuss the papers [Pe2, LapPe2-3, LapPeWil], where a theory of com- 
plex dimensions of self-similar fractals (and tilings) is developed. Follow- 
ing [LapLul-3, LapLu-vF 1-2], p-adic strings and their zeta functions are 
discussed in Section 13.2, along with tube formulas and Minkowski measur- 
ability in the nonarchimedean realm. Next, multifractal zeta functions are 
discussed in Section 13.3, following the work in [LapRol-2, LapLévRo]. In 
Section 13.4—based on the paper [HamLap|—we give an overview of some 
of the main results on random fractal strings, which, in a special case, have 
the zero set of Brownian motion for boundary. Finally, in Section 13.5, we 
discuss the notion of fractal membrane (or quantized fractal string) intro- 
duced in [Lap10] and further developed in [LapNes1, 2]. 


1 


Complex Dimensions 
of Ordinary Fractal Strings 


In this chapter, we recall some basic definitions pertaining to the notion 
of (ordinary) fractal string and introduce several new ones, the most im- 
portant of which is the notion of complex dimension. We also give a brief 
overview of some of our results in this context by discussing the simple but 
illustrative example of the Cantor string. In the last section, we discuss 
fractal sprays, which are a higher-dimensional analogue of fractal strings. 


1.1 The Geometry of a Fractal String 


A (standard or ordinary) fractal string £ is a bounded open subset 2 of R. 
It is well known that such a set consists of countably many open intervals, 
the lengths of which will be denoted by 1;, lz, l3,..., called the lengths of 
the string. Note that the total length ear Ll; is finite and equal to the 
Lebesgue measure of 2. From the point of view of this work, we can and 
will assume without loss of generality that 


>>: 0, (1.1) 


where each length is counted according to its multiplicity. We allow for Q 
to be a finite union of open intervals, in which case the sequence of lengths 
is finite. 

An ordinary fractal string can be thought of as a one-dimensional drum 
with fractal boundary. We have given here the usual terminology that is 
found in the literature. But actually, a different terminology may be more 
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Figure 1.1: A fractal harp. 


suggestive: the open set 2 could be called a fractal harp, and each connected 
interval of Q could be called a string of the harp; see Figure 1.1. 


The counting function of the reciprocal lengths, also called the geometric 
counting function of £, is the function 


Ne@=fGShi<n= > 1 (1.2) 


jili*<a 


for x > 0.1 
Estimates for this function are closely related to estimates for the se- 
quence of lengths, as the following proposition shows. 


Proposition 1.1. Let £L be an ordinary fractal string with sequence of 
lengths l,,l2,l3,.... Then 


Ne(x) = O(2"), asx—oo if and only if l= OG), as j > Oo. 


1 Beginning in Chapter 4, Definition 4.1, we adopt the convention that the integers j 
such that 1>' = x must be counted with the weight 1/2. A similar convention will be 
assumed for the spectral counting functions (such as, e.g., in Equation (1.34) below). For 
the moment, the reader may ignore this convention. With this convention, the explicit 
formula without error term also holds at jumps of the counting function (see, for example, 
Equation (1.31) below, for « = 3”). 
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Proof. Suppose we have the estimate 
Ne(x) <C-x?. 


Taking « = 151, we find j <C-1;”. Therefore 1; = O(j-/?). 
On the other hand, if 


for all 7 = 1,2,..., then given x > 0, we have ies > x for j > (Cx)?. We 
conclude that Ne(x) < (Cx). 


The boundary of £, denoted OL, is defined as the boundary 00 of 2. 
Important geometric information about £ is contained in its Minkowski 
dimension D = Dg and its Minkowski content M = M(D;L), defined 
respectively as the inner Minkowski dimension? and the inner Minkow- 
ski content of 0Q. To define these quantities, let d(x, A) denote the dis- 
tance of x € R to a subset A C R and let vol, denote the one-dimensional 
Lebesgue measure on R. For ¢ > 0, let V(e) be the volume of the inner 
tubular neighborhood of 0Q with radius «: 


V(e) = voli {x € Q: d(x, OQ) < e}. (1.3) 


Definition 1.2. The dimension of a fractal string £ is defined as the inner 
Minkowski dimension of OL, 


D = Dg = inf{a > 0: V(e) = O(e’-*) as e 3 07}. (1.4) 


The fractal string £ is said to be Minkowski measurable, with Minkowski 
content 


M = M(D;L) = lim V(e)e~@7), (1.5) 
e>0t 


if this limit exists in (0,00). The upper and lower Minkowski content are 
respectively defined by 


M* = M*(D;L) = limsup V(e)e~ 27), (1.6a) 
e 0+ 
and 
M, = M,(D;L£) = liminf V(e)e7 OP), (1.6b) 
e>0+ 


Thus 0 < M, < M* < o, and CL is Minkowski measurable if and only 
if M* = M, = M is a nonzero real number. 


?The Minkowski dimension is also called the capacity dimension or the (upper) box 
dimension in the literature on fractal geometry. 
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Remark 1.3. The definitions of Minkowski dimension and content of 00 
extend naturally to the higher-dimensional case when 2 is an open bounded 
subset of R?, with d > 1, provided that we substitute the exponent d—a 
for 1— a in (1.4) and d— D for 1 — D in (1.5) and (1.6), and that in (1.3), 
vol, is replaced by volg, the d-dimensional Lebesgue measure on R47; see, 
e.g., [Lapl, Definition 2.1 and §3]. The meaning of the exponent d— D is 
the codimension of the boundary 02 in the ambient space R¢. Thus V(e) 
decreases as € | 0 like € to the power the codimension. 


Remark 1.4 (Independence of the Geometric Realization). Observe that 
the Minkowski dimension of a self-similar set coincides with its Haus- 
dorff dimension. The basic reason for using the Minkowski dimension is 
that it is invariant under displacements of the intervals of which a frac- 
tal string is composed. This is not the case of the Hausdorff dimension 
(see [BroCa], [Lapl, Example 5.1, pp. 512-514], [LapPo2]). See also Re- 
mark 2.21 below for further comparison between the various notions of 
fractal dimensions and for additional justification of the choice of the notion 
of Minkowski dimension in the context of fractal strings. Throughout this 
work, an ordinary fractal string L is completely determined by the sequence 
of its lengths. Hence, we will often denote such a string by £L = (aay 


Remark 1.5. The more irregular the boundary OQ, the larger D. More- 
over, we always have d—1< H < D<d, where H denotes the Hausdorff 
dimension of 0Q, and d is the dimension of the ambient space, as in Re- 
mark 1.3. Intuitively, D corresponds to coverings of 0Q by d-dimensional 
cubes of size exactly equal to ¢, whereas H corresponds to coverings by 
sets of size at most ¢. As is discussed in [Lapl1], this key difference explains 
why—from the point of view of harmonic analysis and spectral theory—the 
Minkowski dimension should be used instead of the more familiar Hausdorff 
dimension in this setting. In the case of fractal strings, both the Minkow- 
ski dimension and content depend only on the lengths /;, and hence are 
invariant under arbitrary rearrangements of the intervals J; (i.e., of the 
connected components of 2). See, in particular, Equation (1.9). 


1.1.1 The Multiplicity of the Lengths 


Another way of representing a fractal string £ is by listing its different 
lengths /, together with their multiplicity wy: 


w= #{j > 1:4, =Th. (1.7) 
Thus, for example, 


Ne(x) = S- we (1.8) 


In Chapter 4, we will introduce a third way to represent a fractal string, 
similar to this one, namely, by a measure. 
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Figure 1.2: The Cantor string. 


Figure 1.3: The .037-tubular neighborhood of the Cantor string. 


1.1.2 Example: The Cantor String 


We consider the ordinary fractal string 2. = CS, the complement in [0, 1] 
of the usual ternary Cantor set (Figure 1.2). Thus 


CS = cr len UG, 5)U( a7, ar ari a7) U( a7 57) U( SF a7 nee 


so that ly = 1/3, ly = Is _ 1/9, lg ls Ig lz 1/27,..., or 
alternatively, the lengths are the numbers 3~"~! with multiplicity w3-n-1 = 
2”, forn = 0, 1, 2,.... We note that by construction, the boundary 00 of 
the Cantor string is equal to the ternary Cantor set. 

In general, the volume of the tubular neighborhood of the boundary of £ 
is given by (see [LapPo2, Eq. (3.2), p. 48]) 


Vie)= SO 2+ SO 4 =2e-Ne (s:)+ ee (1.9) 


jilje2e jrly<2e pily<2e 


We explain the first equality in formula (1.9), the second equality being 
obvious in view of (1.2). When the two endpoints of an interval of length 1; 
are covered by intervals of radius ¢, then these discs overlap if 1; < 2e, 
covering a length /;, or they do not overlap if 1; > 2¢, in which case they 
cover a length of 2e. 

Applying (1.9) to the Cantor string, we find, for 0 < e < 1/2, 


CO 2 n 
Vos(e) = 2e-(2"—1) + So 2k. 3-F} = 20. a" 4 @ ioe 


k=n 
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where n is such that 37" > 2e > 3-"~1; ie., n = [—log3(2e)].3 See Fig- 
ure 1.3 for a picture of the tubular neighborhood of inner radius .037. In 
this picture, the lengths of the Cantor string have been put vertically. 

The above formula is valid, provided n > 0; ie., ¢ < 1/2. We also note 
that Vcs(e) is independent of the geometric realization. For example, we 
could have taken (0, $)U (4, $)U (4, 2)U(2, 38)U... for the Cantor string. 

To determine the minimal a such that Vog(e) = O(e'~%) as e + 0*, we 
write 


bP = pl less (26)] — plogs(22)—{— loge (26)} — (96) lous 'y—{— loss (26)} 


for b = 2 and for b = 2/3. Putting 


log 2 


D = log; 2 := —-— 
083 log 3’ 


(1.10) 


we find, for all positive e < 1/2, 


1 {— logs (2e)} 3 {— logs (2e)} 
Vos(e) = (2e)!-? (5) + (5) —2e. (1.11) 


The function between parentheses is bounded, nonconstant, and multi- 
plicatively periodic: it takes the same value at ¢ and ¢/3 (see Figures 1.4 
and 1.5). It does not have a limit for ¢ — 0+. This is a simple example of 
what we call geometric oscillations. It follows that the Cantor string has 
Minkowski dimension D = logs 2, and that it is not Minkowski measurable. 
The upper and lower Minkowski content are computed in [LapPo2, Theo- 
rem 4.6, p. 65]: 


M* = 2?-? = 2.5830, 


1.12 
M, =2)-PD-P(1— D)-O-”) = 2.4950. a 


Figure 1.4 shows a graph of the periodic factor between the parentheses 
of formula (1.11), with a linear scale on the horizontal (i.e., ¢-) axis. To 
make clearer the multiplicative periodicity of this function, in Figure 1.5, 
we present a graph of the same function with a logarithmic scale on the 
horizontal axis. 


We continue our analysis of the inner tubular neighborhood Voag(¢) of the 
Cantor string by using the Fourier series of the periodic function u > b~{™!, 
for b> 0, 64 1:7 


2rinu 


b-1 e€ 
—{u} _ 
b ds iogb Foain Ey) 


3For x € R, we write « = [x] + {x}, where [2] is the integer part and the fractional 
part of x; ie., [z] € Zand 0 < {x} <1. 
4By Dirichlet’s Theorem [Fol, Theorem 8.43, p. 266], this series converges pointwise. 
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Figure 1.4: The function ¢?~1(Vos(e) + 2e), additively. 
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Figure 1.5: The function ¢?~'(Ves(e) + 2e), multiplicatively (i-e., viewed as a 
function of log,(2e)~'). 


Writing p = 27/log3 and substituting (1.13) into formula (1.11), we find, 
for all positive e < 1/2, 


Ves(e) = : 2 Ce 2é. (1.14) 
2log3 — (D+ inp)(1 — D — inp) 


The number p = 277/log3 is called the oscillatory period of the Cantor 
string; see Definition 2.13. A counterpart of formula (1.14) will be derived 
for a general fractal string in Section 8.1. 


Remark 1.6 (Reality Principle). Note that (1.14) expresses V(e) as an 
infinite sum of complex numbers. Likewise, for real values of b, (1.13) ex- 
presses the real-valued function b~ “+ as an infinite sum of complex values. 
These sums are in fact real-valued, as can be seen by combining the terms 
for n and —n into one, for n > 1. Indeed, these two terms are the complex 
conjugate of one another, and hence their sum is real-valued. Thus we find 
the following alternative expression for V (e): 


9-D,1-D 1 ae 9¢-)1-D-inp 
Va a a a 
D(1—D)log3 — log3 (D +inp)(1 — D — inp) 


n=1 


(1.15) 


Using (2¢)~*”P = cos(np log(2e)) — i sin(np log(2e)), one could continue to 
derive a formula involving the real-valued functions sine and cosine, thus 
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exposing more clearly the oscillatory behavior of the terms in this sum. In 
this way, we find Vos(e) as a sum of the term at D and an infinite sum of 
real-valued terms. In the next section, we define the complex dimensions 
of a fractal string, and in Section 1.2.2, we will find that the complex di- 
mensions of the Cantor string are the numbers D + inp (n € Z). Thus 
the real-valuedness of (1.14) ultimately follows from the fact that the non- 
real complex dimensions of the Cantor string come in complex conjugate 
pairs {D + inp, D — inp} (n € N*). This holds in general: the nonreal com- 
plex dimensions of a fractal string come in complex conjugate pairs (see 
Remark 1.16). We call this the reality principle for ordinary fractal strings. 

A similar comment applies to the expressions that we will obtain for V(e) 
in more general situations, as in Chapter 8. 


Remark 1.7. Note that in view of (1.14), we have 
e~G-D) Vog(e) = G(e) — 2”, (1.16) 


as € —> 0+, where G is a nonconstant multiplicatively periodic function 
of multiplicative period 3 = e?"/P which is bounded away from zero and 
infinity: 


0<M, < Ge) < M* <«&, 


where M, and M* are given by (1.12) above. Alternatively, G can be 
viewed as an additively periodic function of loge~! with additive period 
log 3 = 21/p. Namely, 

Ge) = F(loge™*) 
with? 


91—D—inpeinpu 


1 
F(u) = 2 log 3 psy (D +inp)(1— D— inp) 


(1.17) 


1.2 The Geometric Zeta Function 
of a Fractal String 


Let £ be a fractal string with sequence of lengths {1; be The sum > 75-15 


converges for ¢ = 1. It follows that the (generalized) Dirichlet series 
Cc(s) = Sok 
j=l 


5Note that since p = 2n/log3 and u = — loge, we have e’*P“ = e~*P, Further, the 
Fourier series in (1.17) is absolutely convergent. 
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defines a holomorphic function for Res > 1. We show in Theorem 1.10 
below that this series converges in the open right half-plane Res > D, 
defined by the Minkowski dimension D, but that it diverges at s = D. 


We refer to Equation (1.7) above for the definition of the multiplicity w; 
in the following definition. 


Definition 1.8. Let £ be a fractal string. The geometric zeta function of L 


is defined as 
Ce(s) = SB =S owl, (1.18) 


for Res > o = Dg (see Theorem 1.10 below). 


Some values of the geometric zeta function of a string £ have a special 
interpretation. If there are only finitely many lengths J, then ¢-(0) equals 
the number of lengths of the string. Similarly, the total length of the fractal 
string L is 


Co 


L:= ¢¢(1) = voli (Q) = S04. (1.19) 


In Definition 1.2, we defined the (Minkowski) dimension D = Dg of £L 
as 1—c, where c is the exponent of ¢ in the asymptotic volume of the 
tubular neighborhood of £ with radius ¢. We now show directly that this 
dimension coincides with the abscissa of convergence of Cr in case the 
number of lengths of £ is infinite. On the other hand, if £ has finitely 


many lengths, then D = 0 but o = —oo since the series for ¢-(s) converges 
for all s € C. 
Definition 1.9. The abscissa of convergence of the series el I; is de- 
fined by 

o = inf {aeR: ee <ooh. (1.20) 


Thus {s € C: Res >} is the largest open half-plane on which this series 
converges. The function ¢-(s) = St I; is holomorphic in this half-plane; 
see, e.g., [Ser, §VI.2]. 


The next theorem relates o with D. 


Theorem 1.10. Suppose £L has infinitely many lengths. Then the abscissa 
of convergence of the geometric zeta function of L coincides with D, the 


Minkowski dimension of OL. 


Proof. We write o for the abscissa of convergence of ¢-. Let d > D. In view 
of definition (1.4) of the Minkowski dimension D, there exists a constant C1 
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such that V(e) < Cye!~4¢. For n > 1 we choose ¢ = 1,/2 in Equation (1.9) 
to obtain 


Nh, = Gen = V2) OL, oye. (120) 


It follows that for every positive number s, 1° < Cyn—*/4, for some positive 
constant Cz. Hence the series (1.18) converges for s > d, so that o < d. 
Since this holds for every d > D, we obtain o < D. 

If o = 1, we conclude that D = a, since V(e) < vol,(Q) is bounded. 
Otherwise, let s be such that 0 < s < 1. Then, by the definition of o, the 
series (1.18) converges; i.e., ¢c(s) < oo. Since the sequence of lengths is 
nonincreasing, we find that 


nls < Sol < Ce(s). 


j=0 


Since s is fixed, we deduce that In < (¢c(s)/n) for all n > 1. Let k be 
the largest integer such that I, > 2¢. Then, in light of Equation (1.9), we 
deduce for any n > k that 


Ve) =2ke + SS t+ SD S2ke + An—ket+ Soy. 
j=kt+1 j=n+1 j=n+1 


In the last sum, we estimate 1; by (¢c(s)/) ne and then ar j7/8 by 


ta a—'/8 dx, to obtain 

V(e) < 2ne+Cgni-V, 
for some positive constant C3. In addition, given ¢ > 0, we deduce that 
ln < 2e for n > Cc(s)(2e)~*. Hence, we can substitute (2 + ¢c(s))(2e)~* 
for n,© to obtain, for all 0 <e <1, 


V(e) S Ca(2e), 


for some positive constant Cy. It follows from definition (1.4) of the Min- 
kowski dimension that D < s. Since this holds for every real number s > a, 
we conclude that D < o. Therefore, these last two quantities coincide. 


Using this connection with the volume V(e), and noting (as in the fore- 
going proof) that V(e) < vol, ({) is bounded, we derive the following corol- 
lary: 


®Note that since s < 1 and thus (1/s) — 1 > 0, there is always an integer between 
Cc(s)(2e)~* and (2 + ¢c(s))(2e)~*. 


1.2 The Geometric Zeta Function of a Fractal String 19 


Corollary 1.11. The dimension of an ordinary fractal string satisfies 
0<D<t. 


Remark 1.12. In Section 13.2, when we study p-adic fractal strings, we 
develop powerful techniques to study the connection between the Minkow- 
ski dimension and the abscissa of convergence. We also connect these two 
notions with the third possibility to experience the Minkowski dimension, 
namely, by the order of growth of N¢(x). See Theorem 13.111. 


1.2.1 The Screen and the Window 


In general, ¢- may not have an analytic continuation to all of C. We there- 
fore introduce the screen S as the contour 


S:S(t)+it (tER), (1.22) 


where S(t) is a continuous function S: R —- [—co, Dz]. (See Figure 1.6.) 
The set 


W ={seEC: Res > S(Ims)} (1.23) 
is called the window, and we assume that Cz has a meromorphic extension’ 
to a neighborhood of W, with the set of poles D = D-(W) C W, called the 
(visible) complex dimensions of £. We also require that ¢¢ does not have 
any pole on the screen S. 

In Chapter 4, we will define generalized fractal strings, which also have 
a screen and a window associated to them. See Section 5.1.1 and the be- 
ginning of Section 5.2 for an explanation of the role of the screen in our 
explicit formulas. 


Definition 1.13. (i) The set of visible complex dimensions of the fractal 
string £ is defined as 


De =Dz(W) = {w € W: Ge has a pole at w}. (1.24) 


(ii) If W = C (that is, if Cc has a meromorphic extension to all of C), we 
call 


De = D(C) = {w € C: Cr has a pole at w} (1.25) 


the set of complez dimensions of L. 


7Following traditional usage, we will continue to denote by ¢¢ the meromorphic 
extension of the Dirichlet series given by (1.18). 


20 1. Complex Dimensions of Ordinary Fractal Strings 


Figure 1.6: The screen S and the window W. 


Complex dimensions may also be called complex fractal dimensions. This 
is partly justified by our proposal in Chapter 12 to define “fractality” in 
terms of this notion. (See especially Section 12.1.) For conciseness, however, 
we usually refer to them in the briefer way. 


Remark 1.14. According to Theorem 1.10, ¢¢(s) is holomorphic in the 
half-plane Res > D and hence 


De =Dc(W) c{s EW: Res <D}. (1.26) 


Moreover, since it is the set of poles of a meromorphic function, Dc(W) is 
a discrete subset of C. Hence its intersection with any compact subset of C 
is finite. When CL consists of finitely many lengths, we have Dc = 0), since 
then, ¢c(s) is an entire function. 


Remark 1.15. In general, the limit of ¢¢(s) as s > Dg from the right 
is oo (this follows, e.g., from [Ser, Proposition 7, p. 67] and is due to the 
fact that the Dirichlet series (1.18) has positive coefficients). Thus s = De 
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is always a singularity of ¢c-(s), but not necessarily a pole. If D = Dg isa 
pole and Dre € W, then 


De = max {Rew: w € De}, (1.27) 


since ¢¢ is holomorphic for Res > D. 


Remark 1.16. Assume that W is symmetric with respect to the real axis. 
Since ¢¢(3) = ¢c(s), it then follows that the nonreal complex dimensions 
of a (standard) fractal string always come in complex conjugate pairs w,@; 
that is, w € Dg if and only ifw Ee De. 


The general theme of this monograph is that the complex dimensions 
describe oscillations in the geometry and the spectrum of a fractal string. 
The following theorem is a simple illustration of this philosophy. 


Theorem 1.17. Let £L be a fractal string of dimension D, and assume 
that Cc has a meromorphic extension to a neighborhood of D. If 


Ne(x) = O(x”), as £—> 00, 
or if the volume of the tubular neighborhoods satisfies 

V(e)=O(e'?), ase 07, 
then Cr has a simple pole at D. 


Proof. First, recall from Remark 1.15 or from [Pos] or [Wid] that D is a 
singularity of ¢¢. Suppose N¢(x) < C-x? and N(x) = 0 for x < xo. Then 
for s > D, 


Cs D-s 
Xo , 
s—D 


Cc(s) = f Ne(x)a~*~! dx < 


It follows that the singularity at D is at most a simple pole. Since by 
assumption, ¢¢ has a meromorphic extension to a neighborhood of D, it 
follows that D is a simple pole of ¢r. 

The second part follows from the first part and Proposition 1.1 since 


V(e) = 2eNe (=) + x l= Oe"), ase ot, 


jilj<2e 


implies that N(x) = O(a?) as x + oo. 


The following example shows that the condition that the geometric zeta 
function of a fractal string has a meromorphic continuation is not al- 
ways satisfied, and indeed the vertical line Res = D can be a natural 
boundary for the analytic continuation of ¢c. It also shows that the func- 
tion (s — D)¢c(s) can have a finite and positive limit as s + D*, even 
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D 1-—D 


if Ne(ax) is not of order x” as x — oo and V(e) is not of order ¢€ 
as € + 0+. This does not contradict the results of Chapters 6 and 8, which 
hold for strings having a geometric zeta function that does have a mero- 
morphic continuation beyond Res = D. The example is formulated in the 
language of generalized fractal strings of Chapter 4, for which the multi- 
plicities of the lengths may be nonintegral. 


Example 1.18. Let 
éc(s) = ogee. (1.28) 
j=l 


That is, we consider the generalized fractal string with lengths ou each 
repeated with multiplicity jePs for 0 < D < 1 (we obtain an ordinary 
fractal string with the same properties if we choose for the multiplicity the 
integer nearest to je?9”). Thus 


for e”™ <a <et)”, For «=e, Ng(x) > «? Vloga, and hence Ne(z) 
is not of order x? as x > oo. 

On the other hand, (s — D)¢c(s) has limit 1/2 as s + D*, as we now 
show. For t > 0, we have 


c(D+t)=tY) je*t=S jvte GV) V4. 
tC-(D jet Vt (iVt)" /¢ 


j=1 j=1 


This is a Riemann sum for the integral i ze-? dx, with mesh width V1. 
The value of this integral is 1/2. 

We conclude, in particular, that the vertical line Res = D is a natural 
boundary for the analytic continuation of Cr. 


1.2.2 The Cantor String (continued) 


The geometric zeta function of the Cantor string is 


Co 


= Qn, —(n+1)s = 
Cos(s) = 55 2"-3 eee 


n=0 


(1.29) 


We choose W = C. The complex dimensions of the Cantor string are found 
by solving the equation 1 — 2-37“ = 0, with w € C. (Note that they are 
all simple poles of ¢gg.) Thus 


Des ={D+inp: ne Z}, (1.30) 
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where D = logs 2 is the dimension of CS and p = 27/log3 is its os- 
cillatory period.® (See Figure 2.4 in Section 2.3.1.) Formula (1.14) above 
expresses V(e) as a sum of terms proportional to e’~’, where w = D+inp 
runs over the complex dimensions of the Cantor string. (See also Sec- 
tions 8.1.1, 8.4.1 and 8.4.2.) 

In Section 8.3, we will extend and reinterpret in terms of complex di- 
mensions the criterion for Minkowski measurability obtained in [LapPol; 
LapPo2, Theorem 2.2, p. 46]. In particular, under mild growth conditions 
on Cc, we will show in Theorem 8.15 that an ordinary fractal string is Min- 
kowski measurable if and only if D is a simple pole of ¢¢ and the only 
complex dimension of £ on the vertical line Res = D is D itself. Heuris- 
tically, nonreal complex dimensions above D would create oscillations in 
the geometry of £, and therefore in the volume of the tubular neighbor- 
hood, V(e); see (1.31) below and (1.14)—(1.17) above, and compare with 
the intuition expressed in [LapMal1] or [LapMa2, esp. §3.3]. 

In view of (1.29) and (1.30), this makes particularly transparent the 
non-Minkowski measurability of the Cantor string (deduced above and es- 
tablished earlier in [LapPo2, Theorem 4.6]). As we will see in Chapter 8, a 
similar argument can be used in many other situations. (See, in particular, 
Theorem 8.23 in Section 8.4.2.) 


As another example of an explicit formula involving the complex dimen- 
sions of the Cantor string, we compute the counting function of the recip- 
rocal lengths. There are 1+2+4+---+2”7! lengths greater than x~!, 
where n = [logs z]. Thus Nog(x) = 2” — 1. Using the Fourier series (1.13), 
we obtain 


1 gDtinp 


1 hited 
2 log 3 eee D+inp 2 log 3 pope 


Nes(2) (1.31) 


Again, we find a sum extended over the complex dimensions of the Cantor 
string. In Chapter 5, we will formulate and prove the explicit formulas that 
allow us to derive such formulas in much greater generality. 


Remark 1.19. In Chapter 12, Section 12.1.2, we define fractality as the 
presence of nonreal complex dimensions (with positive real parts). Accord- 
ingly, the Cantor string (and hence also, the Cantor set) is ‘fractal’. In 
Chapters 2 and 3, we will see more generally that all self-similar strings 
(and hence, all self-similar sets in R) are fractal in that sense. Moreover, 
it will follow from the results of Section 13.1 that even in higher dimen- 
sions (i.e., for every d > 1), self-similar sets in R@ (or rather, the associated 
iterated function systems and self-similar tilings) are also fractal. 


8Compare [Lap2, Example 5.2(i), p. 170] and [Lap3, p. 150], where our present ter- 
minology was not used. 
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1.3 The Frequencies of a Fractal String 
and the Spectral Zeta Function 


Given a fractal string £, we can listen to its sound. In mathematical terms, 
we consider the bounded open set 2 C R, together with the (positive) 
Dirichlet Laplacian A = —d?/dx? on ©. An eigenvalue \ of A corresponds 
to the (normalized) frequency f = VA/z of the fractal string. 

The frequencies of the unit interval are 1,2,3,... (each counted with 
multiplicity one), and the frequencies of an interval of length / are [~+, 
21-1, 31-1,... (also counted with multiplicity one). Thus the frequencies 
of £ are the numbers 


fSReL.. (1.32) 


where k,7 = 1,2,3,...; that is, they are the integer multiples of the re- 
ciprocal lengths of £. The total multiplicity of the frequency f is equal 
to 


wp = SS l= Se Wl = Wi/f + Wasp t+ W3/f toc: (1.33) 
5: fVEN* Ll: f-lEN* 


To study the frequencies, we introduce the spectral counting function and 
the spectral zeta function. Note that N, and ¢, depend on £. However, for 
simplicity, we do not indicate this explicitly in our notation. 


Definition 1.20. The counting function of the frequencies, also called the 
spectral counting function of L, is 


N,(«) = #{f <x: frequency of £, counted with multiplicity} 


Sy we (1.34) 


fsa 


for x > 0.° 
The spectral zeta function of L is 


G(3)= >> (ee G") ee rs (1.35) 


kj=l 


which converges for Re s sufficiently large. In the second equality of (1.34) 
and (1.35), the sum is extended over all distinct frequencies of L. 


Let ¢(s) be the Riemann zeta function defined by ¢(s) = S>°~_, n~* for 
Res > 1. It is well known that ¢(s) has an extension to the whole complex 
plane as a meromorphic function, with one simple pole at s = 1, with 
residue 1. 


° According to footnote 1, the frequency f = # should be counted with the weight 1/2. 


1.3 The Frequencies and the Spectral Zeta Function 25 


The following theorem relates the spectrum of an ordinary fractal string 
with its geometry. It will become very helpful when we study direct or 
inverse spectral problems. 


Theorem 1.21. The spectral counting function of L is given by 


N, (x) (2) +.Ne (5) 4Ne (5) roe (1.36) 


=N 
=>. bal, (1.37) 


eS. 
BR 


and the spectral zeta function of L is given by 


Gv (8) = Ce(s)¢(s); (1.38) 


where ¢(s) is the Riemann zeta function. Thus ¢,(s) is holomorphic for 
Res > 1. It has a pole at s = 1 with residue L, the total length of L 
(see (1.19)). Moreover, it has a meromorphic extension to a neighborhood 


of the window W of CL. 


Proof. For the spectral counting function, this follows from the following 
computation: 


N= SD =i <0/e} =o ne(3). 
k=1 


k=] js hel> <a k=1 


Observe that this is a finite sum, since Ne (y) = 0 for y < 1; '. The second 
expression is derived similarly: 


For the spectral zeta function, we have successively 


Gla)= Sk =S ES = Cw)Us). 


kj=l j=l k= 


This completes the proof of the theorem. 


Using formula (1.37) for N(x), we can derive Weyl’s asymptotic law 
for fractal strings. More precise results will be obtained in Chapter 6, 
Section 6.3, and in Chapters 9 and 10. (See Appendix B, especially for- 
mula (B.2), for a formulation of Weyl’s asymptotic law. See also [Lap1| 
and [LapPo2].) 
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Theorem 1.22 (Weyl’s Asymptotic Law). Let £ be a fractal string of 
dimension D and of total length 


CO 


vol, (£) = ye ly = Cc(1) 


(as defined in (1.19)). Then, for every 6 > 0, 
N, (a) = voly(L)x + Oe), as & — Oo. (1.39) 
The leading term, 
We(ax) = vol, (L) a, (1.40) 
is called the Weyl] term. 


Proof. We write {x} for the fractional part of x. By formula (1.37), 


CO 


N,(a) = oS Lom SS {ay 


j=l 


Both sums are convergent, and the first sum equals W(x). Let 6 > 0. 
By formula (1.21), we have that I; < C2j—1/(P+9) | for some positive con- 
stant C. It follows that l;2 < 1 for j > (Cox)?**. In the second sum, we 
estimate {l;2} <1 for j < (Coa)?*?, and {lz} = Lx for j > (Coe, 
Thus 


a {la} < (Cony + «| Coj~V(P+9) dj = O(e?**), 


j=l (Cox)? t? 


as claimed. 


One of the problems we are interested in is the inverse spectral prob- 
lem for fractal strings (as considered in [LapMal-2] in connection with the 
Riemann hypothesis); i.e., to derive information about the geometry of an 
ordinary fractal string from certain information (for example, asymptotics) 
about its spectrum. We study this problem in Chapters 9 and 11, with the 
help of explicit formulas for the frequency counting function, which will be 
established in Chapters 6 and 10, using the results of Chapter 5. These ex- 
plicit formulas express the various functions associated with the geometry 
or the spectrum of a fractal string as a sum of oscillatory terms of the form 
a constant times «”, where w runs over the complex dimensions of £. In 
particular, in the case of the direct spectral problem where N,(ax) is ex- 
pressed in terms of the geometry of £, the spectral counting function N, (a) 
is given by (6.23). We stress that if w is simple, then the coefficient of 2” 
in the explicit formula for N(x) is a multiple of ¢(w), the value of the 
Riemann zeta function at the complex dimension w; see formula (6.24b). 
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We note here that if the Riemann zeta function had a zero at one 
of the complex dimensions of a fractal string, then the expansion of the 
counting function of the frequencies (given in (6.23) and (6.24)) would no 
longer have the corresponding term. Thus, for example, the Cantor string 
would sound similar to a string without the complex dimensions D + 37ip, 
if ¢(D + 37ip) = ¢(logs 2 + 747i /log3) happened to vanish. This line of 
reasoning—based on the now rigorous notion of complex dimensions and 
the use of the explicit formulas—enables us to reformulate (and extend to 
many other zeta functions) the characterization of the Riemann hypothesis 
obtained in [LapMal-—2]. (See Chapter 9.) 

Observe that in particular if ¢(s) were to vanish at all the points D+ inp 
for n € Z\{0}, the Cantor string would sound the same as a Minkowski 
measurable fractal string of the same dimension D = log, 2. (See, in partic- 
ular, Theorem 8.15.) In Chapter 11 we will show, however, that this is not 
the case for a rather general class of zeta functions, and for any arithmetic 
sequence of points D + inp (n € Z). These zeta functions can be thought 
of as being associated with fractal sprays, as discussed in the next section. 
In Chapter 10, we will study generalized Cantor strings, which can have 
any sequence {D + inp},,¢z (for arbitrary D € (0,1) and p > 0) as their 
complex dimensions. We note that such strings can no longer be realized 
geometrically as subsets of Euclidean space. 


1.4 Higher-Dimensional Analogue: Fractal Sprays 


Fractal sprays were introduced in [LapPo3] (see also [Lap2, §4] announcing 
some of the results in [LapPo3]) as a natural higher-dimensional analogue 
of fractal strings and as a tool to explore various conjectures about the 
spectrum (and the geometry) of drums with fractal boundary’? in R¢. In 
the present book, fractal sprays and their generalizations (to be introduced 
later on) will continue to be a useful exploratory tool and will enable us 
to extend several of our results to zeta functions other than the Riemann 
zeta function. (See especially Chapters 9 and 11.) 


For example, we will consider the spray of Figure 1.7, obtained by scaling 
an open square B of size 1 by the lengths of the Cantor string £ = CS. 
Thus 2 is a bounded open subset of R? consisting of one open square of 
size 1/3, two open squares of size 1/9, four open squares of size 1/27, and 
so on. The spectral zeta function for the Dirichlet Laplacian on the square 


100Of course, when d > 2, a drum with fractal boundary in R? can be much more 
complicated than a fractal spray. 
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Figure 1.7: A Cantor spray: a fractal spray Q in the plane, with basic shape B, 
the unit square, scaled by the Cantor string. 


is the function 


Ca(s)= S> (mn? +n3)°?, (1.41) 


n1,n2=1 


and hence the spectral zeta function of this spray is given by 
G(s) = Cos(s) - Ca(s)- (1.42) 


A fractal spray Q in R¢@ (d > 1) is given by a nonempty bounded open 
set BC R®@ (called the basic shape), scaled by a fractal string £. More 
precisely, we call a fractal spray of £ on B (or with basic shape B) any 
bounded open set in R¢@ which is the disjoint union of open sets Q,; 
for 7 = 1,2,..., where (2; is congruent to 1;B (the homothetic of B by the 
ratio 1;) for each j. (See [LapPo3, §2].) Note that a fractal string £ = {l, ea 
can be viewed as a fractal spray of £ with basic shape B = (0,1), the unit 
interval. 
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Let {A;(B)}72, be the sequence of nonzero eigenvalues (counted with 
multiplicity and written in nondecreasing order) of the positive Laplacian 
(with Dirichlet or other suitable boundary conditions) A = — pia A Ox 
on B. That is, 


O28) 2B er SOS ee Sic, SERS 


Then the (normalized) frequencies of the Laplacian A on B are the numbers 
fe = fe(B) = 771A (B) (for k = 1,2,3,...),11 and the spectral zeta 
function of B is 


Ca(s) = 5° (fe(B))° = 0° Sn (B)) (1.43) 


k=1 k= 


BR 


Traditionally, as in [Se1, Gil], one writes (\,(B))~* instead of (A, (B))~$/?. 
We adopt here the convention of [Lap2-3] and of Appendix B. As in Equa- 
tion (1.32), a simple calculation (see, e.g., [LapPo3, §3])—relying on the 
invariance of the spectrum of the Laplacian under isometries—shows that 
the frequencies of the spray (that is, of the Laplacian A on ) are the 
numbers 


f= fr(B) Tj", (1.44) 


where k,j = 1,2,3,.... The total multiplicity of the frequency f is given 
by the analogue of (1.33) in this more general context: 


we? = #{(k, 9): f = fe(B) G1} 
= Wf, (B)/f + Wf2(B)/f + Wfs(By/f to: 


(1.45) 


It follows, exactly as in the proof of formula (1.38), that the spectral 
zeta function ¢,(s) of the fractal spray—defined by (1.35), with wy ) as 
in (1.45)—is given by 


v(s) = Cc(s) - Ca(s). (1.46) 


For example, if B C R¢@ is the d-dimensional unit cube (0,1)%, with its 
opposite sides identified (so that A is the Laplacian with periodic boundary 
conditions on B), then!? 


¢a(s) = Gals) = y eee sy) ae (1.47) 


(ny,---sma)@Z4\ {0} 


11The spectrum of the Dirichlet Laplacian A is always discrete if B is bounded (or more 
generally, if B has finite volume); further, 0 is never an eigenvalue. For the Neumann 
Laplacian, we assume that B has a locally Lipschitz boundary or more generally, that B 
satisfies the extension property, to ensure that the spectrum is discrete. 

12Recall that we exclude the eigenvalue 0. 
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Thus ¢q(s) is the classical Epstein zeta function, and hence admits a mero- 
morphic continuation to all of C, with a single simple pole at s = d (see [Ter, 
§1.4, p. 58] or Section A.4 in Appendix A). Note that ¢)(s) = 2¢(s). 

As an example, in light of (1.29), (1.46) and (1.47), for the fractal spray of 
the Cantor string CS on the unit square B (as represented in Figure 1.7), 
the corresponding spectral zeta function for the Laplacian with periodic 
boundary conditions on each square is given by 

a8 
G(s) = (90558 (2 (s)- (1.48) 


It is meromorphic in all of C. Further, it has a simple pole at s = 2 and at 
each point s = logs 2+ 2min/log3 (n € Z) where ¢2(s) does not vanish. 


Later on, we will use generalized fractal sprays to extend several of our 
results to number-theoretic zeta functions and many other Dirichlet series. 
(See especially Sections 9.3 and 11.2.) 


Remark 1.23. The next step towards a theory of complex dimensions 
of higher-dimensional fractals would be to include more general drums 
with fractal boundary or drums with fractal membrane. For example, the 
complex dimensions of the Koch snowflake curve have been calculated 
in [LapPel], based on a detailed analysis of V(¢), the volume of the in- 
ner tubular neighborhoods of this curve (see Section 12.2.1). Furthermore, 
the beginning of a higher-dimensional theory of the geometric complex di- 
mensions of self-similar fractal boundaries (and systems) is developed in 
the work [Pe2] and [LapPe2, LapPe4, LapPeWi3] (see Section 13.1). See 
also, e.g., [BroCa, Lap1—4, HeLap2] as well as Sections 12.2 and 12.5 of 
Chapter 12 for a discussion of drums with fractal boundaries. The pa- 
pers [Lap1, 3, FleLeVa, LapPan, LapNRG, GriLap, LapPel-2] study from 
a variety of viewpoints the Koch snowflake drum (see Figure 12.6), the 
higher-dimensional drum with fractal boundary that has been studied most 
extensively so far. See [KiLap1—2, Ki2, Lap5-6; Lap-vF 10, Part 1] and the 
relevant references therein for information on the geometry and the spec- 
trum of drums with fractal membrane. 


1.5 Notes 


The notion of fractal string was formally introduced in [LapPol-2], build- 
ing in particular on the study of the a-string in [Lapl, Example 5.1 and 
Appendix C], and further extensively studied from different points of view 
in [Lap2-3, LapMal-—2, LapPo3, HeLap1—2, Lap-vF4-7, 9, Lap10], among 
other references. 

Since fractal strings—viewed as vibrating objects—are one-dimensional 
drums with fractal boundary, their investigation involves a special (but 
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surprisingly fruitful) case of the notion of fractal drum. We refer to [Berr1— 
2, BroCa, Lap1-6, LapPol-3, LapMal-2, HeLap1-2, FleVa, KiLap1-2, 
Lap-vF5, Tep1—2, Lap10] and the many relevant references therein for fur- 
ther mathematical and physical motivations for the investigation of fractal 
drums. See also, in particular, Sections 9.1, 12.2, 12.5 and 12.6, along with 
Appendix B in the present book for further discussion and references. !? 

Some of the earlier mathematical works in which the idea of complex di- 
mension plays a role, if not defined explicitly, are [LapPol], [LapPo2, §4.4b], 
[LapMal], [LapMa2, §3.3], [Lap2, Figure 3.1 and 85], as well as [Lap3, §2.1, 
§2.2 and p. 150]. See also Remark 9.1, Figure 9.1, and the notes to Chap- 
ter 9. The primary motivations of the authors of those papers came from 
the investigation of the oscillatory phenomena in the geometry and the 
spectrum of fractal drums [Lap3] (including self-similar drums) and, in 
particular, of fractal strings, where the connections between direct or in- 
verse spectral problems and the Riemann zeta function or the Riemann 
hypothesis were first discovered in [LapPol, 2] or [LapMal1, 2], respectively. 

See Remark 12.7 for a sample of references in the physics literature—of 
which we have become aware recently and with rather different motiva- 
tions, coming from the study of turbulence, lacunarity, biophysics, and 
other applications. 

The mathematical theory of complex dimensions of fractal strings, as dis- 
cussed in this chapter, was first developed in [Lap-vF5] (partly announced 
in [Lap-vF1-4]) and was then pursued in [Lap-vF6, 7, 9]. It is, of course, 
broadly expanded in this monograph. 

Section 1.1: for further information about the notions of Minkowski 
dimension and content in a related context, we refer to [BroCa, Lapl-— 
3, LapPol-3, LapMal-—2, LapFl, FleVa, Ger, GerScl—2, Cal—2, vB, vB-Le, 
HuaSl, FleLeVa, LeviVa, MolVa, Fa4, vB-Gil, HeLap1—2]. For the notion of 
Minkowski(—Bouligand) dimension—which was extended by Bouligand from 
integer to real values of D—see also [Bou, Fed2, KahSa, Man2, Mart Vu, Tr1l-— 
3; Fa3, Chapter 3]. See [Fa3, Chapters 2 and 3], [Lap1, §2.1 and §3], [Mat, 
Chapter 5], [Rog] and [Tr1-2] or [Tr3, Chapters 2 and 3] for a detailed 
discussion of the Hausdorff and Minkowski dimensions. 

Further arguments for the use of the Minkowski instead of the Hausdorff 
dimension are given in [Lap1, Example 5.1, pp. 512-514]; see also [LapPo2]. 
They exclude similarly another notion of fractal dimension, the packing di- 
mension P [Su, Tr2]. This dimension satisfies the inequality H < P < D. 
Somewhat paradoxically, as is pointed out in [Lapl, Remark 5.1, p. 514], 
the Hausdorff and packing dimensions are ruled out in the context of frac- 
tal strings (or drums) precisely because they are good mathematical no- 
tions. Indeed, they are both associated with countably additive measures, 


13Note that a fractal string is a drum with fractal boundary, and its boundary is a 
drum with fractal membrane; see, e.g., [Lap3, 6, 10] and the papers [Tep1, 2]. 


32 1. Complex Dimensions of Ordinary Fractal Strings 


which implies that countable sets have zero dimension. By contrast, the 
Minkowski content is only finitely subadditive, so that countable sets can 
have positive Minkowski dimension, as in the example of the a-string in 
Section 6.5.1 (see especially Equation (6.65)). 

The Cantor string was studied, in particular, in [LapPol] and [LapPo2, 
Example 4.5, pp. 65-67], where it was first shown, among other things, that 
it is not Minkowski measurable. However, the techniques developed in this 
book enable us to obtain more precise results for this and related Cantor- 
type strings; see, e.g., Sections 6.4.1 and 8.4.1, along with Chapter 10. 

Theorem 1.10: the fact that the Minkowski dimension coincides with the 
abscissa of convergence was first observed by the first author in [Lap2, 
Eq. (5.4), p. 169] using a key result of Besicovitch and Taylor [BesTa]; see 
also [LapPo2, LapMa2]. 

Section 1.3: we refer to [Dav, Edw, In, Ivi, Pat, Tit] for the classical theory 
of the Riemann zeta function. The factorization formula (1.38) of Theo- 
rem 1.21 was established in [Lap2, Eqs. (5.2) and (5.3), p. 169] and used, 
in particular, in [Lap2-3, LapPol-3, LapMal—2, HeLap1-2]. 

See [BiSo, Mét, EdmEv], [Maz, §1.5.1], or [Lapl, esp. Chapter 2 and 
pp. 510-511], as well as the relevant references therein for more information 
on spectral geometry. 

Section 1.4: the notion of fractal spray was introduced in [LapPo3]. The 
main examples studied, e.g., in [BroCa], [Lap2, §4 and §5.2], [Lap3, §4.4.1b], 
[FleVa, Ger, GerScl—2, LapPo3,LeviVa], are special cases of ordinary fractal 
sprays. 


2 


Complex Dimensions 
of Self-Similar Fractal Strings 


Throughout this book, we use an important class of ordinary fractal strings, 
the self-similar fractal strings, to illustrate our theory. These strings are 
constructed in the usual way via contraction mappings. In this and the 
next chapter, we give a detailed analysis of the structure of the complex 
dimensions of such fractal strings. 


2.1 Construction of a Self-Similar Fractal String 


Given a closed interval I of length L (called the initial interval), we con- 
struct a self-similar string £L as follows. Let N > 2 and let ®;, Bo,..., Py 
be N contraction similitudes mapping J to I, with respective scaling factors 
T1,72,---,;TN, Which we assume to be ordered nonincreasingly, 


1>r>rg>...>ry > 0. (2.1) 


Assume that 


N 


yaa (2.2) 


j=l 


and that the images ®,() of J, for 7 = 1,...,N, do not overlap, except 
possibly at the endpoints. (This is the open set condition, see Section 2.1.1.) 

In a procedure reminiscent of the construction of the Cantor set, subdi- 
vide the interval I into the pieces ®,(I). The remaining pieces in between 
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LoL BD. LoL LoL 
32 BD 48 48 48 48 48 48 
<== SS ——_ <= 1 


Figure 2.1: The construction of a self-similar string with four scaling ratios r; = i 
T2 = 73 = 1] = é and two gaps g1 = g2 = eo The lengths of the string are 
indicated by the bold lines. 


are the first intervals! of the string, of length |, = g,L, fork = 1,...,K, 
where the scaling factors g1,...,g« of the gaps satisfy 


and 


N K 
rit Dg = 1. (2.4) 


Repeat this process with the remaining intervals ®; (J), for j =1,...,N. As 
a result, we obtain a self-similar fractal string £ = 1), l2,13,..., consisting 
of intervals of length J, given by 


Ty Tve oe Ty Gkl, (2.5) 


for k = 1,..., and all choices of g ¢ N and 1,...,, € {1,...,.N}; see 
Figure 2.1. The lengths are of the form (with e),...,en € N) 


eL en 
ry TNH ORL. 


The number of ways to write rj'...rj as a product r,,...ry, of the 
scaling ratios (where g = e; +-::+ewn and for each yw = 1,...,N, the 
exponent e,, equals the number of 7 such that v; = j), is given by the 
multinomial coefficient 


(. : ) ~ aon (with ¢ = D313). (2.6) 


1---EN 


1It would be better to call them the first strings of the fractal harp, see Section 1.1 
and Figure 1.1. 
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Therefore the total multiplicity of a length J is the sum of all such multi- 
nomial coefficients for every choice of k = 1,...,K and e1,...,en which 
satisfies the equation rj! ... rh gxL = 1. In other words, we have 


a= YS c (2.7) 


where Ey, = {(€1,...,en): ryt THY onl = L}. 


Remark 2.1. Note that we allow that the gaps and images of J do not 
alternate. In particular, there may be more gaps than scaling factors. 


Remark 2.2. Throughout this book, we will always assume that a self- 
similar string is nontrivial; that is, we exclude the trivial case when L is 
composed of a single interval. This will permit us to avoid having to consider 
separately this obvious exception to some of our theorems. 


2.1.1 Relation with Self-Similar Sets 


A self-similar set in R¢ is the union of N scaled copies of itself. To be 
precise, following, for example, [Mor, Hut] or [Fa3, Sections 9.1 and 9.2], 
a compact subset F of R® is said to be a self-similar set if there exist N 
similarity transformations ®; (j = 1,...,N, N > 2) of R¢ with scaling 
ratios r; € (0,1) such that 


N 
F=|J4,(F). 


As explained below, the boundary of a self-similar string is a self-similar set 
in R. Conversely, every self-similar set in R satisfying the open set condition 
can essentially be obtained in this way. 

Let N be an integer > 2. For 7 =1,...,N, let 


®;: [0,1] > [0,1] 
be a contraction similitude of R with scaling ratio r; (0 <r; < 1); i., 
|Pj(x)-— @j(y)|=rjla—yl, for all x,y. 
We assume that the system of maps 
{O55 9 = dyei 8 NF 


satisfies the open set condition; i.e., there exists a nonempty open subset U 
of [0, 1], such that 


(VU) By (U) =O for all j #9, 5,9" € {1,--., NJ, 
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and ®;(U) c U for all j € {1,..., N}.? Then the associated self-similar 
set F' is the unique nonempty compact subset of [0, 1] satisfying the fixed 
point equation 


N 
F= (J &,(F). (2.8) 


The existence and uniqueness of the fixed point F' in (2.8) follows from the 
Contraction Mapping Principle, applied to the complete metric space of 
nonempty compact subsets of [0,1], equipped with the Hausdorff metric. 
It is well known that F can also be obtained as the limit of repeated 
applications of the maps ®;. (We assume that F' is not a single interval.) 
More precisely, 


F=()} U &,((0,1), (2.9) 


where for each integer n > 0, 
Tn=Alisccg VV 


denotes the set of all finite sequences of length n in the symbols 1,..., N, 
and for J = (j1,---;Jn) © Tn; 


®; := 9; 0---0 8), 0@,,. 


By convention, J = {0} only contains the empty sequence and ®g is the 
identity map. 

Let the open intervals G;, (k = 1,...,K) be the connected components 
of (0, 1)\ Ura @,((0,1]) (we exclude the case K = 0 or N = 1 in order to 
avoid the trivial situation when F is an interval). Then 


N K 
(0,1) = L) &;((0,1)) UU G&, 
j=l k=1 


as in Figure 2.2. Without loss of generality, we may assume that the com- 
pact set F spans the interval [0,1], so that min F = 0 and maxF = 1. 
Also, we may assume that the closed intervals ®,((0,1]) do not intersect, 
except possibly at their endpoints (which means that the open set condi- 
tion is satisfied with U = (0,1)). Thus 0 is the left endpoint of one of the 
intervals ®;((0,1]) and 1 is the right endpoint of another one. 

The length of the open interval G;, (k =1,...,K) is denoted by 


Gk = vol) (Gx) 


See, for example, [Hut] or [Fa3, p. 118]. 
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0 TY T2 fu 3 g2 v4 93 1 
i t re, $$$} 


®,((0,1]) 2([0,1])) Gi 3([0,1]) Gy 4([0,1]) Gs 


Figure 2.2: The first iteration in the recursive construction of a self-similar set 
with scaling ratios r1,r2,r3,r4 and initial gaps Gi,Ge,G3 of length gi, g2, 93, 
respectively. 


and called a gap.? Clearly, the intervals ®;((0,1]) (j = 1,...,N) have 
length r;. Note that by construction, the identity (2.4) is satisfied. 

Much as in the recursive construction of the standard (middle third) 
Cantor set,+ we see that each iteration of the system of maps gives rise to 
a new collection of open intervals (the deleted intervals) 


Gap = ®7 (Ge), 


with n > 0, J = (j1,---,Jn) € {1,...,N}" and ke {1,..., K}, of length 


n 
lak = Gk II Ti, 
v=1 


(See Equation (2.9) above.) Then the self-similar string £ is defined as the 
sequence {17;}.7,,, written in nonincreasing order. 

In our terminology, the fractal string C is a self-similar string with scaling 
ratios r1,...,7N and gaps g1,...,gK. It is called the self-similar string 
associated with the self-similar set F. Note that F' is the boundary of the 
open set 2 defining £ in the above construction: 00 = F’, where 


Q = [0,1]\F 


is the disjoint union of the deleted intervals. Conversely, it is clear from 
the above discussion that every self-similar string £ of total length L = 1 
determines a self-similar set FC [0,1] (with min F = 0 and max F = 1) 
satisfying the open set condition (with the open set U = (0,1)) and with 
boundary equal to CL. 

In summary, the class of self-similar strings £ with (possibly) multiple 
gaps essentially corresponds (via the correspondence £L = 0 & F = 0Q) to 
the class of self-similar sets F' of R satisfying the open set condition. 

In closing, we note that the special (but prototypical) case of a self 
similar string with a single gap (i.e., K = 1), discussed in Section 2.2.1, is 
the one studied in [Lap-vF5, Chapter 2]. 


3In [Fra2], these intervals are called the initial gaps. 
4For the Cantor set, N = 2, K = 1, andry = rg = 1 = 1/3. Also see Section 2.3.1 
below. 
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2.2 The Geometric Zeta Function 
of a Self-Similar String 


In Section 2.1, we explained the construction of a self-similar string with 


scaling ratios r1,...,7x and gaps scaled by gi,..., 9x, satisfying the condi- 
tions (2.1)—(2.4). Thus the gaps of £ have lengths gi L,...,g«L. By abuse 
of language, we also refer to the quantities g1,...,gK as the gaps of the 


self-similar string L. 


Theorem 2.3. Let L be a self-similar string as in Section 2.1. Then the 
geometric zeta function of this string has a meromorphic continuation to 
the whole complex plane, given by 


Lf K Ss 
te(s) = Dekel Sk for s €C. (2.10) 
dee ey ie 


Here, L = G¢(1) is the total length of L, which is also the length of I, the 
initial interval from which L is constructed. 


Proof. Indeed, we have 
N N N N N q 
S S s S S s s S s 
ave (ret ers,) = eae. Ty Ty, = rj Pe 
y4=1 Vg=l wy4=1 Vg=1 j=l 


Hence, in view of (1.18) and the discussion surrounding (2.5), we deduce 
that 


=-(D- a7 ry -ragnt)’) 


k=1 q=0 \1=1 

K foe) N qd 
s 

= Dilly DDG) 

k=1 q=0 \j=1 


Let D be the unique real solution of Se —1 7} = 1 (see also the first part of 
the proof of Theorem 2.16, in particular ‘Equations (2.46) and (2.47) below). 

For Res > D, we have he ; | < 1, so that the above sum converges 
(hence D is the dimension of £). We ebéain that 


K 
L* ei Ik 
a ee 
1->> at 
This computation is valid for Res > D, but now, by the Principle of 


Analytic Continuation, the meromorphic continuation of Cr to all of C 
exists and is given by the last formula, as desired. 


Cc(s) = 
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Throughout this chapter, we choose W, the window of £ (as defined 
in Section 1.2.1), to be the entire complex plane, so that W = C and 
De = De(C) can be called (without any ambiguity) the set of complex 
dimensions of £ (as in Definition 1.13(ii)). This choice of W is justified by 
Theorem 2.3. 

Note that in view of Remark 1.16, the nonreal complex dimensions of a 
self-similar string come in complex conjugate pairs w, W. This is also clear 
in view of the following corollary. 


Corollary 2.4. Let £ be a self-similar string constructed with a single gap 
size g1 = gg =-:: = gx. Then the set of complex dimensions Dz of L is 
the set of solutions of the equation 


N 
SS. waeec; (2.11) 


jal 


with the same multiplicity. 

In general, when the gaps have different sizes, Dz is contained in the set 
of solutions of Equation (2.11), and each complex dimension has a multi- 
plicity of at most that of the corresponding solution. 


Equation (2.11) could be called the complexified Moran equation. As is 
discussed in Remark 2.21 below, the usual Moran equation is given by (2.11) 
restricted to real values of s. It has a unique real solution, necessarily equal 
to the Minkowski dimension of CL. 


Remark 2.5. The length L of the initial interval J of a self-similar string 
may be normalized so that the first length of £ equals 1 by choosing 


L=9;', (2.12) 


where g; is the largest gap (see (2.3)). This assures that lim,_.4.. ¢c(s) 
equals the multiplicity of the first length, which is also the multiplicity of 
the largest gap. It does not affect the complex dimensions of the string. 


Remark 2.6. For a self-similar string, the total length of £ is also the 
length L of the initial interval J in the construction given in Section 2.1. 
Further, the complement of £ in J is the boundary OZ, and OL has length 0, 
since the Hausdorff dimension of OL is less than one. Note that in the above 
construction, the Hausdorff dimension and the Minkowski dimension of OL 
coincide. This is no longer the case if we were to represent £ as a sequence 
of intervals of lengths 1,,l2,..., so that OL is a sequence of points with a 
single limit point. In that case, only the Minkowski dimension of this set 
of points gives the dimension of the fractal string. See also Remark 1.4. 


Remark 2.7. Note that the zeros of the geometric zeta function ¢¢(s) 
given by Equation (2.10) correspond to the solutions of the Dirichlet poly- 
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rm roL r3L ral y= gL 
—<$<$<_ 
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Teh aah ah aah 
———, — — — 


Figure 2.3: The construction of a self-similar string with a single gap gi = + and 
similitudes with scaling ratios r; + T2 =173 =14 z. The first group of scaled 
intervals each have size r; L = vol; (®;(J)), and the first five lengths of the string 


are ly = <L, lg = aL, l3 = aL, l4 = aL, and Is = aL. 


nomial equation 


K 
Sig =0, sec, (2.13) 
k=1 


to be studied in Chapter 3. In Chapter 7, we apply our explicit formulas 
of Chapter 5 in a dynamical context. The resulting expressions will involve 
both the zeros and poles of Cr. 


2.2.1  Self-Similar Strings with a Single Gap 


In the case where there is only one gap (see Figure 2.3) the situation is 
somewhat simpler. 


Theorem 2.8. Let £ be a self-similar string, constructed as above with 
scaling ratios r1,...,rn, and a single gap gi. Then the geometric zeta 
function of this string has a meromorphic continuation to the whole complex 
plane, given by 


(mL)* 
N Ss 
Lats 
Here, L is the total length of L (as defined by (1.19)), which is also the 


length of I, the initial interval. The first length of Lis 1, = gil, of 
multiplicity one. 


Ce(s) = , forse. (2.14) 


In particular, Corollary 2.4 applies to this case. Thus, the complex dimen- 
sions of a self-similar string with a single gap are given by Equation (2.11), 
with the same multiplicity. 


2.3 Examples of Complex Dimensions of Self-Similar Strings Al 


Note that if £ is normalized as in Remark 2.5, then its first length equals 1 
and therefore 


¢c(s) = a for s EC. (2.15) 


Lait 


For notational simplicity, we will often normalize our examples in this way 
(see, for instance, Section 2.3). 


Remark 2.9. In Section 7.2, we will find an Euler product for ¢-, coming 
from a dynamical system associated with the string, also called a self- 
similar flow. We only define this dynamical system in the case of a single 
gap, but it would be very interesting to have a general definition. The 
lengths correspond to the periodic orbits of this dynamical system. See 
also [Lap-vF6, Remark 2.15]. 


Remark 2.10. An interesting new feature of self-similar strings with mul- 
tiple gaps is that in general (i.e., when K > 2), the geometric zeta function 
may have zeros as well as poles, and that in some cases, certain cancella- 
tions may occur. (See Remark 2.7 above and Section 2.3.3 below.) Further- 
more, in [HamLap], Ben Hambly and the first author have considered an 
even broader extension to random recursive constructions (in R), including 
random self-similar strings. See Section 13.4. 


2.3 Examples of Complex Dimensions 
of Self-Similar Strings 


In each of these examples, the given self-similar string has a single gap, as 
in Section 2.2.1, and we normalize it so that its first length is 1, as was 
explained in Remark 2.5. 


2.3.1 The Cantor String 


We take two equal scaling factors r; = rg = 1/3 and one gap gi = 1/3. 
The self-similar string CS with total length 3 and these scaling factors is 
the Cantor string.° It consists of lengths 3~” with multiplicity 2”, n > 0. 
The geometric zeta function of this string is 


1 


Oc8@) Sey eee! (2.16) 


5It differs from the Cantor string discussed in Chapter 1 in the normalization of the 
first length. Alternatively, one could say that we have used another unit to measure the 
lengths. The initial interval of the Cantor string introduced in Section 1.1.2 has length 1. 
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10+ 


Figure 2.4: The complex dimensions of the Cantor string. D = log; 2 and p = 
27 / log 3. 
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The complex dimensions are found by solving the equation 
2-3-%=1 (w € C). (2.17) 
We find 
Des ={D+inp: n€ Z}, (2.18) 


with D = log; 2 and p = 27/log3. (See Figure 2.4.) All poles are simple. 
Further, the residue at each pole is 1/ log 3. 


Remark 2.11. This example will be studied in much more detail and 
extended to generalized Cantor strings in Chapter 10. See also Chapter 1, 
Sections 6.4.1 and 8.4.1, along with Example 8.22 below. 


2.3.2 The Fibonacci String 


Next we consider a self-similar string with two lines of complex dimensions. 
The Fibonacci string is the string Fib with total length 4 and scaling factors 
ry = 1/2, rg = 1/4 and a gap g; = 1/4. Its lengths are 


1 1 1 1 


Tey Sy, Stay nara 
2 4 8 2 


with multiplicity respectively 
Ly Dy 28) hea Ey eipests 


the Fibonacci numbers. Recall that these numbers are defined by the fol- 
lowing recursive formula: 


Fy+i = Fy + Fy-1,; and Fo = 0, Fy ie AS (2.19) 


The geometric zeta function of the Fibonacci string is given by 


il 


Toe ay) 


Crib(s) = 
The complex dimensions are found by solving the quadratic equation 
Q“P42"=1 (ec). (2.21) 
We find 2-” = (-1+ V5) /2=¢71 and 2-” = —¢, where 


_14+Vv5 


e 2 


(2.22) 


is the golden ratio. Hence 


Drip ={D+inp: ne Z}U{-—D+i(n+1/2)p: ne Z}, (2.23) 
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Figure 2.5: The complex dimensions of the Fibonacci string. D = log, ¢ and p = 
27 / log 2. 


with D = log,¢ and p = 27/log2. (See Figure 2.5.)® Again, all the 
poles are simple. Further, for all n € Z, the residue at the poles D+ inp 


equals Bes and the residue at —D + i(n + 1/2)p equals Fins 


The volume Vpi,(€) of the tubular neighborhood of the Fibonacci string 
can be computed directly, as we did in Section 1.1.2 for the Cantor string. It 
is well known, and it follows by solving the linear recurrence relation (2.19), 
that 


on =(1= 6" 


fF, = 
V5 


(2.24) 


SBy abuse of language, we may say that the Fibonacci string has two lines of complex 
dimensions (by which we mean discrete lines). 
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—1 (Varin (€) + 2) 


2? hi (logy (2e)~ ) 


. WY | 


Figure 2.6: The functions 2'~? f; (log, - ~T) and e?~1 (Vein (e) + 2e), additively. 


By (1.9), we have 


Vew(e)=2e D> Fat >) Faui2™, 


2-">2e 2-"<2e 


provided ¢ < 1 (for 1/2 < ¢ < 1, the first sum is empty). By formula (2.24), 
both sums are geometric. We write 2 = log,(2e)~+, so that x increases by 
one unit if ¢ is halved in value. Evaluating the above sums, we find that, 
fore <1, 


Viiw(e) = (2e)'—? f, (x) — 2e + (2e)1*? fo(z), 


where x = log,(2e)~+ and 
fle) = = (oo + stop), 
—1)[] 
fa(z) = ee (84 = 6° 4(24)*) 


The functions f,; and f2 are periodic and continuous. See Figures 2.6 
and 2.7. 

Computing the Fourier series of the functions f; and f2 by using (1.13), 
we find the explicit formula 


= @ 3 Oe))-2 iP be 
V5 log 2 3 (D + ikp)(1 — D — tkp) 
n b | ae (Qe)'1 tp /2- the 
V5 log 2 2 (—D + ip/2 + ikp)(1 + D — ip/2 —ikp)’ 
(2.25) 


for e < 1, where, as earlier, D = log, ¢ and p = 27/ log 2. 
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Figure 2.7: The functions 2'~” f; (log,(2e)~") and e¢?~'(Vpin(e) + 2e), multipli- 
catively. 


In Section 8.4.2, Theorem 8.25 and Corollary 8.27, we will derive the 
counterpart of Equation (2.25) for general lattice strings, by using the 
pointwise tube formula without error term of Section 8.1.1, given in the 
second part of Theorem 8.7. We note that the result (2.25) of the above 
direct computation of V(e) is in agreement with this result. See especially 
Example 8.32. 


2.3.3 The Modified Cantor and Fibonacci Strings 


The string with five scaling ratios ry) = rg = 73 = 1/9, ra = 15 = 1/27 and 
four gaps gi = 1/3, g2 = g3 = 1/9, ga = 1/27 in an interval of length 3 (see 
Figure 2.8) has for geometric zeta function 


37-8 + 2.378 +3738 
1— 3. 3-28 — 2. 3-38" 


Cc(s) = 3° (2.26) 


The denominator factors as 1— 3a? — 2x3 = (1—2x)(1+.2)?, with x = 37°, 
and the numerator as x(1 + 2)”. Hence the zeta function simplifies to the 
geometric zeta function (2.16) of the Cantor string, with two scaling ratios 
ry = rg = 1/3 and one gap g, = 1/3, in an interval of length 3. Thus 
the sequence of its lengths coincides with the sequence of lengths of the 
Cantor string, as defined in Section 2.3.1. The poles (of (2.26) or (2.16)) 
are simple, located at D+ikp (k € Z), with D = log, 2 and p = 27/log3. 
The residue at each pole is equal to 1/ log 3. 


Remark 2.12. The initiator of a self-similar fractal string is not unique 
since one can always find a Dirichlet polynomial L*(g? + --- + g%) with 
positive coefficients such that the product of this Dirichlet polynomial by 
the denominator of ¢r is again of the form 1—rf—---—r. Indeed, repeated 


2.3 Examples of Complex Dimensions of Self-Similar Strings 47 


L=3 


Figure 2.8: The construction of the modified Cantor string, with five scaling ratios 


1 1 1 1 1 
ry = 12 =73 = 9,74 =75 = 57, and four gaps gi = 93 = 5, 92 = 3, 94 = 57: 


application of the identity 


1 Ltrjte::-+ry 


LH eae) LGN) 


shows that every fractal string has infinitely many initiators. 


The following example gives an alternative initiator for the Fibonacci 
string. Let ry = rg = g, = 1/4, r3 = go = 1/8 in an interval of length 4. 
This initiator generates a self-similar string with geometric zeta function 


9-28 +2738 _ 1 
1 —2.9-2s _9-3s — 1 _9-s _ 9-28" 


Ce(s) = 27° 


Hence the sequence of lengths of this string coincides with that of the 
Fibonacci string of Section 2.3.2. 


2.3.4 A String with Multiple Poles 


Let £ be the self-similar string with scaling factors ry = rg = r3 = 1/9, 
r4 = 15 = 1/27, one gap gi = 16/27 and with total length L = 2% (so that 
its first length is 1). Then the geometric zeta function of £ is given by 


1 
6c(8) = 7379-8 bore en 
The complex dimensions are found by solving the cubic equation 
223+322=1, z=3 (with z,w eC). (2.28) 


This factors as (2z—1)(z+1)? = 0. Thus we see that there is one sequence 
of simple poles w = D+ inp (D = logs 2 and p = 27/log3, n € Z), each 
with residue ee corresponding to the solution z = 1/2, and another 
sequence of double poles w = sip + inp (n € Z) corresponding to the 
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Figure 2.9: The complex dimensions of a string with multiple poles. D = log, 2 
and p = 27/log3. Here, the symbol o” denotes a multiple pole of order two. 
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double solution z = —1. (See Figure 2.9.) The Laurent series at a double 
pole is 
1 
3(log 3 


p (s— dip inp)” + Jlog3 (s — dip inp) + O(1), 


1 . . 
as § —> stp + inp. 


2.3.5 Two Nonlattice Examples: the Two-Three String 
and the Golden String 


The above examples are all self-similar lattice strings, as will be defined in 
Section 2.4. The reader may get the mistaken impression that in general it 
is easy to find the complex dimensions of a self-similar string. However, in 
the nonlattice case, in the sense of Definition 2.13 below, it is practically 
impossible to obtain complete information about the complex dimensions. 
Nevertheless, in Sections 2.5-2.6 and Chapter 3 (see Theorem 2.16 below), 
we obtain a large amount of information about the location and the density 
of the complex dimensions of a nonlattice string. 

We now give our first explicit example of a nonlattice string, which may 
be called the Two-Three string. (See Remark 2.15 and Section 3.1.1 for 
some further information.) We take two scaling factors ry = 1/2, rp = 1/3. 
The self-similar string £ with total length 6, a single gap g; = 1/6 (so that £L 
is normalized as in Remark 2.5) and these scaling factors is nonlattice. It 
consists of lengths 2~"37~” with multiplicity the binomial coefficient gn 
for m,n = 0,1,... (see Section 2.1). The geometric zeta function of this 
string is 

1 
6e(8) = [9-3 3-8" 


The complex dimensions are found by solving the transcendental equation 


4a =a, wet); (2.30) 


(2.29) 


However, we cannot solve this equation exactly. We cannot even find the 
exact value of the dimension D of this string; i.e., the precise value of 
the unique real solution of Equation (2.30). But it can be verified that all 
complex dimensions have real part > —1 = D; (see Theorem 2.16), and that 
D = .78788.... With the help of a computer (and Theorems 3.14 and 3.18 
of the next chapter), we have sketched in Figure 2.10 an approximate plot 
of the set of complex dimensions D = Dg(C). See Section 3.8 for some 
information about these computations. 


The Golden String 


Next, we consider the nonlattice string GS with a single gap and scaling 
factors r; = 27! and rg = 2-%, where ¢ is the golden ratio given by 
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Figure 2.10: The complex dimensions of the nonlattice string with scaling ratios 


ry = 1/2, re = 1/3 and one gap gi = 1/6. 
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Figure 2.11: The complex dimensions of the golden string (the nonlattice string 
with scaling ratios r1 = 2-1 and ro = 27%), 


formula (2.22). We call this string the golden string. As usual, we normalize 
it so that the first length equals 1, by choosing the total length to be 


1 
L = ——__.. 
1—2-1-2-¢ 
Its geometric zeta function is 
es 8) = (2.31) 
eve aa aoe 


and its complex dimensions are the solutions of the transcendental equation 
2849°-—=—1 Wwe). (2.32) 


A diagram of the complex dimensions of GS is given in Figure 2.11. 
We have not obtained it by directly solving (2.32) numerically. Instead, 
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we have obtained it by applying Theorems 3.14 and 3.18 of Chapter 3, 
in which the complex dimensions of a nonlattice string are approximated 
by those of a lattice string with a large oscillatory period: we chose the 
approximation ¢ % 987/610 to approximate CL by the lattice string with 
scaling factors r; = r®!, r, = r°87, where r = 271/619 and hence with 
multiplicative generator 2— 

We note that the theory of Chapter 3, in particular Lemma 3.29, provides 
a concrete method for obtaining more and more accurate approximations 
of D = Deas(C). In particular, the dimension D of the golden string is 
approximately equal to D = .77921.... See also Section 3.8. 

Our numerical investigations—and the theoretical information contained 
in Lemma 3.29 and Theorem 3.18—indicate that the complex dimensions 
of the golden string have a very interesting and beautiful structure; see 
Figure 2.12 and also Figure 3.6 to see the development of the quasiperiodic 
pattern. In Chapter 3, we make a detailed study of the complex dimensions 
of nonlattice strings. 


2.4 The Lattice and Nonlattice Case 


There is an important dichotomy regarding the scaling ratios r),...,rN 
with which a self-similar string is constructed. Indeed, recall that an ad- 
ditive subgroup of the real numbers is either dense in R or else discrete. 
In the latter case, if the group is not trivial, there exists a number w > 0, 
called the additive generator, such that the subgroup is equal to wZ. 

We now apply this basic fact to the additive group 


N 
A= S “(log rls, 


j=l 


generated by the logarithms logr; (j = 1,...,.N) of the scaling factors. 
Alternatively, in light of the isomorphism x +> e* between the additive 
group (R,+) and the multiplicative group (R4.,-), we formulate the next 
definition in terms of the multiplicative subgroup 


N 
G=|[r7 (2.33) 


j=l 
of IR’, the positive real line. 


Definition 2.13. The case when G is dense in R*, is called the nonlattice 
case. We then say that £ is a nonlattice string. 

The case when G is not dense (and hence discrete) in R%, is called the 
lattice case. We then say that L is a lattice string. In this situation there 
exist a unique real number r, 0 < r < 1, called the multiplicative generator 


2.4 The Lattice and Nonlattice Case 
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Figure 2.12: The quasiperiodic behavior of the complex dimensions of the golden 


string. 
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of the string, and positive integers k,,...,ky without common divisor, such 
that 1< ky <---<ky and 


rar’, (2.34) 


for 7 =1,...,N. The positive number 


20 


pane 2. 
log r-! (239) 


p 


is called the oscillatory period of the lattice string L. 


We note that r is the generator of the multiplicative group nee re such 
that r < 1. Similarly, by taking logarithms, we see that logr~! is the 
positive generator of the additive group Pi (log r;)Z. Thus w = logr7}, 


in the above notation. 


Remark 2.14. The nonlattice case is the generic case, in the sense that if 
one randomly picks N (at least two) numbers r;,...,7~4 € (0,1), then, with 
probability 1, they will generate a nonlattice string. A key objective of the 
rest of this chapter and the next chapter is to demonstrate the relationship 
between lattice and nonlattice equations as well as to understand the qual- 
itative and quantitative differences between various nonlattice equations in 
terms of the Diophantine properties of their scaling ratios (or weights). In 
Section 3.6, we apply our results to the case of the complex dimensions of 
a nonlattice string. 


Remark 2.15. For Dirichlet polynomials, to be introduced in the next 
chapter, we refine the definition of the nonlattice case by distinguishing the 
generic nonlattice case. See Definition 3.1 of Section 3.1. The two nonlattice 
strings discussed in Section 2.3.5 are generic nonlattice. 


2.5 The Structure of the Complex Dimensions 


The following key theorem summarizes many of the results that we obtain 
about the complex dimensions of self-similar strings. It provides, in partic- 
ular, a useful criterion for distinguishing between a lattice and a nonlattice 
string, by looking at the right-most elements in its set of complex dimen- 
sions D. It also gives the basic structure of D in the lattice case. We establish 
most of the facts stated in Theorem 2.16 in Chapter 3, where we formulate 
the counterpart, Theorem 3.6, for the more general case of Dirichlet po- 
lynomial equations. The statement regarding Minkowski measurability is 
proved in Chapter 8. More precise and additional information can be found 
in the latter sections as well as in Theorems 8.23 and 8.36 (along with Re- 
mark 8.38, Corollary 8.27 and Theorem 8.25) of Sections 8.4.2 and 8.4.4. 
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Theorem 2.16. Let L be a self-similar string of dimension D, with scaling 
ratios T1,...,TN and gaps gi,...,gK, as defined in Section 2.1. Then all 
the complex dimensions of L lie to the left of or on the line Res =D: 


D=De(C) c {s EC: Res < D}. (2.36) 


The value s = D is the only pole of Cc on the real line. (In particular, 
Equation (1.27) holds, with D = Dg.) Moreover, 0 < D < 1 and D is 
equal to the Minkowski dimension of the boundary of the string. The set 
of complex dimensions of Lis symmetric with respect to the real axis and 
is contained in a horizontally bounded strip D, < Res < D, for some real 
number D,. It is infinite, with density at most 


log te 


#(DeN{w € C: |Imu| < T}) < T+ O(1), (2.37) 
as T — oc. Here, the elements of Dg are to be counted according to their 
multiplicity as poles of Gc. The dimension D is never canceled. If there 
are no other cancellations, for example if the gaps are all equal to a single 
value, then the density of the complex dimensions is exactly given by the 


right-hand side of (2.37). 


In the lattice case, the complex dimensions w are obtained by finding the 
complex solutions z of the polynomial equation (of degree kn) 


N 
S- z%i=1, with r’ =z. (2.38) 


j=1 


In that case, the poles lie periodically on finitely many vertical lines, and 
on each line they are separated by the oscillatory period p = 27/logr~! of 
the string (see Definition 2.13, Equation (2.35)). In other words, there exist 
finitely many poles w1(= D),we,...,Wq (with Rewg < --- < Rews < D) 
such that 


De = {w, tinp:n€ Z,u=1,...,q}. (2.39) 


The multiplicity of the complex dimensions corresponding to one value 
of z=r” is the same as that of z. In particular, the poles on the line 
above D are all simple. It follows that a lattice string is not Minkowski 
measurable: its geometry has oscillations of order D. 

Finally, if the gap sizes gjL are also integral powers of the multiplicative 
generator r of L, i.e.," 


g,L = rk, where ki EZ forj=1,...,K, (2.40) 


TThis is true, in particular, if £ has a single gap and is normalized (ie., K = 1 
and gil = 1; see Remark 2.5). 
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then Cc(s) is a rational function of r*, and hence is a periodic function 
of s with period ip. Furthermore, the residue of ¢c(s) at s = D+ inp is 
independent of n € Z and equal to 


res (¢c(s); D + inp) = (2.41) 


Also, for u = 1,...,q, the principal part of the Laurent series of ¢c(s) 
at § =W, +inp does not depend on n € Z. In general, when (2.40) is not 
necessarily assumed, we have 


he 


res 8);D)= 5 
(Cel): D) = SS yah 


(2.42) 


and moreover, for each u=1,...,q, the residue of ¢c(s) at s =u, + inp 
(with n € Z) is given in Remark 2.18 below, provided wy, is simple. 


In the nonlattice case, D is simple and is the unique pole of Cc on the 
line Res = D. The residue of ¢c(s) at s = D is equal to 


re Sg 
res (Cc(s); D) => an rP logrs 


Moreover, there is an infinite sequence of simple complex dimensions of L 
coming arbitrarily close (from the left) to the line Res = D. These complex 
dimensions are not canceled by zeros of the numerator of Cc. 

Finally, the complex dimensions of £L can be approximated (via an ex- 
plicit procedure) by the complex dimensions of a sequence of lattice strings, 
with larger and larger oscillatory period. Hence the complex dimensions of 
a nonlattice string have a quasiperiodic structure. 


(2.43) 


Remark 2.17. In Section 8.4.3, Theorem 8.30, we also compute the av- 
erage Minkowski content of a lattice string, as given in Definition 8.29. 
Moreover, it follows from the fact that a nonlattice string has no nonreal 
complex dimensions with real part D that a nonlattice string is Minkowski 
measurable: its geometry does not have oscillations of order D. Further, the 
Minkowski content and average Minkowski content of a nonlattice string 
are given by 


= K D 
vie jet (9;L) 


x =. 
Dia D) 55,297 los re? 


M= May = 


(2.44) 


Proof of part of Theorem 2.16. The statement about the existence of com- 
plex dimensions approaching Res = D is proved in Theorem 3.23 below, 
with a refinement in Theorem 3.25. Also, the statement about Minkow- 
ski measurability is most naturally stated in the general context of fractal 
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strings, and is proved in Chapter 8. (See Theorems 8.36 and 8.23, along with 
Remark 8.38, Corollary 8.27 and Theorem 8.25, in Sections 8.4.2 and 8.4.4.) 
The other statements—concerning the asymptotic density estimate (2.37) 
and the fact that the complex dimensions lie in a horizontally bounded 
strip—are most naturally formulated and proved in the more general con- 
text of Dirichlet polynomials of Chapter 3 (see Theorem 3.6). A weaker form 
of this result is formulated and proven in Section 2.6, using the Nevanlinna 
Theory of Appendix C. 

We prove the existence and uniqueness of D (on the real line and on 
the line Res = D in the nonlattice case). Recall from Corollary 2.4 that 
the complex dimensions of £ are given by the complex solutions of Equa- 
tion (2.11): 


N 
1-Sors=0. (2.45) 


=i 


Consider the Dirichlet polynomial 


N 
f(s)=1-Sors (2.46) 


j=1 


for real values of s. Because 0 < r; < 1, f is strictly increasing. Since 
f(0) =1-—N < Oand f(1) = 91 +---+ 9x > 0, there exists a unique 
value D strictly between 0 and 1 such that f(D) = 0. This is the only real 
value of s where ¢¢ has a pole. Since a gp > 0, this pole is not canceled 
by a zero of the numerator of Cr. 

Consider now a complex number s with real part 0 > D. For this number, 


|1— f(s)| < ) eo ae (2.47) 


It follows that f(s) cannot vanish, hence all the poles of ¢¢ lie to the left 
of or on the line Res = D. 

Suppose there is another pole on the line vertical Res = D, say at 
s = D+ it. Without loss of generality, we may assume that ¢ > 0. The 
first inequality in (2.47) is an equality if and only if all numbers r} have 
the same argument (i.e., point in the same direction), and then f(s) itself 
vanishes if and only if all the numbers rj are real and positive. This means 
that rit > 0, and hence is equal to 1, for all 7 = 1,...,N. Thus there exist 
a positive integer / and positive integers k; without common divisor, such 
that 

plogr S2ake (GS da... N): 


This means that we are in the lattice case. Note that 1 << ky <...< ky 
and that s = D + it/I is also a pole of Cc. 
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In this case we proceed as follows. Write z = r*, so that rj = (le = 3, 


for 7 =1,...,N. Then, by (2.46), f(s) = 0 is equivalent to 


N 
yee SL (2.48) 


j=l 


This is a polynomial equation of degree ky. Therefore, it has ky complex 
solutions, counted with multiplicity. To every solution z = |zle"? (—m < 
6 < m) of this equation there corresponds a unique solution 


log |z| i0 


a logr-! logr~! 


with imaginary part —7/logr~! < Imso < 7/logr~', and a sequence of 


solutions ; oss 
,—_lolel _i@-20m) 
logr-1 logr-1 


with n © Z. If all gap sizes are equal, there is no cancellation from the 
numerator of ¢-, and these values are all poles of ¢;; i.e., complex dimen- 
sions of the string. Note that the orders of these poles are all equal, and 
coincide with the multiplicity of the corresponding solution z of the alge- 
braic equation (2.48). In general, some poles may be canceled by zeros of 
the numerator of ¢-. (See the examples given in Section 2.3.3 above.) How- 
ever, in the lattice case, D itself is never canceled, as was shown above. By 
the methods of Chapter 3 (Diophantine approximation, see Section 3.4), 
the sum aS ge is close to the nonvanishing value ere gP for a 
subsequence {nj}? of the integers, and hence does not vanish itself. 
Therefore, only a strict subsequence® of the poles D + inp (n € Z) may be 
canceled by a zero of the numerator of ¢¢(s). Hence, £ always has infinitely 
many complex dimensions on the line Res = D (of the form D + in,p, 
with n,, € Z, ny, — +00 as ps > +00).° Note that a similar argument does 
not work in general for the other lines of complex dimensions (through the 
complex dimension w, for u # 1), since the examples of Section 2.3.3 above 
show that an entire line of complex dimensions may be canceled. 

Since D is simple, we find by a direct computation, analogous to that car- 
ried out for the Cantor and the Fibonacci strings in Sections 2.3.1 and 2.3.2, 


K s K ; 
res (Cc(s);D) = lim (ef) dij=1(GL) _ Dai (95L)? 


i me i = 
s>D Lae ja log 7; ee 


(2.49) 


80f course, if £ has a single gap (i.e., K = 1), then none of the poles above D (or 
more generally, above wz, for u = 1,...,q) can be canceled, since the numerator of ¢¢(s) 
does not have any zeros in that case. 

°lt follows that a lattice string always has (multiplicatively periodic) oscillations of 
order D. In Chapter 8, Theorem 8.23 (along with Corollary 8.27), we deduce from this 
fact that a lattice string cannot be Minkowski measurable. 
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If also each gjL is an integral power of r, then ¢c(s) is periodic, with 
period zp. It follows that for u = 1,...,q, the principal part of the Laurent 
series of this function at s = wy, + inp does not depend on n € Z. In 
particular, the residue at s = D+ inp is equal to the residue at s = D. 


The rest of the proof of Theorem 2.16 can be found in several places in 
the book: The statement about the density of the poles is proved in Chap- 
ter 3 (see Theorem 3.6), where we will also show that the poles of ¢¢ lie 
to the right of some vertical line; see Equations (3.8a) and (3.8b), along 
with Remark 3.10. In the nonlattice case, the statement about poles of ¢; 
close to the line Res = D is proved in Theorem 3.23. Further, that about 
the Minkowski measurability is proved in Sections 8.4.2 and 8.4.4, Theo- 
rems 8.23 and 8.36. (In the nonlattice case, it was proved by different means 
in [Lap3, §4.4] and later on, independently, in [Fa4]; see Remark 8.40.) 

The last statement of the nonlattice case of Theorem 2.16—concerning 
the approximation of the complex dimensions of nonlattice strings by those 
of a sequence of lattice strings—follows from Theorems 3.14 and 3.18 in 
Section 3.4. The explicit procedure is provided by the method of proof of 
Theorem 3.18 and by Lemma 3.29 or 3.39. 


Remark 2.18. In the lattice case, if w,, is a simple pole of ¢¢(s), then 
a computation similar to that leading to formula (2.49) shows that. for 
Wi Vio e5iGs 


kK inp+w 
yj =1 (GL) il 
logr71 Sr kyrkiew 


res (¢¢(s); wy, + inp) = , forneZ. (2.50) 


If, in addition, g;L is an integral power of r for each 7 = 1,...,K, as in 

Equation (2.40), then (g;Z)'"? = 1 and so this residue only depends on wy, 

but not on n. More precisely, in that case, (2.50) becomes, for u=1,...,4, 
Se phe 


res (¢¢(s); Wy, + inp) = , forneZ. (2.51) 


N ? 
logr-? en kyrkiew 


In particular, if we set u = 1 (so that w; = D), we recover formula (2.41) 
of Theorem 2.16. 


Remark 2.19. For a general lattice string, the degree ky of the polynomial 
equation (2.38) can be any positive integer. Indeed, given any integer k > 1, 
the lattice string with N = 2 and scaling ratios r, = r and rg = r*, 
with 0 <r <1 (and only one gap), gives rise to the algebraic equation of 


degree k 
zeaz=1 (2.52) 


for the complex dimensions. 
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The following corollary of Theorem 2.16 will show that every (nontriv- 
ial) self-similar string is fractal in the new sense that we will introduce 
in Section 12.1. Namely, it has at least one (and hence at least two com- 
plex conjugate) nonreal complex dimensions with positive real part. Recall 
from Remark 2.2 that we exclude the trivial case when C£ consists of a single 
interval. 


Corollary 2.20. Every self-similar string has infinitely many complex di- 
mensions with positive real part. 


Proof. In the lattice case, this follows from the fact that D always con- 
tains the vertical line of complex dimensions D + inp, for n € Z (see 
formula (2.39) in Theorem 2.16). 

In the nonlattice case, this follows from the fact that D > 0, combined 
with the statement about the complex dimensions approaching Res = D 
from the left in the nonlattice part of Theorem 2.16 (which will be estab- 
lished and made more precise in Theorem 3.23). 


We first comment on some aspects of Corollary 2.20. 


Remark 2.21. It is well known that for a self-similar set satisfying the 
open set condition—as is the case of the boundary of a self-similar string £ 
considered here, see Section 2.1.1 above—the Minkowski dimension is the 
unique real solution of Equation (2.11). (See, for example, [Fa3, Theo- 
rems 9.1 and 9.3, pp. 114 and 118].) In other words, D is equal to the 
similarity dimension [Man2], defined by the Moran equation [Mor] 


=1 (s>0). (2.53) 


In our terminology, this is the unique complex dimension of £ located on 
the real axis. In view of Theorem 2.3 and Corollary 2.4, what is new and 
much less easy to establish in the statement of Corollary 2.20 is that Equa- 
tion (2.11) (or equivalently, (2.53)) has infinitely many complex solutions 
with positive real part. 


We briefly comment on some aspects of the lattice vs. nonlattice di- 
chotomy exhibited by Theorem 2.16. 


Remark 2.22. As was noted earlier, the Cantor string, the Fibonacci 
string and the example of a self-similar string with multiple poles given 
in Sections 2.3.1, 2.3.2 and 2.3.4, respectively, are all lattice strings. Their 
multiplicative generator r is equal to 1/3, 1/2 and 1/3, respectively. Fur- 
ther, the algebraic equation (2.38) giving rise to their complex dimensions is 
provided, respectively, by (2.17), (2.21) and (2.28), which are, respectively, 
of degree 1, 2 and 3. 
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Remark 2.23. As was mentioned in Section 2.3.5, in the nonlattice case, 
the poles of the geometric zeta function ¢¢ = ¢c(s) are usually intractable. 
For example, we expect that in general all, or almost all, poles are simple 
and that there are no, or hardly any, cancellations. This issue is studied in 
Chapter 3, but the question is still very open. (As a first step, we show in 
Section 3.5.2, Theorem 3.30, that when N = 2—or, more generally, when £ 
is defined by two distinct scaling ratios with positive multiplicities—all the 
complex dimensions are indeed simple.) 

As for the real parts of the poles, they could be dense in the critical 
interval (i.e., the intersection of the real line with the narrowest strip that 
contains all the poles). Or there could be dense pieces (or a discrete set 
of points) with pole-free regions in between; i.e., substrips of the critical 
strip that contain no poles. Regarding these questions, we formulate two 
conjectures in Section 3.7.1; see also Problem 3.4 in Section 3.2.1 and Prob- 
lem 3.22 in Section 3.4.2. However, thanks to the algebraic equation (2.38), 
we can say a lot more in the lattice case. 


2.6 The Asymptotic Density of the Poles 
in the Nonlattice Case 


In the lattice case, the algebraic equation (2.38) allows one to gain a com- 
plete understanding of the structure of the poles. To study the poles in the 
nonlattice case, we may use Nevanlinna theory to obtain information about 
the solutions of the equation ae ré = 1. We will prove that the solutions 
of this equation lie in a bounded strip, and that they have the same asymp- 
totic density as in the lattice case; that is, a linear density given by (2.37). 
A stronger version of Theorem 2.24 will be formulated in Theorem 3.6 of 
the next chapter. 


We apply Theorem C.1 of Appendix C, choosing for a,,...,a ,¢ the se- 
quence of distinct numbers among r),...,7y, and letting mp = —1 and m; 
be the number of integers k in {1,...,N} such that ry = aj. In Theo- 
rem C.l, r; = e “9 for 7 = 1,...,N and ro = 1. This theorem applies 
N > 2 ensures that eat = N #1. We then obtain the following 
result: 


Theorem 2.24. Let £ be a self-similar string with a single gap size. Then 
the number of complex dimensions (counted with multiplicity) of the non- 
lattice string with scaling ratios ry > r2 >--- >ry > 0 in the disc |s| < T 
is asymptotically given by 


=I 
O8TN TL O(VT), as T > 400. (2.54) 


TT 
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In general, when the gaps have different sizes, complex dimensions may be 
cancelled by zeros of the numerator of Cc, in which case (2.54) provides an 
upper bound for the asymptotic density. 


In the next chapter, Theorem 3.6, we show by a different method that the 
error is actually a bounded function of T. Clearly, that last result is best 
possible in the sense that the error is at least 1/2 when one approximates 
an integer-valued function by a continuous one. 


Remark 2.25. Let £ be a self-similar string with scaling ratios r1,..., rn. 
Then, in view of Corollary 2.4, Theorem 2.24 yields the asymptotic den- 
sity (2.37) of the set of complex dimensions Dz, as stated in Theorem 2.16. 
Moreover, the fact (also stated in Theorem 2.16) that the complex zeros of 
the equation 1 — Sal r; (and hence the poles of ¢r(s)) lie in a bounded 
strip D; < Res < D, also follows from Theorem C.1, with the aforemen- 
tioned choice of the numbers m,; and a,;. (Recall that we already know 
that Dz is contained in the left half-plane {s: Res < D}.) Observe that 
Theorem C.1 implies that D; > o1, where o; is the real number given 


by (C.7), a 
1 M ™m5 
ol= sb ae ETA log (2 ae ful) 


(recall that w, is defined by r; = e~s for j = 0,...,N, with ro := 1); 
ie., a, is uniquely determined by Equation (C.6a). Even though, in gen- 
eral, 0; does not give the optimal choice for Dj, it provides an effective 
estimate for D;. See also Theorem 3.6 of Section 3.3 and Remark 3.10, 
where we obtain a better left and right estimate for the critical strip. 


2.7 Notes 


Section 2.1.1: for the construction of self-similar sets (via possibly nonlin- 
ear contractions), see the original articles by Moran [Mor] and Hutchin- 
son [Hut]. See also the exposition in [Fal] and [Fa3, Sections 9.1 and 9.2]. 

In [Lap-vF4] and [Lap-vF5], only self-similar strings with a single gap 
were considered. The present theory of self-similar strings with multiple 
gaps was initiated by Mark Frantz in [Fral, 2]. Following Frantz, we have 
extended the results of [Lap-vF2, Chapter 2] to the multiple gap setting in 
the papers [Lap-vF7, Section 5] and [Lap-vF9]. 

The dichotomy lattice vs. nonlattice comes from (probabilistic) renewal 
theory [Fel, Chapter XI] and was used in a related context by Lalley 
in [Lall1—3]. It was then introduced by the first author in [Lap3, Section 4] in 
the present setting of self-similar strings—or, more generally, of self-similar 
drums. (In [Fel], the lattice and nonlattice case are called the arithmetic 
and nonarithmetic case, respectively.) See also, for example, [Lap3, Sec- 
tion 5] and [KiLap1, Lap5-6] for the case of self-similar drums with fractal 
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membrane (rather than with fractal boundary), [Fa4,LeviVa,Gat, HamLap| 
and the relevant references therein, as well as [Str1—2] for a different but 
related context. 

That the Minkowski dimension is the unique real solution to (2.11) is 
essentially due to Moran [Mor] in the one-dimensional situation, and in 
higher dimensions, it follows from the results of Hutchinson in [Hut], along 
with the fact that for a self-similar set satisfying the open set condition, the 
Hausdorff and Minkowski dimensions coincide (see, e.g., [Fa3, Theorem 9.3, 
p. 118]). 

Section 2.3.2: the Fibonacci string (or harp), introduced in [Lap-vF4] 
and [Lap-vF5, Section 2.2.2], was recently given a geometric realization 
and shown in [CranMH] to be connected with a well-known dynamical 
system defined by the baker’s map x +> 2x (mod 1) of the unit interval. 
We expect analogous results to hold for other lattice strings, using some of 
the results and methods of Section 4.4. 
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Complex Dimensions of 
Nonlattice Self-Similar Strings: 
(Juasiperiodic Patterns and 
Diophantine Approximation 


The study of the complex dimensions of nonlattice self-similar strings is 
most naturally carried out in the more general setting of Dirichlet polyno- 
mials.! In this chapter, we study the solutions in s of a Dirichlet polynomial 
equation 


mint +e--+mmury =1. 


In view of Corollary 2.4 of Chapter 2, this includes as a special case the 
equation satisfied by the complex dimensions of a self-similar string. We 
distinguish two cases. In the lattice case, when the numbers r; are integral 
powers of a common base r, rj = r*s for all 7 > 1, the equation corresponds 
to a polynomial equation, which is readily solved numerically by using a 
computer. In the nonlattice case, when some ratio logr;/logri, j > 2, 
is irrational, we obtain valuable information by approximating the (non- 
lattice) equation by lattice equations of higher and higher degree. This is 
accomplished by means of suitable Diophantine approximation techniques 
(Section 3.4). In that section, we show that the set of lattice equations is 
dense in the set of all equations, and deduce that the roots of a nonlat- 
tice Dirichlet polynomial equation have a quasiperiodic structure, which we 
study in detail both theoretically and numerically (see, especially, Theo- 
rem 3.18 and the comments following it). 

An important consequence is that nonlattice strings are approximated 
by lattice strings with larger and larger oscillatory periods, which explains 


1Such investigations were started in the early 1900’s by Tamarkin and Titchmarsh. 
See [Langer] and the references therein. 
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how the quasiperiodic patterns of the complex dimensions of a nonlattice 
string emerges from the periodic patterns of the complex dimensions of the 
approximating lattice strings. 

We also establish a number of specific theorems that enable us to obtain 
a very good quantitative and qualitative understanding of the quasiperiodic 
patterns of complex dimensions in terms of the arithmetic properties of the 
scaling ratios r; (Section 3.5). Further, we analyze the asymptotic density of 
the real parts of the complex dimensions and discuss (in Section 3.7) several 
open problems motivated by our theoretical and computational work. 

In Section 3.6, we obtain concrete dimension-free regions for nonlattice 
self-similar strings, and estimate their size in terms of the Diophantine 
approximation properties of the scaling ratios. The significance of such es- 
timates is that—once combined with the explicit formulas of Chapter 5— 
they will enable us to obtain corresponding error terms in the asymptotic 
expansions of various geometric, spectral or dynamical quantities assoc- 
iated with self-similar strings (see Chapters 6-8 for many applications). 
For instance, it will follow that if the logarithms of the scaling ratios r; are 
badly approximable by rational numbers, then the resulting dimension-free 
regions will be better (i.e., larger) and hence the associated asymptotic 
error estimate will be better as well. 

Clearly, a nonlattice string has countably many fractal dimensions, de- 
fined as the real parts of its complex dimensions. The results in this chapter 
suggest, in particular, that these fractal dimensions are dense in a finite 
number of connected intervals. We give several examples and, as was al- 
luded to above, formulate conjectures in Section 3.7. 

Apart from being natural generalizations of the equations satisfied by 
the complex dimensions of self-similar strings (cf. Corollary 2.4), Dirichlet 
polynomial equations arise in several other parts of mathematics (see, for 
example, [JorLan1-3]). It is therefore worthwhile to extend the scope of 
our investigations to this broader setting. 


3.1 Dirichlet Polynomial Equations 

Let 1 >7ry >--->ry >0 be N positive real numbers. The equation 

has one real root, called D, and many complex roots. More generally, 
for M +1 scaling ratios ro > 71 > ++: > rm > 0 (which we now assume 
to be unequal), and multiplicities m; € C (j = 0,...,.M), an expression of 


the form 


morp +--+: +muriy (3.2) 
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is called a Dirichlet polynomial. In this chapter, we study the complex 
solutions of the Dirichlet polynomial equation 


Morg t:--+myriy = 0. (3.3) 
Without loss of generality, we assume the normalization 
ro=1l and m=-l. 
We also define the weights 
w; = —logr; (3.4) 


for 7 =0,...,M. Thus wo = 0 and w; > 0 for 7 = 1,..., M. (In Chapter 7, 
these numbers are interpreted as the weights of a self-similar flow associated 
with a self-similar string £.) Let 


M M 
f(s) = 1—S¢ mr} = 1—S > mje". (3.5) 
j=l j=l 


We refer to f as an integral (respectively, positive) Dirichlet polynomial if 
all multiplicities m; (7 =1,...,M) are integers (respectively, positive). 

As was mentioned above, in this chapter we will study in detail the 
complex roots of the Dirichlet polynomial equation 


f(s) =0, (3.6) 


and later deduce from it suitable dimension-free regions for nonlattice self 
similar strings (Section 3.6), as well as corresponding error estimates for 
tube formulas (Chapter 8) or various counting functions (Chapters 6 and 7). 


38.1.1 The Generic Nonlattice Case 


Recall Definition 2.13 of the lattice and nonlattice case. Thus the lattice 
case occurs when f(s) is a polynomial of r* for some r > 0, and the non- 
lattice case occurs when f cannot be so written. 

We now refine the definition of the nonlattice case. Let 


M 
A=S-ujZ Gen 
j=l 


be the group introduced in Section 2.4. Since A is a free abelian group, 
another way of phrasing Definition 2.13 is as follows: the lattice case is 
when the rank of A equals 1, and the nonlattice case is when this rank 
is > 2. 
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Definition 3.1. The generic nonlattice case is when the number of differ- 
ent scaling ratios M > 2, and the above-defined group A has rank M. In 
other words, M > 2 and w),...,wzy are rationally independent. 


Remark 3.2. This definition is different from the one used in [Lap-vF5]. 
There, a nonlattice string was called generic nonlattice if the rank of the 
group A equals N, where N = eee m, is the sum of the multiplicities 
of rj, in case m; € N* for 7 = 1,...,M. The present definition is better 
suited to distinguish the different behaviors of the complex dimensions of 


nonlattice strings. 


3.2. Examples of Dirichlet Polynomial Equations 


The examples of self-similar strings discussed in Section 2.3 immediately 
provide examples of Dirichlet polynomials, since the denominator of the 
geometric zeta function of the corresponding fractal string is a Dirichlet 
polynomial. In the examples below, we assume for simplicity that the nu- 
merator of the geometric zeta function is trivial; i.e., the corresponding 
self-similar string has a single gap. See Section 2.2.1. 


Figure 2.4 in Section 2.3 gives a diagram of the complex roots of the 
linear lattice equation 


1-—2-3°° =0, 


and Figure 2.5 is a diagram of the complex roots of the quadratic lattice 
equation 


1—-2°-°§-4°%=0. 


These correspond, respectively, to the complex dimensions of the Cantor 
string of Section 2.3.1, and of the Fibonacci string of Section 2.3.2. More- 
over, the example of Section 2.3.4 shows that lattice equations can have 
multiple roots. 


8.2.1 Generic and Nongeneric Nonlattice Equations 


The following example is closely related to the 2-3 nonlattice string, dis- 
cussed at the beginning of Section 2.3.5. Indeed, it can be regarded as the 
nongeneric nonlattice counterpart of this string. Interestingly, there is a 
correspondence between the complex roots of this 2-3-4 equation and the 
complex roots (or dimensions) of the 2-3 equation, but only for the roots 
with positive real part. This can be checked by laying Figure 2.10 over 
Figure 3.1. 
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Figure 3.1: The complex roots of the nongeneric nonlattice equation 2~* + 37° + 
4~* = 1 and the accumulative density of the real parts of the complex roots. The 
dotted lines and the associated markers are explained in Example 3.46. 
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Let us consider three scaling factors ry = 1/2, ro = 1/3 and r3 = 1/4, 
each with multiplicity one. Figure 3.1 gives the complex roots of the assoc- 
iated nongeneric? nonlattice Dirichlet polynomial 


fsjHl-34 9" 4: 


The dotted lines and the associated markers at 1, 2, 5, 12, 41, 53,... 
come from the denominators of the convergents of the continued fraction 
of log 3/ log 2 and are further explained in Example 3.46 on page 104 in the 
context of the golden string. (See also Remarks 3.33 and 3.42.) 

The graph below the diagram of the complex roots in Figure 3.1 gives a 
plot of the density of the real parts of these roots. It will be explained in 
more detail in Section 3.5, Theorem 3.36 and Remark 3.42. 

We observe the interesting phenomenon that the complex roots of the 
nongeneric nonlattice equation f(s) = 0 tend to be denser at the boundaries 
Res = 1.082 and Res = —1.731 of the critical strip, and around Res = 0. 
As mentioned above, comparing the complex roots of Figure 2.10 and Fig- 
ure 3.1 more closely, one does indeed observe that each complex root of 
Figure 2.10 has its counterpart in Figure 3.1, in the half strip Res > 0, and 
extra complex dimensions are found to the left of Re s = 0 to bring the aver- 
age density of the roots to log 4 / 27 instead of log 3 / 27. This phenomenon 
is further illustrated by six stages of approximation to the nongeneric non- 
lattice string with scaling ratios ry = 1/2, r2 = 1/4, r3 = 271-2 of Fig- 
ure 3.2 and Example 3.3, which should be contrasted with the two generic 
nonlattice strings of Example 3.5 below, illustrated in Figures 3.3 and 3.7. 
See Theorem 3.6, Equation (3.10). 


Example 3.3 (Another Nongeneric Nonlattice String). Consider the self- 
similar string with scaling ratios r; = 1/2, ro = 1/4, r3 =27!-V? and 
one gap g = 1/4— 3. Figure 3.2 gives six approximations to its com- 
plex dimensions (along with an associated graph of the density of their 
real parts in the lower diagrams, to be explained below) corresponding to 
the successive approximations to /2 (obtained by the continued fraction 
expansion [HardW], see also Sections 3.4.1 and 3.5.1 below): 


pn 3 7 17 41 99 239 : 
= ene 9. 
Gn 2’ 5’ 12” 29’ 70° 169° rv 


For example, the first approximation gives the lattice string with scaling 
ratios 7, = 27!, Fy = 277, #3 = 275/?, the complex dimensions of which 
are the solutions to the equation z? + z4 + 25 = 1, 2-”/? = z. The oscil- 
latory period of this lattice approximation is p = 47/log2. One sees the 
development of a quasiperiodic pattern: the complex dimensions of the non- 
lattice string are well approximated by those of a lattice string for a certain 


2Note that the rank of the group A is equal to 2 in this case, whereas M = N = 3. 
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—1.082 0 9404 -1.085 0 .9403 -1.086 0 9403 


Figure 3.2: Six stages of approximation of the complex dimensions of the non- 
generic nonlattice string of Example 3.3, with r1 = 2~', re = 2-7 and rg = 
2-1-v2 Lower parts: The density graph of the real parts of the complex dimen- 
sions. 
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2 = Y eal 


1 1 1 1 
TI = 5,72 >= 4 T= 5,72 > M1 >= 4 
2 
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Figure 3.3: Comparison of the densities of the real parts for the nongeneric non- 
lattice string of Example 3.3 (left) and the two generic nonlattice strings of Ex- 
ample 3.5 (center and right). 


finite number of periods of the lattice approximation. Then that periodic 
pattern gradually disappears, and a new periodic pattern, approximated by 
the next lattice approximation, emerges. See Figure 3.7 on page 88 (the left 
diagram) for an impression on a larger scale of the quasiperiodic behavior 
of the complex dimensions of this nongeneric nonlattice string. 


The middle and right diagram in Figure 3.7 give the complex dimensions 
of the two generic nonlattice strings of Example 3.5 below. One sees that 
the complex dimensions in the left diagram of the nongeneric nonlattice 
string of the above example are much denser to the left of vanishing real 
part. One sees this even more clearly in Figure 3.3, where the cumulative 
density of the real parts is graphed for these three self-similar strings. We 
have no explanation for this apparent phase transition, and we formulate 
this question as a problem (see Theorem 3.6 and Equation (3.8b) for the 
definition of D;): 


Problem 3.4 (Transition in the Nongeneric Nonlattice Case). A non- 
generic nonlattice string has a vertical line of transition inside the vertical 
strip D; < Res < D, to the left of which the density of the real parts is 
infinitely higher than to the right. Such a transition does not occur for 


generic nonlattice strings. 


Thus, for the nongeneric nonlattice string of Example 3.3, this transition 
occurs at Res = 0, as indicated by the corner of the density graph at this 
point, and the vertical part of the graph to the left of Res = 0. More- 
over, from other numerical evidence, it seems that this line of transition 
often occurs at Res = 0. However, it is clear that by replacing the multi- 
plicity m; of r; by myn; ° for each 7 = 1,...,N, we can shift this line to 
any position Res = a. 

Another surprising phenomenon is that in the right diagram in Fig- 


ure 3.7, and also to a lesser extent in the middle diagram, the complex 
roots appear to lie on sinusoidal curves. The quasiperiodicity only partially 
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explains this pattern. This does not seem to be a general phenomenon, as 
the left diagram in Figure 3.7 shows, but we have no explanation for it 
when it occurs. 


Example 3.5 (Two Generic Nonlattice Strings). We also include in Fig- 
ures 3.3 and 3.7 the analogous diagrams for two generic nonlattice strings. 
These are respectively the nonlattice fractal strings with two scaling ra- 
tios r; = 1/2 and rg = re in the middle diagrams in both figures, and 
with r; = 1/4 and rg = pi. in the right diagrams in both figures. Each 
of these strings has a single gap of length respectively g, = 1/2 — g-1-v2 
and gi = 3/4— 2-1-v2_ Note that for the second string, the one with scal- 
ing ratios r; = 1/4 and rg = g-1-v2, the approximation 1+ /2 = 408 leads 
to the equation 


72169 ai 7408 = it, g—¥/169 =». 


Since this is an equation in z?, the oscillatory period of the lattice equation, 
namely, 169 - 7/ log 2, is only slightly larger than that of the lattice equation 
corresponding to the previous approximation, 1+ /2 = 382, which is equal 
to 70 - 27/ log 2. 


3.2.2 The Complex Roots of the Golden Plus Equation 


Figure 3.4 gives a diagram of the complex dimensions of the golden+ string, 
defined as the nongeneric nonlattice string with M = N = 3 and scaling 
ratios 2—!, 2-% and 2-?, so that 


_ 1 
~ 1-2-8 — 2-¢s _ 2-28’ 


Cc(s) 


where ¢ = (1+ V5)/2 is the golden ratio of Equation (2.22). The complex 
dimensions of £ are found by solving the Dirichlet polynomial equation 


2-9 + 2-98 4.9728 — 1. 


For the real parts, we observe the same phenomenon of phase transition 
in the complex dimensions as discussed in Example 3.3 and Problem 3.4. 
The complex dimensions with positive real part again correspond to those 
of the golden string of Section 2.3.5, like in the 2-3-4 equation discussed at 
the beginning of Section 3.2.1. 


To produce this diagram, we approximated 1 — 2~* — 2-%° — 2-5 by 
1 — 22584 _ 74181 _ 75168 for x = r*, r = 2—1/2584, See Section 3.8 for more 
details. 
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Figure 3.4: The complex dimensions of the golden-+ string; the density of the real 
parts. The dotted lines and the associated markers are explained in Example 3.46. 
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3.3 The Structure of the Complex Roots 


The simplest example of a Dirichlet polynomial equation is 
1—mirj =0, 


with M = 1 and one scaling ratio with multiplicity m,. In that case, the 
complex roots are 
— logm, — 27ik 


w= + (k € Z). 
Wy Wy 


Hence the complex roots lie on the vertical line Res = (log |mj]|)/wi, and 
they are separated by 277/w1. 

For M > 1, the complex roots of a Dirichlet polynomial equation al- 
ways lie in a horizontally bounded strip D; < Res < D,, determined as 
follows: D,. is the unique real number such that 


M 


ye |mg|r>r =; (3.8a) 


j=l 
and D; is the unique real number such that 


M-1 
1+ > |mj|r?! = |mulrxy. (3.8b) 
j=l 


The following theorem describes the structure of the complex roots of 
Dirichlet polynomials and is the counterpart of Theorem 2.16 in the present 
more general context. 


Theorem 3.6. Let f be a Dirichlet polynomial with M different scal- 
ing ratios 1 > ry > ++: > ry > O and complex multiplicities mj; as in 
Equation (3.5) (recalled in (3.16) below). Then, both in the lattice and the 
nonlattice case, the set Dy of complex roots of f is contained in the hori- 
zontally bounded strip D, < Res < D,. defined by (3.8): 


Dr =D; (C) C{s€C: D,) < Res <D,}. (3.9) 

It has density 8“ (with wy = logrj;): 
# (Dyn {w € C: 0 <Imw <T}) = T+ O(1), (3.10) 
as T — oo. Here, the elements of Dy are counted according to multiplicity. 
If all the numbers m,; are real, for 7 = 1,...,M, then the set of com- 


plex dimensions is symmetric with respect to the real axis. Furthermore, 
if all the multiplicities m,; in (3.5) are positive, for 7 = 1,...,M, then 
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the value s = D= D, is the only complex root of f on the real line, and 
it is simple. If, moreover, the multiplicities are integral (i.e., m; € N* 
for j =1,...,M), and M > 2 orm, > 1, then D> 0. 


WSs 


In the lattice case, f(s) is a polynomial function of r° = e~”*, where r 


is the multiplicative generator of f. Hence, as a function of s, it is periodic 
with period 2ri/w. The positive number 
_ 2a 27 


- (3.11) 


Py Togrt 


is called the oscillatory period of the lattice equation f(s) = 0. The complex 
roots w of this equation are obtained by finding the complex solutions z of 
the polynomial equation (of degree kar) 


M 
So myzh =1, withe “W=z, (3.12) 
j=l 
Hence there exist finitely many roots w1,w2,...,Wq such that 
Dp ={w, +imp:neZ,u=—1,...4¢}. (3.13) 


In other words, the complex roots of f lie periodically on finitely many verti- 
cal lines, and on each line they are separated by p = 2x/w. The multiplicity 
of the complex roots corresponding to z = e—” is equal to the multiplicity 
of z as a solution of (3.12). 


In the nonlattice case, all roots of f, except D, have real part less than D. 
The complex roots of f can be approximated (via an explicit procedure 
specified in Theorem 8.18 below) by the complex roots of a sequence of lattice 
equations with larger and larger oscillatory period. Hence, the complex roots 
of a nonlattice equation have a quasiperiodic structure. Furthermore, there 
exists a screen? S to the left of the line Res = D, such that 1/f satisfies L1 
and L2 with & = 0 (see Chapter 5, Equations (5.19) and (5.20)), and the 


complex roots of f in the corresponding window W are simple. 


Finally, in the generic nonlattice case (i.e., if M > 2 and the weights 


W1,...,wWmu are independent over the rationals), we have 

D, = inf{Rew: w is a complex root of f} (3.14) 
and 

D, = sup{Rew: w is a complex root of fy}. (3.15) 


Otherwise, the infimum of the real parts of the complex roots may be larger 
than D; and the supremum may be smaller than D,. 


3See Section 1.2.1. 
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Corollary 3.7. Every integral positive’ Dirichlet polynomial has infinitely 
many complex roots with positive real part. 


Remark 3.8. Since by Theorem 2.3, the denominator of ¢r(s) is an inte- 
gral positive Dirichlet polynomial, Theorem 3.6 (along with Corollary 3.7) 
can be applied to deduce a corresponding statement regarding the complex 
dimensions of a self-similar string £. In that case, we have D, = D= Dz, 
the Minkowski dimension of CL. 


Remark 3.9. Note that in the case of the geometric zeta function of 
a self-similar fractal with multiple gaps of unequal size, as we have seen 
in Section 2.3.3, some poles may be canceled by zeros of the numerator, 
so that the density (3.10) provides only an upper bound for the density 
of the complex dimensions. A weaker density estimate was proved using 
Nevanlinna Theory in [Lap-vF5] (see also Section 2.6 and Appendix C). 
The present argument used to estimate the density of the complex roots 
was first published in [Lap-vF7, Theorem 2.5]. We provide here a lot more 
details of the argument presented in that paper. 


Proof of Theorem 8.6. The case of positive and integral weights was proved 
in Section 2.5. There, the real numbers D; and D,. were not defined, but 
their main property (3.9) can be deduced by an argument similar to that 
used for D. Indeed, let s be a complex number with real part ¢ > D,. Then 


M 
[1 — f(s) < So lmylrf <1, 
j=l 


by the defining property (3.8a) of D,. Hence f(s) # 0 for Res > D,. 
Similarly, let s be a complex number with o = Res < D;. Then 


M-1 


[raz F(8) + marl = frat — DO ma(ta/ray* 
M-1 
< raf t So |mil(rj/ra)? < [mal 
j=l 


by the defining property (3.8b) of D,. Hence again f(s) cannot vanish 
for Res < Dj. 

To establish (3.15), assume that M > 2 and the weights wi,...,wys are 
rationally independent. Using Diophantine approximation (see Lemma 3.16 
below), we can find real values ¢ such that mjr‘’ is very close to |mj| for 
every j =1,...,M. We obtain that 


M 
f(Dp + it) =1-— So mrp 


j=l 


4i.e., such that m; € N* for 7 =1,...,M. 


78 3. Complex Dimensions of Nonlattice Self-Similar Strings 


c3 +17. C. (er bal 
2 
C3 C1 
VY iN 
C3 D; D, C1 
C4 
c3 —1T': > ‘cq, -—1T 


Figure 3.5: The contour Ci + Co +C3 + C4. 


almost vanishes. By Rouché’s Theorem [Ahl, Corollary to Theorem 18, 
p. 153], applied to f(s+7t) and the approximation 1 — a |mj;|rj, which 
has a root at D,, there exists a root of f near D, + it. The same argument 
applies to D;, since the numbers wy, w, — wy,.--,Wy—1 — Wy are also 
rationally independent, in order to establish (3.14). 

In order to establish the density estimate (3.10), we will estimate the 
winding number of the function 


M 
f(s) =1- 0 myr§ (3.16) 
j=l 


when s runs around the contour Cy, + C2 + C3 + Cy of Figure 3.5, and C; 
and C3 are the vertical line segments cy -iT — c,+i1T and c3+iT > c3—iT, 
with c; > D, and cz < Dj, respectively, and Cy and Cy are the horizontal 
line segments c; + 7T’ > c3 +77 and c3 — iT > c, — iT, with T > 0. 

For Res = c;, we have 


<1. 


M 5 
y Mir: 
pa 
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Hence the winding number along C; is at most 1/2. Likewise, for Res = cs, 
we have 


Pee M-1 
1- Dee myrj|<1+ oy |mg|r§? < [marry 
j=l 


so the winding number along C3 is that of the last term myrj, of f(s), 
up to at most 1/2. Hence the winding number along the contour C; + C3 
equals (T/7) logry,; = waT/7, up to at most 1. 

We will now show that the winding number along C2 + C4 is bounded, 
using a classical argument, originally applied to the Riemann zeta func- 
tion (see [In, p. 69]). Let n be the number of distinct points s on C2 at 
which Re f(s) = 0. For real values of z, 


M 


2Re f(z+iT) =2- by Sate De mri) 


Jj 


Hence, putting 


M : M : 

= et tilT mm til 

g(z) =2-— oe M57; + ey 1 a5 ) ; 

we see that n is bounded by the number of zeros of g in a disc contain- 
ing the interval [D;,D,;]. We take the disc centered at D, + 1, with ra- 
dius D, — D; + 2. We have 


M 
|o(Dr + 1)| = 2-2S° |my|r7r** > 21 — 11) > 0, 
j=l 
since eel mgr " = 1. Furthermore, let G be the maximum of g on the 
disc with the same center and radius e- (D, — D; + 2). Then 


M 
(ey Sr ai aie a 
j=l 


By [In, Theorem D, p. 49], it follows that n < log |G/g(D; +1)|. This gives 
a uniform bound on the winding number over Cj. The winding number 
over C4, is estimated in the same manner. 

We conclude from the above discussion that the winding number of f 
over the closed contour Cy + C2 + C3 + Cy equals wyT/z, up to a con- 
stant (depending on f), from which the asymptotic density estimate (3.10) 
follows. 

The approximation of a nonlattice equation by lattice equations—along 
with the quasiperiodic structure of the complex roots of a nonlattice equa- 
tion mentioned at the end of the statement of the theorem—is discussed in 
Section 3.4 below. See especially Theorem 3.18. 
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Remark 3.10. As in Appendix C (see o; and o, of formula (C.7)), we 
determine a left and a right bound for the critical strip. Recall that the 
weights are ordered in increasing order: wo = 0 < w, < ++: < wy and 
that mg = —1. Define the real numbers d; and d, by the equations 


M M 
elwe—voar—a)4 SIs] = |nag] and e™4"SImj| = [mol (8.17) 
j=0 -_ 


respectively. In other words, we have 


WM — WM-1 


M 
1 
d, = -——————_ log es and Op ee (3.18) 


Then the vertical strip of complex numbers s whose real part satisfies 
d, < Res < d, (3.19) 


contains all the complex roots of f, with strict inequality if M > 2. This 
can be seen as in Appendix C, Section C.2, noting that the values of d, 
and d, ensure that |f(s)| > 0 for Res < d; or Res > d,, and for Res < d 
or Res >d, if M > 2. The relationship between these values, the num- 
bers D; and D, defined in (3.8), and an arbitrary root w of f is given 
by 

o.<d < D, < Rew < D, < d;, < a>. 


See also Remark C.3 in Appendix C. 


3.4 Approximating a Nonlattice Equation 
by Lattice Equations 


The generic self-similar string is nonlattice. Such a string has a slightly 
more evenly distributed behavior in its geometry because it is Minkowski 
measurable. This fact is explained in Sections 8.4.4 and 8.3, Theorem 8.15, 
by the absence of nonreal complex dimensions with real part D. On the 
other hand, a lattice string is never Minkowski measurable and always has 
periodic oscillations of order D in its geometry because its complex dimen- 
sions with real part D form an infinite, vertical arithmetic progression. (See 
Theorems 8.23 and 8.36 for more details.) 

In the present section, we show, in particular, that the set of lattice 
strings is dense (in a suitable sense) in the set of all self-similar strings: 
every nonlattice string can be approximated by lattice strings. This ap- 
proximation is such that it results in an approximation of the complex di- 
mensions: given any fixed T’ > 0, there exists a lattice string such that the 
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complex dimensions of the nonlattice string with imaginary part less than T 
(in absolute value) are approximated by those of the lattice string. More- 
over, the oscillatory period of this lattice string is much smaller than T. 
This means that the complex dimensions of all self-similar strings exhibit 
a quasiperiodic behavior. 


We use the language of Dirichlet polynomial equations in order to for- 
mulate our results. We begin by stating several definitions and a result 
regarding the convergence of a sequence of meromorphic functions and of 
the associated (zero minus pole) divisors. In Section 3.4.1 below, we will 
study in more detail the particular situation of Dirichlet polynomials. 

We measure the convergence on the Riemann sphere P'(C), using the 
metric 


= la — b| 
Vit lal? /1 + |b?" 


for a,b € P!(C) (see also Appendix C, Equation (C.1)). More precisely, the 
meromorphic functions (e.g., zeta functions) involved are viewed as taking 
their values in P!(C), and their value at a pole is the point at infinity (e.g., 
the north pole) of the Riemann sphere. 


lla, 4|| 


Definition 3.11. Let f be a meromorphic function on the closed® sub- 
set W of C, and let fi, fo,... be a sequence of meromorphic functions 
on W,,W2,.... The sequence f, converges to f (notation: f, > f) if for 
every compact set C' C W, we have that C’ C W,, for all sufficiently large n, 
and || fn(s), f(s)|| 4 0 uniformly on C. 


The (visible) divisor of a meromorphic function f defined on W, is the 
set of zeros and poles of f in W, counted with multiplicity. A zero of f is 
counted with a positive multiplicity, and a pole with a negative multiplicity. 
Thus, the divisor of f is the formal sum 


D=D(W) = S— ord(f;s)(s), (3.20) 


sew 


where the order of f at s is defined as the integer m such that the func- 
tion f(z)(z—s)~™ is bounded away from 0 in a neighborhood of s. Hence, 
if s is a zero of (positive) order m, then ord(f;s) = m, whereas if s is a pole 
of (positive) order n, then ord(f;s) = —n = m is negative. In particular, 
ord(f;s) = 0 if s is neither a pole nor a zero of f. The set of zeros and 
poles of f is called the support, supp D(W), of D(W). 


Definition 3.12. Let D = D(W) be the divisor of a meromorphic func- 
tion f and let D,, = D(W,,) be the sequence of divisors of the meromorphic 


5This means that f is meromorphic on an open neighborhood of W; similarly, fn is 
meromorphic on an open neighborhood of Wn. 
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functions {f,}°°.,. We say that the sequence of divisors of fn converges 
locally to the divisor of f (and write D, — D), if for every compact 
set C C W and every e« > 0, there exists an integer mo such that for all 
integers n > no there exists a finite cover of C’ by open sets U of diameter 
at most € such that for each set U in the cover, the multiplicities of the 
points in supp, MU add up to the sum of those in supp NU, and for 
any two such covering sets U and V, there are no points of the support 
of 9 or D9, n UNV. 


This applies to the zeta function of a self-similar fractal string with a 
nonvanishing numerator; i.e., there is a single gap ( = 1) or more gener- 
ally, all the gaps have the same size (g1 = g2 =-:: = gx). In that case, the 
zero divisor is trivial, and O(W) is simply the set of (visible) complex di- 
mensions D(W), relative to the window W, where each complex dimension 
is counted with a (negative) multiplicity. In general, ¢-,, could have poles 
that are canceled in the limit by a root of the numerator of Cr. 


Definition 3.13. Let £ be a fractal string with window W CC, and 
let {Ln}, be a sequence of fractal strings with windows W,,. We say 
that the sequence L, converges to £L (and write L, — L) if for every 
compact set C C W, we have that C’ C W,, for all sufficiently large n, 
and ||¢c,, (s), ¢c(s)|| > 0 uniformly on C. 


In the next theorem, we use the notations f, — f and D, — D of 
Definitions 3.11 and 3.12. A similar theorem holds for a convergent sequence 
of fractal strings £,, > £. (See Corollary 3.15 below.) 


Theorem 3.14. Let f be a meromorphic function and let {fn}-_, be a 
sequence of meromorphic functions such that fn, > f. Then Dyn > D. 


Proof. Let C Cc W be compact and choose circles Ty and T,, around 0 
and oo, respectively, so small that the pre-image f~'(Tp UT.) NC is the 
union of disjoint small circles (really, closed Jordan curves) around each 
point w in CMsupp®. Let ¢ > 0 and assume that ¢ is smaller than the 
radius of Jo and T,. Let no be such that 


E 
Iin(s), £9) S 5. 


for all n > no and all s € C. On the circle around w, f,(s) is away from 0 
(respectively, oo) by at most ¢/2. By the Maximum Modulus Principle [Ahl, 
Theorem 12’, p. 134], f, (respectively, 1/f,) has a zero (respectively, pole) 
inside the circle in f~!(To) (respectively, f~'(Ts.)) around w. Refining 
this argument, by comparing the complex arguments of f,, and f, we see 
that f, has the same number of zeros (respectively, poles) inside the circle 
around w as the multiplicity of w. Thus we can use the preimages f~!(Z) 
and f~1!(T>.) to define the cover as in Definition 3.12. We therefore conclude 
that D, > D. 
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If a zero of fn cancels a pole in the limit f, then 9, — 9 in the sense of 
Definition 3.12, but it is not true that f, — f in the sense of Definition 3.11. 
Thus, if f, - f, then D, — ®D in the stronger and more straightforward 
sense that to every zero (or pole) of f there corresponds a nearby zero (or 
pole) of f,. In particular, the converse of Theorem 3.14 is false. 

Note that by the above proof, the divisors of zeros and of poles converge 
separately. In the following corollary of Theorem 3.14, we use the notation 
Dp, (co) + D(oo) to denote that the divisors of poles converge in the sense 
of Definition 3.12. We also use the notation L, — L of Definitions 3.13. 


Corollary 3.15. Let £ be a fractal string and let L, be a sequence of 
fractal strings such that Ly > L. Then Dpn(oo) 4 D(co). 


3.4.1  Diophantine Approximation 


We now focus our attention on the case of self-similar strings or, what 
amounts to the same thing, Dirichlet polynomials. Our main objective in 
the present section is to show that in the sense of Definition 3.11, every non- 
lattice string can be approximated by a sequence of lattice strings (Theo- 
rem 3.18). In view of Theorem 3.14 and Corollary 3.15 above, this will show 
that the complex dimensions of a nonlattice string can be approximated by 
those of a sequence of lattice strings. It will imply, in particular, that the 
complex dimensions of a nonlattice string have a quasiperiodic structure, 
and that they come arbitrarily close to the line Res = D (Theorem 3.23), 
as was stated in Theorem 3.6. 

The results of this section will be used in Chapter 6 to establish our 
explicit formulas for nonlattice strings, and in Chapters 7 and 8 to derive 
a good error term in the explicit formula for respectively the counting 
function of the periodic orbits of a nonlattice self-similar flow and for the 
volume of the tubular neighborhoods of a nonlattice string. 


We continue to use the language of Dirichlet polynomials. In other words, 
we focus on the denominator of ¢-. Let scaling ratios r; > rg >--- > ry 
be given that generate a nonlattice Dirichlet polynomial f; i.e., by Def- 
inition 2.13, the dimension of the Q-vector space generated by the num- 
bers w; = —logr; (for j =1,...,M) is at least 2. 

The following lemma on simultaneous Diophantine approximation can 
be found in [Schm, Theorem 1A and the remark following Theorem 1E]. It 
says that if at least one of the real numbers qj,...,@ 4 is irrational, then 
one can approximate these numbers by rational numbers with a common 
denominator. Thus one can find integers q such that for each 7 = 1,...,M, 
the multiple ga; has a small distance to the nearest integer. 


Lemma 3.16. Let wi, w2,...,wa be positive weights (see Equation (3.4)) 
such that at least one ratio w;/w1 is irrational, for some j = 2,...,M. 
Then for every Q > 1, there exist integers q and ky,...,ka¢ such that 
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1<¢<Q™ and 

|qw; = k;wy| < wiQ-t 
for 3 =1,...,M. In particular, 


|qw; — kjuy| < uygr VOY 


for 3 =1,...,M. 


Remark 3.17. Note that |gw; — k;wi| 4 0 when w,/wy is irrational, so 
that gq oasQ-> ~~. 


Theorem 3.18. Let weights wo = 0 < wy < +++ < wy and multiplici- 
ties mp = —1 and my,...,mu € C be given as in (3.5), such that at least 
one ratio w;/w, is irrational, for some j = 2,...,M. Let 


M 
f(s) =1- Somat, 
j=l 


with r; =e “5 for j =1,...,M, be the corresponding nonlattice Dirich- 
let polynomial. Let Q > 1, and let q and k; (jf = 1,...,M) be as in 
Lemma 8.16. Further, let w = w1/q. Then the lattice Dirichlet polynomial 


M 
f(s) =1-S m8, — log#) = a; = — hy 
j=l 


approximates f in the sense of Definition 3.11. This approximation is such 
that for every given ¢ > 0, the complex roots of f are approximated (in the 
sense of Definition 3.12) up to order € for 2eCQ (positive and negative) 
periods of i? where 


M M —2wmu/min{wi,ww—wmu-i} 
oa Lda bl ( eno by 


Q0 min{1, |mazs|} 


Proof. Let r; = e~“3 for 73 = 1,...,M, and F = e-”. To show that f is 
well approximated by f, we consider the expression 


w; 
t= pei — -s [ e ** dx. 
kg 
Using k;w = w; and |w; — w;| < wi/(¢Q), we obtain 


|r — 7*35| < |s||w; — |e max{1, e~7(@s—s)} 


< || —Le(war twr/(49))Ie 
q 
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for 7 =1,...,M and with o := Res. We simplify this bound further, using 
wi/(qQ) < wy in the exponent, to find 


M M 
ry Ig WI 
f(s) — F(s)| < Do |mngr§ — mgF**| < |3| Fe™ lel) my]. 
= qQ = 
j= j= 
By Equation (3.19) in Remark 3.10, we may restrict s = 0 + it to 


M M 
log )7j=0 |™;/mu| La log ) 75 =0 oa 
WM — WM-1 WI 


For such s, 


M M 2wa/min{w1,wu—wu-i} 
~ Wi ye |m,| 
s) — f(s)| < |s;— y m,| | ——_ 
IF( )~ F¢ | S| 50 2 il (are 


Wy -1 


27qQ 


Thus, if |s| < eCQ=4 then |f(s) — f(s)| <. Since ani is the period of f, 
the theorem follows. 


= |s| 


Note that the sequence f,, is obtained by constructing approximations of 
the scaling ratios of f. The following theorem shows that this is the only 
way to approximate a given Dirichlet polynomial by a sequence of Dirichlet 
polynomials. It is of independent interest even though it will not be used 
in the sequel. 


Theorem 3.19. Let f be a Dirichlet polynomial, with scaling ratios 
ro=l>orn>-::>ru>d0 


and multiplicities m; € C. Let {fn}, be a sequence of Dirichlet polyno- 
mials, with scaling ratios 


) (n) 


LS a San Sry SO 


and multiplicities m\”) €C. Let W =W, =C for all n. If fn f, then 
the scaling ratios converge with the correct multiplicity; t.e., for every € > 0, 


there exists no such that for all n > no there exists a j’ for each j such 
that [ns —r;| <e, and for each 9’, 


ba my” ~My) SE, 


where the sum is over those j between 1 and M,, for which [nf Gt | ACE. 
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Remark 3.20. Note that the statement of Theorem 3.19 only starts to be 
interesting for 
< i its 9: 
oS a 


that is, when ¢ is so small that |r”) —rj'| < € uniquely determines j’. Then 


j 
it says that the numbers ae start to cluster around the rj in the sense 
that for each j there is a unique j’, and the corresponding multiplicities 


add up to approximate mj’. 


Proof of Theorem 8.19. Suppose first that f,, and f are lattice polynomi- 
als with the same multiplicative generator r. Since, then, both functions 
are polynomials in r*, the theorem follows from [Ahl, §5.5]. In general, we 
choose lattice strings approximating everything on the level of the scaling 
ratios. Then the lattice strings are close, from which we deduce the con- 
vergence of the scaling ratios. It follows that the original scaling ratios are 
close, with multiplicities that are close. 


3.4.2 The Quasiperiodic Pattern of the Complex Dimensions 


The number of periods for which the approximation in Theorem 3.18 re- 
mains good tends to infinity as Q — oo. Thus the complex dimensions of 
a nonlattice string are almost periodically distributed like that of a lattice 
string for a certain (large) number of periods of that lattice string. Then the 
complex dimensions of the nonlattice string start to deviate from this peri- 
odic pattern, and a new periodic pattern, associated with the next lattice 
approximation, gradually emerges (see Figure 3.6). Each lattice approxi- 
mation corresponds to a value of the denominator q in Theorem 3.18. See 
also Examples 3.3 and 3.5 in Section 3.2 above (and the accompanying Fig- 
ures 3.2 and 3.7) for more examples of the emergence of the quasiperiodic 
pattern of complex dimensions. 

It takes fairly large approximations to see this quasiperiodic pattern 
emerge. For example, the complex dimensions of the three nonlattice strings 
of Examples 3.3 and 3.5 are respectively approximated to within a dis- 
tance 0.1 by the points in the three diagrams of Figure 3.7 for only about 
two periods p of the respective lattice strings (four periods for the last 
one, since p is half the size, as explained in Example 3.5). This is found by 
adapting the proof of Theorem 3.18 to these strings, since a direct applica- 
tion of this theorem would give only half a period of good approximation. 
The number of periods (of the lattice string) for which the approxima- 
tion is good does grow linearly in the denominator of the approximation. 
Note that the period itself also grows like this denominator, so that the 
vertical range for which the approximation is good (i.e., better than some 
prescribed bound) grows like the square of the denominator of the chosen 
lattice approximation. 
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Figure 3.6: Consecutive approximations of the complex dimensions of the golden 


string. Emergence of the quasiperiodic pattern. 
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Figure 3.7: An impression of the quasiperiodic pattern of complex dimensions 
on a larger scale, for the self-similar string of Example 3.3 (left) and those of 
Example 3.5 (center and right). 


Remark 3.21. In [Lap-vF5] and in [Lap-vF4,6], we have used the term 
“almost periodic”. Then, in later papers [Lap-vF7, 9] we have used the term 
“quasiperiodic” instead, which we continue to use in this book. However, 
neither of these expressions refers to its counterpart encountered in the 
standard literature in function theory (almost periodicity as in [Bohr]) or 
in the theory of dynamical systems (quasiperiodicity). In fact, we are not 
able at this point to formalize the notion of quasiperiodic pattern encoun- 
tered in the present situation. However, we now have a substantial amount 
of mathematical and numerical information (much more than in [Lap-vF5]), 
provided here and throughout this chapter, about the nature of such pat- 
terns. It would be desirable in the future to give an appropriate formal 
definition of quasiperiodicity, as encountered in this context. 


The reader may wonder if there is any connection between our notion of 
quasiperiodicity in this chapter and the beautiful theory of mathematical 
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and physical quasicrystals and of quasiperiodic tilings (see, e.g., [Sen, Moo, 
LagP] and [Lap10, Appendix F]). We suspect that this might be the case 
but have not yet been able to find a precise relationship. Therefore, we 
formulate the following open problem. 


Problem 3.22. Is there a natural way in which the quasiperiodic pattern 
of the set of complex dimensions of a nonlattice self-similar string can 
be understood in terms of a suitable (generalized) quasicrystal or of an 
associated quasiperiodic tiling? 


Recall that the simplest and most common examples of quasicrystals 
in R™—often referred to as model sets or cut-and-project sets—are ob- 
tained by suitably projecting a higher-dimensional periodic lattice onto R™ 
(see [Sen, Chapter 3] and [Moo]). The most important examples of quasi- 
crystals are usually both model sets and substitution tilings. Preliminary 
investigation by the authors seems to indicate that these notions of quasi- 
crystals are too restrictive to understand the type of quasiperiodicity en- 
countered in this and the previous chapter. More general notions of math- 
ematical quasicrystals include Delone sets and Meyer sets (see [Sen, Moo, 
LagP] and [Lap10, Appendix F]), but further extensions of the classical 
notion of quasicrystal may need to be introduced in this context in order 
to address Problem 3.22. 


3.4.3 Application to Nonlattice Strings 


We give three applications of the foregoing theory of approximation of non- 
lattice strings that will be used in Chapters 5, 6 and 8. For the application 
to a fractal string with scaling ratios 1 > r; > --- > ry > 0 and gaps 
scaled by g1,...,g« (see (2.3)), we fix in this section m; € N* to be the 
multiplicity of r; (for 7 =1,..., M4). 

In Theorems 3.23 and 3.26 below, we apply the construction of the proof 
of Theorem 3.18 in the following way. We choose ¢ > 0 and a large value 
for Q. Let f be the function defined by (3.5) and determine an approxi- 
mation f as in Theorem 3.18. Then f is approximated by f to within an 
error of ¢ for 2eC'Q (positive and negative) periods of f. The period of f 
is ip = 27igq/ log ry. 

The next theorem completes the proof of the nonlattice part of Theo- 
rem 2.16 (with the exception of the statement regarding the Minkowski 
measurability, which will be established in Theorem 8.36). Recall that we 
write 


K 
 (geL)* 
(c(s) = See (3.21) 
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Theorem 3.23. Let £ be a nonlattice self-similar string. Then there ex- 
ists a sequence of simple complex dimensions of L approaching the line 


Res = D from the left. 


Proof. Note that limg_,4o0 f(a it) = 1 and lim,_,_~ | f(o +it)| = 00, for 
any given real value of t. Given t € R, let 


I(t) = inf [f(o + #8)| (3.22) 


be the infimum of |f(s)| on the horizontal line s = 0 + it (o € R). Thus 
for every t € R, 0 < I(t) < 1. Further, /(0) = 0, and in general, I(t) = 0 
if and only if f(a + it) = 0 for some o € R. In particular, the function | 
does not vanish identically. Choose to such that I(t) 4 0 for 0<t < to. 
Take an approximation f of f to within € < I(to)/3. This means in par- 
ticular that the real value D for which f vanishes is very close to D, and 
that D and D are the unique zeros of f and 3 , respectively, in the re- 
gion —09 < o <1, |t| < to. By Rouché’s Theorem |Ahl, Corollary to Theo- 
rem 18, p. 153], D and D actually lie within the circle (really, Jordan 
curve) {s € C: |f(s)| =e} in this region. Again by Rouché’s Theorem, the 
translate of this circle by a period of f also contains a zero of f, at least 
for the first [2eCQ] (positive and negative) periods of f. Now we can make 
sure that this circle is arbitrarily small around D, by choosing ¢ small. 
This shows that f has a sequence of simple zeros approaching Res = D, 
and this proves the theorem, since (by (3.5) and Corollary 2.4) zeros of f 
are complex dimensions of £ (with the same or a lower multiplicity). 

To see that, at least for a subsequence, there will be no cancellations 
from the zeros of the numerator of ¢r (in Equation (3.21)), we note that 
ys eel is positive. Hence if we also approximate the numbers g,L, 
along with the scaling ratios r;, then so (gel) Ptr will be close to 
a positive number. As such, it does not vanish, and it will not cancel a 
pole. 


Remark 3.24. Note that the plot of the complex dimensions of the golden 
string £ given in Figure 2.12 on page 53 is in agreement with Theorem 3.23. 
As was mentioned earlier, further application of the method of proof of 
Theorems 3.14 and 3.18 provides increasingly more accurate plots of D. It 
yields, in particular, two sequences of complex dimensions of £ (symmet- 
ric with respect to the real axis) converging from the left to the vertical 
line Res = D. (See the rightmost part of Figure 2.11 on page 51 for the 
beginning of that process.) 


The last two theorems of this section are of a technical nature and verify 
conditions that will be needed (in Sections 6.4 and 8.4.4) in order to apply 
the explicit formulas of Chapter 5 to the case of self-similar strings. 

The following theorem can be applied when one cannot choose a screen 
passing between Res = D and the complex dimensions to the left of this 
line. (See especially Example 5.32 and Section 8.4.4.) 
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Theorem 3.25. Let £ be a nonlattice self-similar string with scaling ratios 
T1,-.-.,TnN and gaps g1,.-.-.,9K. Then there exists a screen S' such that Cc 
is bounded on S and all complez dimensions to the right of S are simple 
with uniformly bounded residue. 


Proof. Let L be a lattice string with scaling ratios 71,...,7N, approxi- 
mating £. Let _D be the dimension of £, and assume® that D is also the 
dimension of £. Since the complex dimensions of £ lie on finitely many 
vertical lines, there exists 6 > 0 such that £ has no complex dimensions 
with D— 26 < Rew < D. Let w = a+ iy be a complex dimension of CL, 
with D—6<a< D. Then 


ne: hers ate pee? =]. 


Hence, by Rouché’s Theorem, 


rope te + rF = 1 
for s close to a. But this means that the coefficients re, Scag rh are close 
to 1. Again by Rouché’s Theorem, the order of w is the same as the order 
of D, which is 1. Since the derivatives are also approximated, it follows 
that the residue of Cr at w is close to that of (7 at D, say |res (¢c(s); w)| 
2res (¢z(s);w). 

We now construct a screen S as follows: Initially, we choose S(t) = 
D— 6/2. But each time that S(t) + it comes within a distance of 6/4 of a 
complex dimension of £, we go around this complex dimension along the 
shortest arc of radius 6/4 to the left or to the right. Since the residue of Cr 
at w is bounded, it follows that ¢¢ is bounded along this screen. 


IA 


Theorem 3.26. Let £ be a self-similar string as in Theorem 3.25. Then 
there exists a sequence of positive numbers T,, T2,..., tending to infinity, 
such that |¢r(s)| is uniformly bounded from above on each horizontal line 
Ims=T, and Ins = —-T,, for n=1, 2,.... 


Proof. If £ is a lattice string, then the existence of such a sequence {T;, }°2, 
follows easily from the fact that the denominator of ¢c¢ is periodic (with 
period ip, where p is the oscillatory period). 

If £ is a nonlattice string, we proceed as follows. Let the function 1 
be given by Equation (3.22). Choose some tg such that I(to) A 0, and 
lete< 3l(to). Construct a positive integer q and a function f approximat- 
ing f, as was explained before the statement of Theorem 3.23. Then on the 


line s =o + ito, the function f is bounded away from 0 by at least 21(to). 


STf this is not the case, then yaa *7P = 1 for an approximation D of D. We then 


replace each 7; by its D/D-th power. The lattice string with these new scaling ratios 
approximates £ and has the same Minkowski dimension as CL. 
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By periodicity, we have |f(s)| > 21(to) on 2eCQ different horizontal lines 
of the form 


s=ot+itg+inp (for —eCQ<n<eCQ). 


It follows that | f(a + ito + inp)| is bounded from below by $/(to) on these 
lines. By choosing ¢ smaller, and consequently q larger, we find infinitely 
many lines s = 0 + iT, on which |f(s)| is uniformly bounded from below. 
Since ¢¢(s) = L* Sart 9;/ f(s), by Equations (3.21) and (3.5), this implies 
that ¢c(s) is uniformly bounded from above on these lines. 


Remark 3.27. For future reference, we note that the conclusion of Theo- 
rem 3.26 clearly applies to the generalized Cantor strings studied in Chap- 
ter 10 and used in Chapter 11. In fact, these generalized fractal strings 
are lattice strings and hence their geometric zeta function is periodic (see 
Equation (10.2)). In conjunction with Section 6.4 below, this justifies the 
application of our explicit formulas to these generalized Cantor strings (or 
to the associated generalized Cantor sprays) in Chapters 10 and 11. 


3.5 Complex Roots of a 
Nonlattice Dirichlet Polynomial 


In this section, we carry out a detailed study of the complex dimensions 
close to the line Res = D of a nonlattice string. The main results are 
formula (3.34) (for M = 2) and formula (3.42) (for M > 2). This is applied 
in Section 3.6 to obtain dimension-free regions for nonlattice strings, which 
in turn allows us to obtain good error terms in the explicit formulas for 
nonlattice strings. Analogous results can be obtained for any vertical line 
Res = Rew through a complex dimension w. In Section 3.7, we formulate 
some of the expected results that such an analysis may yield. 


A nonlattice Dirichlet polynomial has weights w, < --- < wy, where at 
least one ratio w;/wy is irrational. Let 


M 
f(s) =1-S > mje. (3.23) 
j=l 


Assume that all multiplicities m; are positive. Recall from Theorem 3.6 that 
in this case D = D, is the unique real solution of the equation f(s) = 0. 
Moreover, the derivative 


M 
f'(s) = S- mw je "9° (3.24) 
j=l 


does not vanish at D since D is simple. We first consider the case M = 2. 
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3.5.1 Continued Fractions 
Let a > 1 be an irrational number with continued fraction expansion 


1 
a = [[ao, a1, a2,..-]] = a9 + —————_.. 


1 
a, + ——— 
Qg+-:: 


Here, the integers a, (also called partial quotients in [HardW, RockeSz]) 
are determined recursively by 
1 ; 
ao = a, a; = [a;], ae for 7 =0,1,2,.... 
The convergents pp/dn of a are defined by 
Pn 
In 


= |[a0,41,..-, @n]]. (3.25) 


Recall that these rational numbers are given by the recursion relations 


p-2> 0, P-1= 1, Pnt1 = 4n4+1Pn T Pn-1; (3 26) 
g-2 = 1, ¢-1 =9, Gn41 = An419n + Qn-1- j 
We also define q/, = a1 -a2°-+++ Qn, and note that q,41 = Qn+41dn + dn-1- 
Then 
—4)" 
n@® — Pn = ue (3.27) 


Gn41 
For all n > 1, we have qn > ¢"~!, where ¢ = (1+ V5)/2 is the golden 
ratio. We refer the interested reader to [HardW, Chapter X] and [RockeSz] 
for an introduction to the theory of continued fractions. 


Let n € N and choose | such that qi41 > n. We can successively apply 
division with remainder to compute,’ 


n=aqqa +m, nm = dig—-1 + m-1,---,% = dogo, 
where d, is the quotient and n, < q is the remainder of the division 


of ny41 by qv. We set di41 = di4g =... = 0. Then 


n= S- dyq. (3.28) 
v=0 


We call this the a-adic expansion of n. Note that 0 < dy, < a,+; and that 
dy_1 = O if d, = a, 41. Also do < ay. It is not difficult to show that these 
properties uniquely determine the sequence do, di,... of a-adic digits of n. 


‘This is Ostrowski’s algorithm, see [Os1, 2] and [RockeSz, Chapter II, Section 4 and 
Notes, p. 36]. 
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Lemma 3.28. Let n be given by formula (3.28). Suppose that the last k 
digits of n vanish: k > 0 is such that dy #0 and dy_, =--: = do = 0. 
Put m= °°, dvpy. Then na — m lies strictly between 

—1)* —1)* 
( : (di, —1+ Oey) and ( : (di, + Oe 3) : 
Ve41 Wh 


In particular, no — m lies strictly between (—1)*/qi,4. and (—1)"/q,. 


Proof. We have na — m = S*>-, dy(aq — pv), which is close to the first 
term d;,(—1)*/qj,,., by Equation (3.27). Again by this equation, the terms 
in this sum are alternately positive and negative, and it follows that na—m 
lies between the sum of the odd numbered terms and the sum of the even 
numbered terms. To bound these sums, we use the inequalities d, < ay41 
for vy > k. Moreover, dy > 1, hence dx41 < azo —1. It follows that na—m 
lies strictly between 


dy (Oge — Pk) + Ak43(AGk+2 — Pete) + Gr+5(AdK+4 — Pera) +... 
and 
dy (adn — Pr) + (An42 — 1)(Qde+1 — Peti) + Ok+4(Odk+3 — Phos) +--+: 


Now ay4i(aq — pv) = (Aqv41 — Py4+1) — (@qv—1 — Pv—1), So both sums are 
telescopic. The first sum evaluates to 


dx(age — Pk) — (0¢k41 — Pkti) = (—1)* (dk ae Og a) ) Git 


and the second sum to 


dy (gn — Pr) — (Q9n+1 — Pk+i) — (@Gk — Pk) = (-1)* (dk isk Oe 49) /Ue1- 


The cruder bounds follow on noting that 1 < d, < az41, and using the 
relations U2 = OR+2% 41 and ag41 + Opes = Ak41- 


38.5.2. Two Generators 


Assume that M = 2, and let f be defined as in (3.23) with positive mul- 
tiplicities m, and mz and weights w; and w2 = aw), for some irrational 
number a > 1.° Since m1,mz2 > 0, there exists a unique real number D 
such that m,e7™!? + mge~”2P = 1. We want to study the complex so- 
lutions to the equation f(w) = 0 that lie close to the line Res = D. 


First of all, such solutions must have e~“!“ close to e~“!”, so w will 


8In the terminology of dynamical systems of Chapter 7, this case corresponds to 
Bernoulli flows. 
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be close to D+ 2z7iq/wi, for an integer g. We write A for the differ- 
ence w — D — 2riq/wy, so that 


2riq 


w=D+ +A. 


Wi 
Then we write ag = p+ 5%,, hence 
x = 2ni(qa — p), 


for an integer p, which we will specify below. With these substitutions, the 
equation f(w) = 0 becomes 


—wiDe—wid _ —w2D_-« —wod —0. 


1—myje m2e e 


This equation defines A as a function of zx. 


Lemma 3.29. Let wi,w2 > 0 and a= w/w; > 1. Let A = A(z) be the 
function of x, defined implicitly by 


—wiDe-wiA —w2D o—« 


mye + mee e w24 — 1, (3.29) 
and A(0) = 0. Then A is analytic in x, in a disc of radius at least 7 around 


x =0, with power series 


—w2D 2 —uw1D —w2D 
A(x) = ae py ee ells 3 eZ x’ +O(z*), asx—+0. 
f(D) 2f'(D) 


(3.30) 


All the coefficients in this power series are real. Further, the coefficient 
of x? is positive. 


Proof. Write e~“!4 = y(x), so that y is defined by 
mye “Py + moe Pe Fy® =1 and y(0)=1. 


Since y = 0 is not a solution of this equation, it follows that if y(z) is 
analytic in a disc centered at x = 0, then A will be analytic in that same 
disc. Moreover, y is real-valued and positive when x is real. Thus A is real- 
valued as well when « is real. Further, y(x) is locally analytic in 2, with 
derivative 


mye W2P y%e-# 


/ 
x)= . 
y ( ) mye7wiP + amye—v2D yo-le-% 
Hence there is a singularity at those values of x at which the denominator 
vanishes, which is at 
a 
mye—“1P (a — 1) 
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and 


a 
a-1 My 


e” =-a *(a—1) (3.31) 


m2 
Since this latter value is negative, the disc of convergence of the power 
series for y(x) is 
|x| < |-aloga + (a — 1) log(a — 1) + alogm, — log m2 + zi]. 


This is a disc of radius at least 7. 
To compute the first two terms in the power series for A(x), we use the 
formula for y/(z) above, to obtain y/(0) = wimze—“?? / f(D), and also 


wimyae 2P 
y”’ (0) = De (miwie 21? — miwoe 72? ), 
Since —w, A(x) = log y(x), we obtain 
2 
x 
—w A(x) = y'(O)a + (y"(0) — y'(0)*) S + O(2"). 


Simplifying, we now readily obtain the first two terms of the power series 
for A(x) as given above. 


The proof of the following theorem is in the same spirit as the above 
proof. Note that this theorem implies that the complex dimensions of a 
nonlattice self-similar string with two scaling ratios are all simple. Recall 
the assumption that the multiplicities m, and mg are positive. 


Theorem 3.30. Let wo = aw 1, with a > 1 and irrational. Then the 
complex roots of the Dirichlet polynomial equation 


mye “1S + mae 25 = 1 


are simple. 


Proof. Writing A = m,e~“2* and B = mze~“?*, the assumption that s is 
a double root of this Dirichlet polynomial leads to the equations A+ B= 1 
and A+aB=0. Thus A = ~%5 and B= -oi. It follows that e~’!* is 
positive. Hence, the imaginary part of w s is an integer multiple of 27. On 
the other hand, since B is negative, the imaginary part of wes is an odd 


integer multiple of 7. But then a is rational, contrary to our assumption. 


Remark 3.31. Lemma 3.29 and its proof remain valid if we replace D 
by any root s = wo of the equation f(s) = 0, provided that f’(wo) 4 0. 
In particular, the singularity of A(x) occurs at the same value of x satis- 
fying (3.31), hence the power series for A(x) has radius of convergence at 
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least 7. Replacing D by wo in (3.30) above, we obtain the first few terms 
of this power series, 


Moye W2W0 M1M2W?e~ W140 e— W240 
A(a2) = F' (wn) x4 Fw) a’ +O(2*), asx0. 


(3.32) 


Since wo is not real if wo # D, the coefficients of this power series are in 
general not real-valued. 

Finally, note that f’(wo) = 0 implies that mz = —m%a~%(a — 1)*71. 
Thus if m1,mz > 0, then the roots of f(s) = 0 are all simple. 


Substituting (3.30) in w = D+ 2mig/w, + A, we find 


—w2D mymgwye WP e—w2P 


pa 


re f(D) ac 2'(D)3 a + Ole): 


(3.33) 


as v = 2ni(qa — p) > 0. We view this formula as expressing w as an initial 
approximation D + 27iq/wi, which is corrected by each additional term 
in the power series. The first corrective term is in the imaginary direction, 
as are all the odd ones, and the second corrective term, along with all the 
even ones, are in the real direction. The second term decreases the real part 
of w. 


Theorem 3.32. Let a be an irrational number with convergents py /qu 
defined by (3.25) and (3.26). Let gq = >>, duq be the a-adic expansion 
of the positive integer q, as in Lemma 3.28. Assume k > 2, ork = 1 
and ay > 2, and put p = De ae dypy. Then there exists a complex root 


of f at 


: q mye 2) 
w= D4 PO Qn FD) (qa — p) 
2 —w1D —w2D 
7 a—p)? + O((qa—p)). (3.34 
"Dy (ga — p)* + O((ga—p)*). (3.34) 


The imaginary part of this complex root is approximately 27igq/w1, and its 
distance to the line Res = D is at least C) de .33 where 
C= In? mymawren witw2)P 7 FID)? 

The number C depends only on wy, and wa and the multiplicities my, 
and m9. 

Moreover, |f(s)| > di around s = D+ 2mig/w; on the line Res = D, 
and |f(s)| reaches a minimum of size C’(qa — p)?, where C’ depends only 
on the weights w, and wz and on my, and mg. 
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Proof. By Lemma 3.28, the quantity ga — p lies between (—1)* /oh45 and 
(—1)*/q,. Under the given conditions on k, gj, > q > 2. Hence x = 
2ni(qa — p) is less than 7 in absolute value. Then (3.33) gives the value 
of w. The estimate for the distance of w to the line Res = D follows from 
this formula. 

Since the derivative of f is bounded on the line Res = D, and f does 
not vanish on this line except at s = D, this also implies that f(s) reaches 
a minimum of order (ga — p)? on an interval around s = D + 27igq/w, on 
the line Res = D. 


Remark 3.33. By Remark 3.31 above, each root wo also gives rise to a 
sequence of roots 


Ww = up + 2mi + O(qa — p) 


close to the sequence wo + 27ig/w1. This is illustrated in Figures 3.9, 3.10 
and 3.11 below for the repetitions of D and one other complex root. 


We obtain more precise information when q comes from the continued 
fraction of a; i.e., ¢ = qx and w is close to D + 2rigg/w1. 


Theorem 3.34. For every integer k > 0 (ork > 1 if a; =1), there exists 


a complex root w of f of the form 


a dk ; 1 1) w2D 5 o e7 (witwe)D 
w= L Qret a) To ™M1M2W, ~~ 3 
Wi f(D) diy . f(DY ea 


+ O(q4%), (3-35) 


R M2e— 


as k — oo. 

Moreover, |f(s)| > Gag around s = D+2riq,/wi on the line Res = D, 
and |f(s)| reaches a minimum of size Cds; where C’ is as in the last 
part of Theorem 8.32. 


Proof. In this case, g = qx is the a-adic expansion of g. Put p = px. Then 
x = 2ni(—1)*/q,,1, which is less than 7 in absolute value. The rest of the 
proof is the same as the proof of Theorem 3.32. 


Remark 3.35. Theorem 3.32 implies that the density of complex roots ina 
small strip around Res = D is w,/(27/). For Cantor-like lattice strings, with 
M = 1 (ie., such that there is only one nonzero weight, so that wy = w1), 
there is only one line of complex roots, and this density coincides with 
formula (3.10) of Theorem 3.6. However, it is unclear how wide the strip 
around Res = D should be. For example, in Figure 3.9, the strip extends 
to the left of Res = 0. 


The following theorem was first published in [Lap-vF7, Theorem 4.7], 
with an incorrect value of the limit. Below follows the corrected statement 
and proof. 
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Theorem 3.36. Let 


3/2 
C= ate. evorru nie: (3.36) 


Tw2/ 2m M2 


The relative density of the real parts of the complex roots close to the 
line Res = D, 


#{w:weD,0<Imw < T,Rew > x} 
#{w:wED,0<Imw < T} : 


(3.37) 


has a limit as T > oo. This limit equals 


2CVD— x, (3.38) 
for values of « < D close to D. 


Proof. By Theorem 3.6, there are 527'+O(1) complex roots with imaginary 
part 0 < Imw < T. Assume that T is of the form 27qm+41/w1 for some 
integer m. Given x < D, we will count the number of these roots with 
Rew > x. By Theorem 3.32, for every q with 0 <q < #T = qm41 (and p 
the nearest integer to ga), we find a complex root with 0 < Imw < T and 
lying slightly to the left of the line Res = D with real part 


Rew = D — Ci(qa — p)? + O((qa — p)*), 
where 
Cy = 1?w?(2mymy)e~ +2)? f(D)? = (Cow /we)”. (3.39) 
If Rew > x, then we find that q is restricted by 


|qa —p| < /(D-—2)/C,(1+0(D—2)). 


Determine n such that 


Lenin Ss 4/ (D2) Cr < 17g: 


Let gq = 72, d,q be the a-adic expansion of g as in Equation (3.28). 
Then 


\ga — pl = dk/de41 — de+1/ deo +++ 
If k < n—2 then |ga — p| > 1/4. = 1/q), by Lemma 3.28. Hence 


laa — p| > /(D—«)/C\. Likewise, if k =n —1 and d;, > 2, then, by the 
finer estimate in Lemma 3.28, |ga — p| > (1+ a, ;,)/q),. We find that the 
expansion of g must be of the form q = dp_1qdn—1 + dndn +--+: + dmdm; 


where d,,_1 is either 0 or 1. 
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If dn—1 = 1, then |qa—p| = 1/q), —dn/d),41+-.-, which is approximately 


equal to (Qn+1 — dn)/d,41. We find that dn > Qn41 — Gh41V (D — £)/C1. 
Since dp, < Qn41, we find 


can (pe 2/0; 


possibilities for dy. 

Also, if d,_1 = 0, we find d, < q,4,./(D — x)/C1, and we find again 
the same number of possibilities for dy. 

We fix d,, and d,-1; = 0 or 1, and count the number of positive inte- 
gers q satisfying these requirements. Let N41 be the number of such q. 
Since 0 < dy < ay41, and d,_; = 0 if dy = a,41, we find that 


Nm-+1 = Am+iNm + Nm-1; 


with initial conditions Nn+2 = Gn42 if dn £0, or Nn42 = Gn4ot+lifd, =0, 
and N,,41 = 1. Since N,, satisfies the same recursion as gm, but with dif- 
ferent initial conditions, these two sequences grow at the same rate, and we 
find the approximation Nm+1 = dm+1/%,41. Together with the total num- 
ber of possibilities for d,,, we find approximately 2qn41./(D — x)/C, possi- 
bilities for g. Since the total number of roots is approximately gm41w2/wi1, 
we obtain a relative density of 


2(wi/w2)V(D— x)/Ci, 


which by (3.39) equals 2C'\VD — x, where C is given by (3.36). 


Remark 3.37. This theorem is illustrated in the diagrams at the bottom 
of Figures 3.9 and 3.10 (pages 105 and 107, repectively). These diagrams 
show in one figure the graph of the accumulated density function (3.37) 
and the graph of the function (3.38). The function (3.38) approximates the 
accumulative density only in a small neighborhood of D. Figure 3.8 gives 
a graph of the difference of the two graphs in Figure 3.9 (page 105) for the 
complex roots with real parts between 1/2 and D. 


3.5.8 More than Two Generators 


When there are three or more generators, i.e., M > 3, the construction 
of approximations p;/q of w;, for 7 = 1,...,M, is much less explicit than 
for M = 2 since there does not exist a continued fraction algorithm for 
simultaneous Diophantine approximation. We use Lemma 3.16 as a sub- 
stitute for this algorithm. The number Q then plays the role of qj,,, in 
Theorem 3.34 above. In particular, if q is often much smaller than Q, 
then wy ,...,wWag is well approximable by rationals, and we find a small 
root-free region. 
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5 7792 


Figure 3.8: The error in the prediction of Theorem 3.36, for the golden Dirichlet 
polynomial equation 2~*° + 2-%° = 1. 


Remark 3.38. The LLL-algorithm of [LenLeLo] allows one to find good 
denominators. However, the problem of finding the best denominator is NP- 
complete [Lagl, Theorem C]. See also [R6sS] and the references therein, in 
particular [HasJLS]. Further, it may be possible to adapt the algorithm 
in [Elk] to solve Dirichlet polynomial equations. 


Again, we are looking for a solution of f(w) = 0 close to D + 27iq/wi, 
where f is defined by (3.23). We write w = D+ 2miq/w; + A and 


Wi 

Ini 

for 7 = 1,...,M. For 7 = 1, we take p, = q and consequently x; = 0. In 
general, for 7 = 2,...,, we have 


wig = Wipj + 


XL; = 2Wni(qu;/wi — p;). 
Then f(w) = 0 is equivalent to se mie ete ee 
The following lemma is the several variables analogue of Lemma 3.29. In 


the present case, however, we do not know the radius of convergence with 
respect to the variables x2,..., x ¢. 


Lemma 3.39. Let 0 < wy < wo <-:: < wy, let D be the real number 
such that ye mye—“iP =1, and let A = A(ao,...,2,4) be implicitly 
defined by 


So mje ts Pe tii =1, (3.40) 
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with x; = 0 and A(0,...,0) = 0. Then A is analytic in x2,...,2y, with 
power series 


ui mie WIP s mje "9 
A= J 4 J 2 
oe f(D) v5 ) » f(D) v5 
M " 
D 
() ) +e ) mympe Wit) g sary 
2 


f(D) f(DY’ ee 
+0(Soin?), (3.41) 


j=2 


where f”(D) = > Dyan mywee—wiP and f'(D) is given by formula (3.24) 
for s=D. This power series has real coefficients. Moreover, the terms of 


degree two yteld a positive definite homogenous quadratic form. 


Proof. The proof is analogous to that of Lemma 3.29. Taking the derivative 
with respect to x, (k > 2) gives 


OA 


—wrD / Ribera 
Me + f(D) Da, 


(0,...,0) =0. 
We thus find the coefficients of the linear part of A. 
The positive definiteness of the quadratic form follows from the fact that 
the complex roots lie to the left of Res = D, see Theorem 3.6. It can also 
be verified directly. 


We substitute formula (3.41) into w = D+ 2mig/w; + A to find 


mes 1 mie viP 
w= D+2mi 7 ajt 7 2 
py Uta oy 
M 
1 "(D ; 
yy (2 ( ) _ ei Eat) mimge Sera 
2 \'p(D)> f(D) , 
+0(3- lt) (3.42) 

j=2 


where x; = 2ni(qw;/w; — p;), for j = 2,...,M. Again, this formula ex- 
presses w as an initial approximation D + 2miq/w1, which is corrected by 
each term in the power series. The corrective terms of degree one are again 
in the imaginary direction, as are all the odd degree ones, and the corrective 
terms of degree two, along with all the even ones, are in the real direction. 
The degree two terms decrease the real part of w. 


Remark 3.40. As in Remark 3.31, we have a formula analogous to (3.42) 
corresponding to any complex root wo. Thus every complex root wo gives 
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rise to a sequence of complex roots close to the points wo + 2mig/w1. In 
this case it may be possible that f has multiple roots, even if the multi- 
plicities m; are positive form =1,...,M. 


Theorem 3.41. Let M > 2 and let wi,..., wag be weights of a nonlattice 
equation. Let Q and q be as in Lemma 3.16. Then f has a complex root close 
to D+ 2rigq/w at a distance of at most O(Q~?) from the line Res = D, 
as Q — oo. The function |f| reaches a minimum of order Q~? on the line 
Res = D around the point s = D + 2niq/wy. 


Proof. Again, for 7 = 2,...,M, the numbers x; are purely imaginary, so 
the terms of degree 1 (and of every odd degree) give a correction in the 
imaginary direction, and only the terms of even degree will give a correction 
in the real direction. Since |x,;| < 27/Q, the theorem follows. 


Remark 3.42. By analogy with Theorem 3.36, we find C(D — «)(M@—-)/? 
aS an approximation of the density function of the complex roots close 
to x = D, for some positive constant C’. However, in this case we do not 
know the value of C. It may depend on the properties of Diophantine 
approximation of the weights w1,..., was. 

Figure 3.11 suggests the approximation C(D— x) for the accumulated 
density function of the Two-Three-Five equation (for which M = 3, so 
that (M — 1)/2 = 1), for some positive constant C. 


3.6 Dimension-Free Regions 


We discuss an application of the above results to the theory of self-similar 
fractal strings, as in Chapter 2. Thus, a Dirichlet polynomial corresponds 
to the geometric zeta function of a self-similar string, while the complex 
roots of such a polynomial correspond to the complex dimensions of this 
self-similar string. 


Definition 3.43. An open neighborhood of the line Res = D in the com- 
plex plane is called a dimension-free region for the string £ if the only pole 
of Cc in that region is s = D. 


We assume that we are in the setting of Section 3.5.2; that is, we consider 
fractal strings with scaling ratios r; = r and rg = r®. Recall the function 
f(s) =1— muir? — mer, so that 


f(D) = mwir? + mgwer®” > 0. (3.43) 


From Theorem 3.34, and with the notation of Sections 3.5.1 and 3.5.2, 
we deduce the following result, in case M = 2. 
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Corollary 3.44. Assume that the partial quotients ap,a1,... of the con- 
tinued fraction of a are bounded by a constant b. Put 


1 é 
B= Bi ear ID) Ze (3.44) 


so that B > 0 by (3.43). Then L has a dimension-free region of the form 


B 
{a +it€C:0>D— aah: (3.45) 


Further, the function Cr satisfies hypotheses L1 and L2 (i.e., £ is languid) 
with « = 2 on the screen Res = D— B/(bIms)?; see (5.19) and (5.20). 

More generally, let b: Rt — [1,00) be a function such that the partial 
quotients {ax}? of the continued fraction of a satisfy 


Arzi < b(qe) for every k > 0. (3.46) 


Then £L has a dimension-free region of the form 


: B 


If b(q) grows at most polynomially, then Cr ear hypotheses L1 and L2 
on the screen S: S(t) + it, S(t) = D — Bt~*b-?(tw1 / 27), with K& such 
that t® > t?b?(tw: /2r) for all te R. 


Proof. We have qj.41 = Or+1d, < 2b(de)G, < 46(dk)ax- By Theorem 3.34, 
the complex dimension close to D + it for t = 27q,/wz1, is located at 


nS D+i(t+O(agys)) - (wi /n? Bag +O(q54), 


where the big-O’s denote real-valued functions. The real part of this com- 
plex dimension is less than D — Bt~?b~?(tw, / 27). 


Remark 3.45. By Khintchine’s theory of continued fractions (see [HardW, 
Theorem 197, p. 168]), if }772., 1/by is convergent, then almost all num- 
bers have a continued fraction for which az < by eventually. Since gz, grows 
at least exponentially (q@ > ¢*~!; see Section 3.5.1), condition (3.46) is 
satisfied already for a function that grows very slowly, such as, for ex- 
ample, b(x) = (log log z)?. The set of numbers for which this condition is 
violated for infinitely many integers / and every function b of polynomial 
growth has measure zero. 


Example 3.46. One of the simplest nonlattice strings is the golden string, 
introduced in Section 2.3.5. It is the nonlattice string with M = 2 and 
a=, w1 = log 2. The continued fraction of the golden ratio is 


j= es jpeeree| 
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Figure 3.9: The complex dimensions of the golden string; the accumulative density 
of the real parts, compared with the theoretical prediction of Theorem 3.36. The 
dotted lines and the associated markers are explained in Example 3.46. 
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Hence go, q1,--- is the sequence of Fibonacci numbers 
1, 1, 2, 3, 5, 8, 18, 34, 55,..., (3.48) 


and qj, = ¢* for all k > 0. 
Numerically, we find D = .7792119034 and the following approximation 
to the power series A(z): 


— 47862 x + .08812 x? + .00450 x — .00205 x4 — .000392° +.... 


For every k > 0, we find a complex dimension close to D + 27g; / log 2. For 
example, gg = 55, and we find a complex dimension at D—.00023+4 498.582. 
More generally, for numbers that can be written as a sum of Fibonacci num- 
bers of relatively high index, like q = 55+5 or gq = 55—5, we find a complex 
dimension close to D + 2riq/log 2. The distance to the line Res = D is 
then determined by the smallest Fibonacci number in the sum (or differ- 
ence), the number 5 in these two examples. For these two values for gq, 
we find respectively a complex dimension at D — .023561 + 543.637 and 
at D — .033919 + 453.537. In both cases, the distance of these complex di- 
mensions to the line Res = D is comparable to the distance of the complex 
dimension close to D + 2mi- (5/log 2) (for g = 5) to this line, which is lo- 
cated at D — .028499 + 45.057. See Figure 3.9, where the markers indicate 
the Fibonacci numbers (3.48). 

The pattern persists for other complex dimensions as well. Indeed, by 
Remark 3.33, every complex dimension repeats itself according to the pat- 
tern of the Fibonacci numbers. This is illustrated for one other complex 
dimension. 

The second graph, at the bottom of Figure 3.9, shows the accumulative 
density of the real parts of the complex dimensions, compared with the 
predicted density (graphed for D; < « < D) of Theorem 3.36. 

Figure 3.9 was obtained by approximating ¢ by 4181/2584. Thus, the 
figure shows the complex dimensions of the lattice string with generator 
w = (log 2)/2584, ky = 2584, kg = 4181. The oscillatory period of this 
string is 27/w * 23423.23721. Figure 3.6 gives intermediate stages of this 
approximation. 


Example 3.47. Figure 3.10 gives the complex dimensions and the density 
of their real parts of the generic nonlattice string with weights w, = log 2 
and wz = alog2, where a is the positive real number with continued 
fraction [[1,2,3,4,...]]. One can compute that 


Deo TNF Io (2 
ga er at (3.49) 
Vn-o mma = (2) 
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Figure 3.10: The complex dimensions of the Bessel string; the accumulative den- 
sity of the real parts, compared with the theoretical prediction of Theorem 3.36. 
The dotted lines and the associated markers are explained in Example 3.47. 
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where I,(z) = 7-9 if a is the modified Bessel function. Indeed, by 


[WhWt, pp. 359, 373], we have the recursion relation 


In-1(z) — 2n 1 
== + 
T;, Tenn? 
co : TIn+1(2) 
for n = 1,2,.... Thus Io(z)/Ii(z) = [[2/z,4/z,6/z,...]] and so @ is given 


by Equation (3.49), as claimed.? (See also [BorCP, p. 499] and [Wats].) For 
this reason, we propose to call this string the Bessel string. Even though a 
is better approximable by rationals than numbers with bounded partial 
quotients, qualitatively there does not seem to be a significant difference 
with the golden string. 

Figure 3.10 is obtained by approximating a by 1393/972. The markers 
illustrate again the different periodic patterns. The repetitions occur at de- 
nominators of convergents of a, which are the numbers 1, 2,7,30,157,..., 
and combinations of these (in the sense of the a-adic expansion of Equa- 
tion (3.28)). 


Example 3.48. The Two-Three-Five string is an example of a generic 
nonlattice string with M > 2. It has one gap and M = N = 3 scaling 
ratios ry = 1/2, re = 1/3, and r3 = 1/5. See Figure 3.11 for a diagram of 
the complex dimensions and of the density of their real parts. Figure 3.11 is 
obtained using the approximation log, 3 + 2826/1783, log, 5 ~ 4140/1783. 
Note that now the markers are not related to the continued fractions of 
these numbers. Instead, they are the denominators of the rational numbers 
that simultaneously approximate these numbers. The same is true for the 
markers in Figures 3.13 and 3.14. 


In the following corollary, given M > 2, we say that w1,...,wag is b-ap- 
proximable if b: [1,00) + R* is an increasing function such that for every 
q>1,7 € {1,...,M} and integers p,, 


, ; Wi -1/(M-1) 
qu; — pjywi| = qd 2 
| w) J 1| b(q) 


Since this means that Q < q7!/(M-)) in Lemma 3.16, we deduce the 
following result from Theorem 3.41: 


Corollary 3.49. Let M > 2. The best dimension-free region that L can 
have is of size 


{o+iteCia> D-O(t-2/M-D) (3.50) 


where the implied constant is positive and depends only on wj,...,WM.- 


°The second author learned this argument from Ronald Kortram (personal commu- 
nication, 1985). 
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Figure 3.11: The quasiperiodic behavior of the complex dimensions of the Two- 
Three-Five string of Example 3.48; the accumulative density of the real parts 
of the complex dimensions. The dotted lines and the associated markers are 
explained in Examples 3.46 and 3.48. 
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If wi,...,wm ts b-approximable, then the dimension-free region has the 
form 


{o+iteC:0 > D-O(b-?(wyt/2a)t-7/ MY) I, (3.51) 
where the O-term is a positive function, bounded as indicated. 


Remark 3.50. The best dimension-free region is obtained when the system 
WwW 1,-.-,Wy is badly approximable by rationals; i.e., when the weights are 
only b-approximable for a constant function b = b(q). This corresponds to 
the case of two generators when a has bounded partial quotients in its con- 
tinued fraction (Corollary 3.44). When wy ,..., wag is better approximable 
by rationals, the dimension-free region is smaller and there are complex di- 
mensions closer to the line Res = D. Such nonlattice strings behave more 
like lattice strings (compare Theorem 3.6). 


Remark 3.51. Regarding the dependence on M, we see from compar- 
ing Corollaries 3.44 and 3.49 that in general, depending of course on the 
properties of simultaneous Diophantine approximation of the weights, non- 
lattice strings with a larger number of scaling ratios have a wider (better) 
dimension-free region. 


Remark 3.52. By formulas (8.70) and (8.71), we deduce that for a nonlat- 
tice self-similar string £, the volume V(e) of the tubular neighborhood of £ 
is approximated by its leading term up to an error of order | log e|74—)/2, 
or worse if the weights are well approximable. See the end of Section 8.4.4 
for further discussion of this point. More generally, the usefulness of ob- 
taining a dimension-free region is that when combined with the explicit 
formulas of Chapter 5 (or Chapters 7 and 8), it enables us to obtain suit- 
able error estimates in the corresponding asymptotic formulas. The better 
(i.e., the wider) the dimension-free regions, the better the error estimate. 
This principle will be illustrated in several places in Chapters 6-8. 


3.7 The Dimensions of Fractality 
of a Nonlattice String 


In this section, we obtain a rigorous result and make several conjectures 
regarding the real parts of the complex dimensions of nonlattice strings. 
It is noteworthy that both the theorem and the conjectures were them- 
selves suggested by computer experimentation guided by the theoretical 
investigations in this chapter. 

Recall from Remark 3.40 that the analogue of formula (3.42) holds for 
any complex dimension w, besides D. 


Theorem 3.53. The set of real parts of the complex dimensions of a non- 
lattice string has no isolated points. 
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Proof. By Remark 3.40, every complex dimension gives rise to a sequence of 
complex dimensions close to the points w+27iq/w1, for integers g. Since the 
corrective terms are not all purely imaginary, we find complex dimensions 
with real parts close to Rew. When gq increases through a sequence of 
integers such that for each j = 1,...,M, x; = 27i(qu;/wi — p;) + 0 (see 
Lemma 3.16), we find a sequence of complex dimensions whose real parts 
approach Rew. 


Remark 3.54. We call a string fractal in dimension a if it has a com- 
plex dimension with real part a. Each complex dimension gives rise to 
oscillations in the geometry of the fractal string. The frequencies of these 
oscillations are determined by the imaginary part of the complex dimen- 
sion, and the real part of the complex dimension determines the amplitude 
of the oscillations. We define the set of dimensions of fractality of a fractal 
string as the closure of the set of real parts of its complex dimensions. Thus, 
Theorem 3.53 can be interpreted as saying that a nonlattice string is fractal 
in a perfect set of fractal dimensions. (See also Chapter 12, Section 12.1.) 


3.7.1 The Density of the Real Parts 


The density of the real parts of the complex dimensions of six different 
nonlattice strings are plotted in Figures 3.1-3.4 and 3.9-3.14. These fig- 
ures show the graph of the function given by formula (3.37) for some large 
value of T. Since there are no horizontal pieces in these graphs, we might 
conjecture that the real parts are dense in [D;, D]. Indeed, in the first edi- 
tion [Lap-vF11, Conjecture 3.55] we formulated a conjecture to this effect: 


The set of dimensions of fractality of a nonlattice string, as de- 
fined in Remark 3.54 above, is a bounded connected interval 
(01, D], where D is the Minkowski dimension of the string; in 
other words, the set of real parts of the complex dimensions is 
dense in [o;, D], for some real number o;. In the generic nonlat- 
tice case, a; = D; is defined by Equation (3.8b). 


We gave a sketch of a possible proof: By Remark 3.31 (for M = 2) and 
Remark 3.40 (for M > 2), there exist complex dimensions with real part 
arbitrarily close to any complex dimension wg. The main correction term, 
of order x, will in general not be purely imaginary (as it is for w) = D), 
and for suitable values of q, the real part of x will be negative. For wo = D, 
the second corrective term is negative. Thus starting at wo = D, we find a 
sequence of complex dimensions with decreasing real parts, which can be 
chosen to be spaced arbitrarily densely. This would prove the density of 
real parts in an interval. It remains to show that the real part of « can be 
chosen negative until we reach the left boundary of the critical strip (which 
is the vertical line Res = D; in the generic nonlattice case, see the end of 
Theorem 3.6). 
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Figure 3.12: The complex dimensions of the nonlattice string with M = 2 and 
ri = 37°, mi = 6, r2 = (3/2)-°, m2 = 5; the accumulative density of the real 
parts. 
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It is indeed generally the case that every real part of a complex dimen- 
sion is a point of accumulation of real parts of other complex dimensions. 
However, as the following example shows, it is not always the case that the 
real parts form a connected interval. 


Example 3.55. The Dirichlet polynomial equation 6-(1/3)*+5-(2/3)* = 1 
has a solution s = D at approximately D = 4.132570. For Res < 0, 
|6 - (1/3)*| > [5 - (2/3)*| + 1, so there are no solutions with Res < 0. Also 
for Res in the interval (0.710759, 3.736720), 1+|6- (1/3)*| < |5- (2/3)°, so 
there are no solutions in that interval. It turns out that all solutions have 
a real part in the union of the two intervals [0, 0.710759] and [3.736720, D]. 


Scaling by a factor of 5, we obtain a generic nonlattice string with scaling 
ratios r; = 3~°, with multiplicity 6, and rz = (3/2)~°, with multiplicity 5. 
See Figure 3.12 for a diagram of its complex dimensions. 


It is still the case that the complex dimensions form a perfect set, dense 
in a finite number of intervals (that may in rare cases reduce to a point). 
This will be the subject of a future paper. 


The graphs of the densities of the complex dimensions are qualitatively 
different for M = 2 and M = 3 (ie., for either two or three different scaling 
factors). Indeed, compare Figures 3.4 and 3.11, where M = 3, with Fig- 
ures 3.9 and 3.10, where M = 2. In the case of the Two-Three-Five string 
of Example 3.48 (Figure 3.11), the density for negative real parts is ap- 
proximately .77 (i.e., below average density), while for positive real parts 
it is 1.08, slightly above average density. The density around vanishing real 
part becomes as large as 2.1. Thus the complex dimensions of the Two- 
Three-Five string show a phase transition between negative and positive 
real part. It seems that for larger M, this phenomenon persists. Therefore, 
we make the following conjecture: 


Conjecture 3.56. As M — ov, there exists a vertical line such that the 
density of the complex dimensions off this line vanishes in the limit. 


We close this chapter with two examples of nonlattice strings with four 
scaling ratios. 


Example 3.57. Figure 3.13 has a diagram of the complex dimensions and 
the density of the real parts of the generic nonlattice string with r; = 1/2, 
ro = 1/3, r3 = 1/5 and r, = 1/7. As was suggested in Remark 3.51, the 
complex dimensions tend to be more concentrated in the middle, away from 
Res = D and Res = D. 


To produce Figure 3.13 we have used the approximation log, 3 ~ 699/441, 
log, 5 = 1024/441 and log, 7  1238/441. The next example gives its non- 
generic counterpart. 


Example 3.58. Figure 3.14 gives a diagram of the complex dimensions of 
the self-similar string with scaling ratios r; = 1/2, rg = 1/3, r3 = 1/4, and 
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Figure 3.13: The complex dimensions of the nonlattice string of Example 3.57 with 


M =4and mr = 1/2, re = 1/3, r3 = 1/5, ra = 1/7, and the accumulative density 
of the real parts. The dotted lines and the associated markers are explained in 


Examples 3.46 and 3.48. 
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r4 = 1/6. Note that the group generated by these scaling ratios, 2737, has 
rank 2. 


Clearly, more mathematical experimentation—guided by our theoretical 
investigations—is needed to determine the generality of this phenomenon 
and to formulate suitable additional conjectures regarding the fine structure 
of the complex dimensions of nonlattice strings. 


3.8 A Note on the Computations 


The computations for the nonlattice examples were done using Maple 12.1° 
In each case, we approximated the nonlattice equation by a lattice one, 
resulting in a polynomial equation of degree d between 400 and 5000. Solv- 
ing the corresponding polynomial equation yields d complex numbers z in 
an annulus, and the roots w are given by w = logz/logr + 2ki/logr, 
for k € Z. 


Remark 3.59. Note that Maple can also directly solve the nonlattice equa- 
tion numerically. However, Maple will just return one root, usually D or a 
root in a specified rectangular region. To obtain all complex roots in a given 
range, one would have to subdivide this range into many small rectangles. 
This would have to be supplemented with an evaluation of f’/f around 
each rectangle to assure that all roots in that rectangle have been found. 
On the other hand, when solving a polynomial equation numerically, Maple 
returns a list of all roots, with their multiplicity. Also, on a more theoretical 
level, there are advantages to solving a lattice equation corresponding to 
a lattice approximation, as is done in this chapter. Indeed, this technique 
allowed us to discover the quasiperiodic pattern of the roots. 


In order to obtain Figure 2.10, we have approximated f(s) = 1—-27*—37§ 
by 
p(z) =1— 2308 — 7485, 
with z = 278/99 and r = 271/396 The corresponding lattice equation 
with ratios r3°° and r#°> has a period of p = 27 - 306/log 2 = 2773.8. For 
example, the real root 
D & .7878849110 


of f is approximated by 
Dx D— 1287-1075. 
We have |f(D)| + .11- 107° and |f(D + ip)| © .39- 107-2. As another ex- 


ample, the root 
Ww = .7675115443 + 45.554159797 


10The programs, and some documentation, are available on the webpage of the second 
author at http://www.research.uvu.edu/~machiel/programs.html. 
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Figure 3.14: The complex dimensions of the nongeneric nonlattice string of Ex- 
ample 3.58 with M = 4 and ry = 1/2, r2 = 1/3, r3 = 1/4, ra = 1/6, and 
the accumulative density of the real parts. The dotted lines and the associated 
markers are explained in Examples 3.46 and 3.48. 
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approximates a root w of f, with an error 
w— i (—.12+ .757)- 10-4. 


Both |p(r)| and |f(@)| are approximately equal to .64-10~*, and | f(@ + ip)| 
approximately equals .40 - 10-7. Lemmas 3.29 and 3.39, along with Theo- 
rems 3.32, 3.34 and 3.41 give theoretical information about the error of 
approximation. 

Since in the applications we consider only equations with real values for 
the multiplicities m,;, the roots come in complex conjugate pairs. Maple 
normalizes log z so that the imaginary part lies between —7i and a7. For 
the density graphs, we have taken the real parts of the roots log z/ log r for 
those z with —ai < Imz < 0, and ordered these values. This way, we have 
obtained a sequence of (d+ 1)/2 or d/2+ 1 real parts v) < vg <... in 
nondecreasing order. The density graph is a plot of the points (v;,7) for 
la7 sc 0j2+1, 

Interestingly, if one takes the roots not in one full period, but up to some 
bound for the imaginary part, the density graph is not smooth but seems 
to exhibit a fractal pattern. For M = 2, this pattern can be predicted from 
the a-adic expansion of T, see Section 3.5.1. This reflects the fact that roots 
come in quasiperiodic arrays, each one slightly shifted from the previous 
one, reaching completion only at a period. 

The maximal degree 5000 is the limit of computation: It took several 
hours with our software on a Sun workstation to compute the golden 
diagram, Figure 3.9, which involved solving a polynomial equation of de- 
gree 4181. However, finding the roots of the polynomial is the most time- 
consuming part of the computation. Since these polynomials contain only 
a few monomials, there may exist ways to speed up this part of the com- 
putation. 


3.9 Notes 


The main results of this chapter go well beyond those obtained in the cor- 
responding part of [Lap-vF5, Chapter 2, especially Section 2.6]. They were 
first published in [Lap-vF7], and a preliminary version of that paper was 
provided, in lesser generality, as an MSRI preprint. We have, moreover, 
included some additional material and several new examples and conse- 
quences of our approximation techniques. 
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Generalized Fractal Strings 
Viewed as Measures 


In this chapter, we develop the notion of generalized fractal string, viewed 
as a measure on the half-line. This is more general than the notion of fractal 
string considered in Chapter 1 and in the earlier work on this subject (see 
the notes to Chapter 1). We will use this notion in Chapter 5 to formulate 
the explicit formulas which will be applied throughout the remaining chap- 
ters. Besides ordinary fractal strings, generalized fractal strings enable us 
to deal with strings whose lengths vary continuously or whose multiplicities 
are nonintegral or even infinitesimal. In Section 4.2, we discuss the spec- 
trum of a generalized fractal string, and in Section 4.3, we briefly discuss 
the notion of generalized fractal spray, which will be used in Chapters 9 
and 11. 

The conceptual difficulties associated with the notion of frequency with 
noninteger multiplicity led us to introduce the formalism of generalized 
fractal strings presented in this chapter. The flexibility of the language of 
measures allows us to deal in a natural way with nonintegral multiplicities, 
in the case of discrete measures, as in Example 4.7 and Chapter 10, and 
even to formalize the intuitive notion of infinitesimal multiplicity in the 
case of continuous measures, as in Sections 9.2 and 10.3. 

In Section 4.4, we study the properties of the measure associated with 
a self-similar string (defined as in Chapter 2). Although Section 4.4 is of 
interest in its own right, it will not be used in the rest of this book and 
may be omitted on a first reading. 
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4.1 Generalized Fractal Strings 


For a measure 7, we denote by |7| the total variation measure associated 
with 77 (see, e.g., [Coh, p. 126] or [Ru2, p. 116]), 


|n|(A) = sup > In(Ax)| if. (4.1) 


where m > 1 and {A;};"_, ranges over all finite partitions of A into disjoint 
measurable subsets of (0,00). Recall that |7| is a positive measure and that 
|n| = 7 if 7 is positive. (See [Coh, Chapter 4] or [Ru2, Chapter 6].) 


Definition 4.1. (i) A generalized fractal string is either a local complex 
or a local positive measure! 7 on (0,00), such that 


[n|(0, zo) = 0 
for some positive number 20. 


(ii) The counting function of the ae lengths, or geometric counting 
function of n, is defined as N,,( =a fe dn. If the measure 7 has atoms, 
it is necessary to specify a ne endpoint is counted. T hroubhions 
the book, we adopt the convention that x is counted half; i.e., 


= [an = n(0,2) + snl) (4.2) 
0 


(iii) The dimension of n, denoted ae Dn, is the abscissa of convergence 
of the Dirichlet integral ¢),,|( ihe x? |n|(da). In other words, it is 
the infimum of the real aes o such that the improper Riemetne 
Lebesgue integral i x? |n|(dx) converges and is finite: 


D=D, =inf{o ER: f° 27? |n|(dx) < oo}. (4.3) 


(iv) The geometric zeta function is defined as the Mellin transform of n, 


¢n(s) = y x *n(dz), (4.4) 


for Res > Dy. 


By convention, D,, = oo means that z~° is not |n|-integrable for any o, 


and D, = —oo means that x~% is |n|-integrable for all o in R. In this last 
case, ¢, is a holomorphic function, defined by its Dirichlet integral (4.4) on 
the whole complex plane. (See, for example, [Pos, Sections 2-4] or [Wid].) 


1 We refer to the notes to this chapter, Section 4.5, for the precise definition of a local 
measure. 
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Note that if 7 is a continuous measure (i.e., 7({x}) = 0 for all x > 0), 
then N,,(#) = (0, x) = (0, 2]. On the other hand, if 7 is discrete, say 


> ye wi 41-1} 
l 


(see Section 1.1.1 for a discussion of the multiplicities w;), then 


1 
N,(z) = S- whe + g U1 /e 


I-l<ax 


with the convention that w1/, vanishes if 7 is not one of the reciprocal 
lengths I~}. 


Remark 4.2. In general, for example in a fractal spray, the lengths play 
the role of scales. 


As in Chapter 1, we are interested in the meromorphic continuation of the 
function ¢,. We define the screen S and the window W as in Section 1.2.1. 
Let S: R > [—co, D] be a bounded continuous function. The screen, also 
denoted by S, is the curve 


S: S(t) +it (t€R) (4.5) 


(see Figure 1.6 of Section 1.2.1), and the window is the closed part of the 
plane to the right of the screen S, 


W={seEC: Res> S(Ims)}. (4.6) 


We assume that ¢, has a meromorphic continuation to an open neighbor- 
hood of W. We also require that ¢,, does not have any pole on S. The 
poles of ¢, inside W will be called the visible complex dimensions and 
the associated set is denoted by D,(W); namely, the set of visible complex 
dimensions of 7 is 


D, = D,(W) = {w € W: ¢, has a pole at wh. (4.7) 


See Section 5.1.1 for an explanation of the role of the screen in the explicit 
formulas. 

As in the case of ordinary fractal strings, D,,(W) is a discrete subset of C. 
Hence, its intersection with any compact subset of C is finite. Moreover, 
since, by definition, ¢,, is holomorphic for Res > D, where D is the dimen- 
sion of 7, it follows that D,, is contained in the closed half-plane Res < D. 
Also, if 7 is a positive measure, then the exact counterpart of Remark 1.15 
holds. That is, D is a singularity of ¢,,. 

In applying our explicit formulas, obtained in the next chapter, it will 
sometimes be useful to change the location of the screen S, even for a fixed 
choice of 7. See Section 5.5 for examples. However, when no ambiguity 
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arises regarding the choice of the string 7 and the location of the screen 
(and hence of the associated window W), we will simply write D,, instead 


of D, (W). 
If W = C, then D,(C) is called the set of complex dimensions of n. In 
this case, we set formally S(t) = —oo and do not define the screen. 


Remark 4.3. Assume that W is symmetric with respect to the real axis 
(i.e., the function S(t) defining the screen is even, so that W is equal to W, 
the complex conjugate of W). If 7 is a real-valued measure, then ¢,(s) 
is real-valued for real s and hence the set of complex dimensions D,,(W) 
is symmetric with respect to the real axis; that is, w € D,(W) if and 
only if @ € D,(W). This was the case, of course, for all standard fractal 
strings considered in Chapters 1, 2 and 3, since the measure associated with 
the fractal string {I;}92, is 7 = De Be ba}: Consequently, the explicit 
formulas of the next chapter are real-valued when applied to a fractal string. 
We call this the reality principle. See also Remark 1.6. 


4.1.1 Examples of Generalized Fractal Strings 


Our definition of a generalized fractal string includes our previous definition 
of Section 1.1. With an ordinary fractal string £, composed of the sequence 
of lengths {1;}52, (counted with multiplicity), we associate the positive 
measure 


be = oe (4.8) 
j=l 


Here and in the following, we use the notation 6,,} for the point mass (or 
Dirac measure) at 2; i.e., for a set A C (0,00), 6¢2}(A) = Lif # € A and 
O¢2}(A) = 0 otherwise. 

In the geometric situation, as considered in the first three chapters, 77 is a 
discrete measure with integer multiplicities because each length is repeated 
an integer number of times. In the applications, however, we will often need 
to consider discrete strings 


n= > wi 41-1} 
i 


with noninteger multiplicities w;. In fact, this was one of our initial mo- 
tivations for introducing the notion of generalized fractal strings and for 
viewing them as measures. Note also that the Dirichlet polynomials (see 
Chapter 3) fit into this framework. 

An example of such a discrete nongeometric string is provided by the 
generalized Cantor string. For 1 < b < a, we define a string consisting of 
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lengths a~” with multiplicity b”. The associated measure is 


S > b"5fan}- (4.9) 
n=0 


If b is integral, this is an ordinary fractal string. For arbitrary b, we study 
the generalized Cantor string in Section 8.4.1 and Chapter 10, and use it 
in Chapter 11. 

In Chapter 10, we also study the so-called truncated Cantor strings, 
defined for a positive integer A by the measure 


1 p_1[sinwAt 
——— £ 
A loga 


sin tt 


2 
) dx, where x =a’. 


Thus each length has a nonnegative but infinitesimal multiplicity, and close 
to the length a~”, the multiplicities add up to almost 6”, for n = 0,1, 2,.... 
See Section 10.3. 

We note two additional examples. First, the harmonic string (introduced 
in [Lap2, Example 5.4(ii), pp. 171-172] and further discussed in [Lap3, 
pp. 144-145]) is given by the positive measure? 


h= 5-643. (4.10) 
j=l 


This string does not have finite total length. In fact, its lengths are 1, 1/2, 
1/3,...,1/n,..., each counted with multiplicity one, and hence the total 
length of h is }°°°.,1/n = ov. Its dimension is 1. Since, by definition, 
Cn(s) = aay j_* (for Res > 1), the associated geometric zeta function is 
equal to the Riemann zeta function (as was noted in [Lap2, p. 171]), 


Cn(s) = C(s). (4.11) 
Secondly, the prime string is defined by the positive measure 
P= S\ (logp) dtpmy, (4.12) 
m>1,p 


where p runs over all prime numbers. Note that ‘8 is not an ordinary 
fractal string because the reciprocal lengths p™ (that is, the prime powers) 
have noninteger multiplicity log p. Next, we use (and reinterpret) a well- 
known identity (see, e.g., [In, Eq. (14), p. 17] or [Pat, p. 9]). By logarithmic 
differentiation of the Euler product representation of ¢(s), 


(s)=]] — (4.13) 


?The harmonic string could also be called the Riemann string, as was suggested to 
the first author by Victor Kac. 
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valid for Res > 1, we obtain 


Therefore we see that the geometric zeta function of B is given by 


C'(s) 
¢(s) 
Thus this string is one-dimensional and its complex dimensions are the 
zeros of the Riemann zeta function, counted without multiplicity, and the 
simple pole at s = 1. 

Recall that the zeros of ¢ consist of the critical (or nontrivial) zeros, 
located in the critical strip 0 < Res < 1, and the trivial zeros, which are 
simple and located at the even negative integers, —2,—4, —6,.... It is well 
known that ¢ does not have any zero on the vertical line Res = 1 (see, 
e.g., [In, Theorem 10, p. 28]), and hence it has no zeros on Res = 0 either. 
The Riemann hypothesis states that the critical zeros of ¢ are all located 
on the critical line Res = 1/2. See, for example, Chapter 9, Section 11.1, 
and [Tit], [Edw] or [Dav]. 


Kose (s€C). (4.14) 


4.2 The Frequencies of a 
Generalized Fractal String 


In general, there is no clear interpretation for the frequencies of a gener- 
alized fractal string. (See, however, Section 11.1.1.) Therefore, we simply 
adopt the following definition, motivated by the case of an ordinary fractal 
string (see Section 1.3 and Remark 4.5 below). 


Definition 4.4. For a generalized fractal string ¢, the spectral measure? v 


of £ is defined by 


v(A) = (4) +¢(3) +¢(2) +..., (4.15) 


for each bounded (Borel) set A C (0, 0c). 
The spectral zeta function of @ is defined as the geometric zeta function 
of the measure v. 


Note that the sum defining v(A) is finite because A is bounded and |¢| 
is assumed to have no mass near 0. Indeed, choose k large enough so that 
k-'A C (0,20), where |¢|(0, 79) = 0. Then ¢(k71A) = 0. 


3 Caution: This should not be mistaken with the notion of spectral measure encoun- 
tered in the spectral theory of self-adjoint operators (see, e.g., [ReSil]), which will not 
be used in this book. 
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For notational simplicity (see the comment following Definition 1.20), 
we do not explicitly indicate the dependence of v on @. In particular, ¢, 
and N,, the associated spectral counting function, depend on @. 

We will give an alternative expression for v in Equation (4.19) below, 
where we should set 7 = @. By abuse of language, we will also consider v as 
a generalized fractal string.4 This way, we can conveniently formulate the 
explicit formulas for the geometric (7 = ¢) as well as the spectral (7 = v) 
situation. 


Remark 4.5. When ¢ = et Dusty is the measure associated with an 
ordinary fractal string £ = |), lo;... as in Section 1.3, then by Equa- 
tion (1.38) of Theorem 1.21, ¢, coincides with the spectral zeta function 
of £, as defined by Equation (1.35). Also, in view of (4.2), (4.15) and foot- 
note 1 of Chapter 1, N, coincides with the spectral counting function of ZL, 
as defined by Equation (1.34). 


Much as in the proof of Theorem 1.21, one shows that ¢,(s), the spec- 
tral zeta function, is obtained by multiplying ¢c(s) by the Riemann zeta 
function. In other words, 


Gu (8) = P a * v(dx) = Ce(s) - (8), (4.16) 


where ¢(s) = }>>*_, n~* is the Riemann zeta function. 


Definition 4.6. The convolution® of two strings 7 and 7’ is the measure 
7 «1 defined by 


J tatrea) = ff reyynlaxyn'(ay). (4.17) 
One easily checks that 


Gnent (8) = Gn()Cn'(s). (4.18) 


Thus the spectral zeta function of a string 7 is simply the zeta function 
associated with the string 7 * h. Indeed, in view of (4.15) and (4.17), one 
can easily check that the spectral measure of 7 is given by 


v=nx«h, (4.19) 


where fh is the harmonic string defined by formula (4.10) above. 


4Indeed, one checks that |v|(0, 20) = 0 if |¢|(0, 20) = 0. Thus |v| does not have mass 
near 0 and v is a local measure on (0, 00). 

5This is a multiplicative (rather than an additive) convolution of measures on Ri. It 
is called the tensor product in [JorLan2]. 
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In particular, the spectral measure v of an ordinary fractal string £ = 
{Hep viewed as the measure 7 = ))j~ dj-1}, is given by 
Bd 


=nx*h (4.20) 


in agreement with (1.32). Here, f runs over the (distinct) frequencies of £ 
and wy denotes the multiplicity of f, as in (1.33). Note that in view 
of (4.18), we recover Equation (1.35) (respectively, (1.38)) from the first 
(respectively, second) equality of (4.20). 


Example 4.7 (The frequencies of the prime string). We compute in two 
different ways the frequencies of the prime string 8, defined by (4.12). 
We will first do this by evaluating the spectral zeta function of ‘8, the 
function ¢,(s) = ¢v,93(s). 

According to Equations (4.14) and (4.16), we have 


G(s) = Gp(s) - C(s) = — -¢(s) = —C"(s), 


where ¢’(s) is the derivative of the Riemann zeta function. 
Next, since ¢(s) = )>~_, n~* for Res > 1, we obtain (for Res > 1), 


G(s) = -¢'(s) = So (logn) n-*. (4.21) 


v= 5 (logn) b¢ny. (4.22) 


Hence, the prime string 8 has for frequencies all the positive integers 
1,2,...,n,..., and the frequency n has a noninteger multiplicity log n. 
In contrast, both the lengths and the frequencies of an ordinary fractal 
string have integer multiplicities. By (4.12) and (4.22), this is not the case 
for $B. 

It is also instructive to recover this result by determining directly the 
spectral measure v associated with $8. Namely, in view of formula (4.17), 
we have 


Sfx} * Ofy} = Of{ey}- (4.23) 
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Then, in view of formulas (4.10), (4.12) and (4.19), we have, successively 


v= S- (log p) dtpmy * > Of} 


m2>1,p k>1 


= S- (log p) b{pm.ny 


m,k>1, p 


= [Ss dn} S- log p. 


n>1 m>1,p: pr |n 


as was found in (4.22). Here, as before, p runs over all prime numbers. 
Now, for a fixed prime number p, we have that ae ia log p = log p™, 
so that pe pepe log p = logn by unique factorization of integers into 
prime powers. Thus we conclude that 


v= S (log 1) Ofn}- 


n>1 


4.2.1 Completion of the Harmonic String: Euler Product 


It is noteworthy that the harmonic string itself is the infinite convolution 
over all prime numbers of what one could call the elementary prime strings. 
Define 


he= So opp (4.24) 
j=0 


for every prime number p. Then 


h = *hp, (4.25) 
Pp 


where p ranges over all prime numbers. (Here, as in (4.17), * denotes 
the multiplicative convolution of measures.) This corresponds to the Euler 
product of the Riemann zeta function, recalled in formula (4.13) above. 
Indeed, 


Ch, (8) = ; (4.26) 
the p-th Euler factor of ¢(s), and for Res > 1, 


6, a,(8) = T] —— =e). (4.27) 


= s 
Pp : P 


To obtain ¢g(s) = T'(s/2)m~*/, the Euler factor at infinity of the completed 
Riemann zeta function, where I’ denotes the classical gamma function (see 
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Appendix A, Section A.3), one has to convolve one more time with the 
continuous measure 
-2 dx 
Poo (dx) = 2e7"** —, (4.28) 
x 
which is not a string in our sense, because it has positive (albeit extremely 
small) mass near 0. 
In summary, we have the following adelic decomposition (in the sense of 
Tate’s thesis [Ta]) of the completed harmonic string he := hoo * h: 


he = hog * (. ty) ; (4.29) 
P 


where ho is the continuous measure defined by (4.28) and where the infinite 
convolution product runs over all prime numbers p. One computes that this 
is the measure 


h.(dx) = (6(@~*) — 1) a 


where the theta function® is defined by 


n=—Cco 


It is well known that 0(1/x) = x(x) (see, e.g., [Ta]). Hence 
O(a) =1+ Dest ae oes") as © —> 0O 
and 


6(x) = ‘ (1 rs o(e*/*") | as x > 0. 


Thus the measure h. has density about 2e77/ © near 0, and density 1 near 
infinity, as does h. Note, however, that h., like ho, is not a measure that 
fits in our framework since it does not vanish in a neighborhood of x« = 0, 
even though it is very small near 0. 

Correspondingly, the completed Riemann zeta function (as in [Ta], but 
defined slightly differently from either [Dav, Chapter 12] or [Edw, §1.8]) is 
given by 


E(s) = Cn,(s) = 1-970 (8/2) ¢(s). (4.30) 


The function € is meromorphic in all of C, with simple poles at s = 0 and 
ats = 1. Since the measure h, has nonzero mass near 0, this function grows 
faster than exponentially as s > oo. 


6 The classical theta function is defined by making the change of variable x? = —ir, 
where 7 has positive imaginary part. 
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We leave it to the interested reader to investigate how the functional 
equation for €, namely, 


é(s) =E(1-s) (s€C), (4.31) 


translates in terms of the measure he. 
It is noteworthy that the partition function (or theta function) of h, 
defined as the Laplace transform of h, 


O,(t) = fe e '* h(dz), (4.32) 


for t > 0, is given by the function 


1 
We refer to Section 6.2.3 below for further discussion of the partition func- 
tion of a fractal string. 


4.3 Generalized Fractal Sprays 


As in Section 1.4, we can consider basic shapes B other than the unit 
interval, scaled (in a formal sense) by the generalized fractal string 7. Thus 
we define the spectral zeta function of the generalized fractal spray of 7 on 
the basic shape B as 


Gu (8) = Gn(s) - a (s)- (4.34) 


When 77 is an ordinary fractal string £2, then we recover the notion of 
ordinary fractal spray (of £ on B) from [LapPo3] and Section 1.4. Further, 
in view of (1.46), ¢, coincides with the spectral zeta function of an ordinary 
fractal spray, as defined by (1.43). 

For later applications, we need to further extend the notion of general- 
ized fractal spray by going beyond the geometric situation when the basic 
shape B is an actual region in some space. That is, we sometimes define B 
only virtually by its associated spectral zeta function, ¢g(s), which can be 
any given generalized Dirichlet series or Dirichlet integral. Then the spec- 
tral zeta function of such a spray (of 7 on B) is still given by (4.34). More 
precisely, if 


cols) = fo o-*p(ae) (4.35) 


for some measure p, then, by definition, the spectral measure of such a 
virtual generalized fractal spray is given by 


V=7* p, (4.36) 
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from which (by (4.18)) relation (4.34) follows. 

This extension will allow us to investigate the properties of any zeta 
function (or generalized Dirichlet series) ¢g, as will become particularly 
apparent in Sections 9.3 and 11.2. 


4.4 The Measure of a Self-Similar String 


In this section, we investigate some of the properties of the measure as- 
sociated (as in Section 4.1) with a self-similar string (with a single gap), 
introduced in Chapter 2. As was mentioned in the introduction to this chap- 
ter, the present section—which is of independent interest—can be omitted 
on a first reading. 


Let £ be a self-similar string with a single gap, as in Section 2.2.1, con- 
structed with the scaling ratios r1,...,74 and normalized such that the 
first length is 1; i.e., the total length is LD = a5 by Remark 2.5. By Equa- 
tions (4.8) and (2.7), the measure jc associated with CL is 


he 
Leo= a ( e Jee, (4.37) 
e1>0,...,.en>0 


where the sum is over all N-tuples of nonnegative integers e = €1,...,en. 
Here and in the following, we use the multi-index notation 


De = 5 e;, (4.38a) 


Ce) (4380) 


N 
eas ae (4.38c) 


and we will use e > 0 for e; > 0,...,en > 0. (See formula (2.6) for the 
definition of the multinomial coefficient (*2) 2) 

For a scaling factor t, we let tA be the set {tz: « € A}. Further, for a 
predicate P, we let dp be 1 if P is true, and 0 otherwise. 


Theorem 4.8. The measure uc defined by (4.37) satisfies the following 
scaling property, which we call its self-similarity property: 


N 
Uc(A) = d1ca + S- Lc(rjA), (4.39) 


j=l 


for every subset A of (0,00). 
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Moreover, pug is completely characterized by this property. In other words, 
every generalized fractal string satisfying this property necessarily coincides 
with uc. 


Proof of Theorem 4.8. The measure of A is 


pel) =S ()i,-cca, (4.40) 


ll 
0} 
Vv 
oOo 
aa 
o 
Sa 
a 
Le} 
i 
$ 
oh 
any 
S 


Me —1 
Op-ec A: 
wap ep ly nea pON 


I 
M4 
oo 


We sum these expressions over j and use the following generalization for 
multinomial coefficients of the usual property of binomial coefficients: 


N 

ue — 1 ue 
, bej>1 = ; 
ari Ciyn er Cj ep — Lyejpriys.-5 EN e 


where only e; has been decreased by one. We find 


~ ~ h“e-—1 
A) = Tr 
De Helty ) 3) Cae eee j>10r-ec A 


j=le>0 


N 
hNe-—1 
— by—e Oe, 
Xs cad Oe ee 


e>0 


Le 
_ dy—e A> 
x (2) 

where the notation e > 0 indicates that e = (0,0,...,0) is excluded. We 
recover formula (4.40) for 4¢(A), except for the first term, corresponding 
to e = (0,...,0). This term is dj¢4. Thus jig satisfies relation (4.39), as 
claimed. 

Next, let 7 be a string that satisfies this same relation. Then 7 — pc is a 
measure 77’ that satisfies 


N 
nf (A) = Sol (ry). (4.41) 


j=l 
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We will show that this implies that 7’ = 0. Since every measure is deter- 
mined by its values on bounded sets, we can assume that A is bounded. 
Since 7’ is a generalized fractal string, there exists xo such that 7’ = 0 
on (0, 29). So we are done if A is Contained: in this interval. Suppose now that 
we know that 7’ = 0 on (0, xor7*). ie if A is contained in (0, zor} aot ay 

the sets r;A are contained in (0, zor, “), because r; <1, for j =1,...,N. 

Hence 7'(A) = 0 by relation (4.41). It follows that 7’(A) = 0 for all bounded 
subsets A of (0,00). Hence 7’ = 0 and so 7 = uc. This completes the proof 
of the theorem. 


4.4.1 Measures with a Self-Similarity Property 


It follows from the above proof that a measure 7 on (0,00) vanishes if it 
satisfies 


N 
n(A) = D0 n(r3A) (4.42) 


ah 


and is supported away from 0. It is interesting to study how 1 is deter- 
mined when it has mass near 0. Assume that 7 is absolutely continuous 
with respect to the measure dx/a, the Haar measure on the multiplicative 
group R*_. Thus, there is a Borel measurable function f on (0,00) such that 
n(dz) = f(x) dx/x. Then f satisfies the relation 


N 
= >of (rj), (4.43) 


jot 


for all « > 0. 

Choose some r € (0,1) and write r; = r*i for positive real numbers k; 
with 0 < ky <...< ky. Let g(t) = f (r~*), for t € R. The function g has 
the following periodicity property: 


N 


g(t) = So g(t— ky), (4.44) 


it 


for all t € R. We cannot deal with such functions in general (see Prob- 
lem 4.10 below), but we can handle them when 7 is a lattice string in the 
sense of Definition 2.13. 

In the lattice case, we choose the multiplicative generator, r, of 7, and 
hence positive integers ky >--- > k,, such that r; = pe for 7g HV IN 
(See Definition 2.13.) Then g is determined on Z, for example, if g(0), g(1), 

..,g(kw — 1) are chosen, and in general, g is determined on R when g 
is given on the interval [0,ky). We can solve the associated recursion by 
using the next proposition. 
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Proposition 4.9. The solution space of the recursion relation 
N 
Gn = Se An—k; (n € Z) 
j=l 
has dimension ky. For each complex solution z of the polynomial equation 
N 
Pre ae h (4.45) 
j=l 


of multiplicity m(z), we obtain m(z) solutions 
ne nig” (n € Z), 


of the recursion relation, for each integer q between 0 and m(z) — 1. 
Alternatively, for every t € R, we obtain m(z) solutions 


nes (n+ tier (n € Z). 


These solutions (for fixed t, and all z and q, 0 <q < m(z)—1) form a 
basis of the solution space. 


Thus, if the values g(0), g(1),...,g(kn — 1) are known, then there exist 
coefficients c,,, such that g(n) = >>, el ee Cz,qn%z" for all natural num- 
bers n > 0, where z runs through the solutions of (4.45). More generally, 
for each t € [0,1), if g(t), g(t +1),...,g(t + kw — 1) are known, then there 
exist coefficients c,,,(t) such that 


m(z)—1 
ont) =S2 SD cegltn + e)t2"". 
q=0 


z 


We extend the definition of c,,,(t) by periodicity: Thus c,,,(t) is defined 
by czq({t}), where {t} = t — [f] is the fractional part of t. The func- 
tions cz,q(t) have a Fourier series expansion: cz,q(t) = onez Cz,qner. 
We thus find the following expansion for the general function with period- 
icity property (4.44): 


m(z)-1 


gS Do Gene rere (4.46) 


z q=0 neZz 


This argument is justified if we impose some integrability condition on g. 
A convenient condition is that g is locally L?; i.e., |g|? has a finite integral 
on every compact subset of the real line. Then the coefficients c,,,(t) are 
locally L?, which is equivalent to the condition that for every z and q 
the sequence of Fourier coefficients cz,4,n is square-summable: for every z 
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and GS neg Caan < OO: Since there are only finitely many z and q, this 


is equivalent to >>, Bal a Selene a oe 
In multiplicative terms, we obtain the following expansion for f: 


m(z)-1 
- x S- S- Cz,qnv"? (— log, z)tz~'°r*, for 2 > 0, 


z q=0 neEZ 


with p = 27/logr—', the oscillatory period of the given lattice string. 
Recall from Theorem 2.16 that the complex dimensions w of the lattice 
string £ are the solutions of the equation 1 = ye rs” and that they lie 
periodically with period p on finitely many lines. Thus, to every z there 
corresponds an w such that z = r~“”. Choose complex dimensions w,, one 
for each solution z. This means that we choose one w, on every line of poles 
of Cc. Observe that z~!°8* = a”? and that w,+ inp runs over all complex 
dimensions. Thus we find that 


m(w)—1 


L) = 3 S Cw,q(— log, «) 4x”. (4.47a) 
w q=0 


Here, w runs over all complex dimensions of £, and q runs from 0 to the 
multiplicity of w minus one. The coefficients are determined by cy.q = Cz,q,n 
for w = w, + inp, and they are square-summable. This expression is very 
similar to the explicit formulas that we shall derive in the next chapter. In 
case all complex dimensions of £ are simple, we obtain 


= Slee (4.47b) 


For a nonlattice string, there is no natural choice for r. We set r = 1/e 
and we formulate the following open problem, which may be solvable using 
the techniques of the next chapter. 


Problem 4.10. Let £ be a self-similar string, constructed with scaling 
ratios r;,...,7n and a single gap g;, normalized as in Remark 2.5. Show 
that every function f that is locally L? on (0,00) and satisfies the self 
similarity relation (4.43) has an expansion of the following form: 


m(w)— 


> » Cw,q(logx)!a*, for x >0, (4.48) 


weEDc(C) 


where w runs over the complex dimensions of the string £ and m(w) is 
the multiplicity of w. Further, show that the coefficients c,,,, in (4.48) are 
uniquely determined by f and that they are square-summable. 


The reader may first try to solve the special case of simple complex 
dimensions: 
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Problem 4.11. If all the complex dimensions of £ are simple in the sit- 
uation of Problem 4.10, then show that 


f@y= S. Gon). fora 0, (4.49) 


4.5 Notes 


Our point of view in this chapter is more general than that of [JorLan2] in 
the sense that we allow for infinitesimal multiplicities, but less general in 
the sense that they allow for complex ‘lengths’. Of course, the interpretation 
in [JorLan2] is not in terms of lengths and complex dimensions of fractal 
strings. Moreover, the notions of screen and window for the meromorphic 
continuation of the Dirichlet integral ¢,, are not used in that work. 

Section 4.1: a local positive measure on (0, 00) is a standard Borel positive 
measure 77 on (0,00) which is locally bounded (i.e., such that (J) < 00 for 
any compact subinterval J of (0,0o)). Furthermore, a local complex mea- 
sure on (0,00) is a C-valued set function (defined on the Borel subsets 
of (0,00)) whose restriction to each compact subinterval J of (0,00) is a 
complex measure on J (and hence, has a finite total variation: |7|(J) < co; 
see, e.g., [Coh, Chapter 4] or [Ru2, Chapter 6, esp. Theorems 6.2 and 6.4]). 
The main point of these definitions is that one can then make sense of 
integrals of the type le f(x) n(dx), for suitable functions f (see, for ex- 
ample, Equations (4.2) and (4.4) above). The interested reader can find 
more information about this topic in [DolFr, Sections 1.6, 5.5, and Defin- 
ition 6.1], along with [JohLap, Chapters 15-19, esp. Sections 15.2.F, 17.6 
and 19.1]. For simplicity, we will drop the adjective “local” when referring 
to the measure associated with a generalized fractal string. 

Section 4.4: the measure fic on (0,00) is not a self-similar measure in 
the sense encountered in the literature on fractal geometry; compare, e.g., 
[Hut; Fal, Section 8.3] and [Str1-2, Lap5-6]. 
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Explicit Formulas 
for Generalized Fractal Strings 


In this chapter, we obtain pointwise and distributional explicit formulas 
for the counting functions of the lengths and of the frequencies of a fractal 
string. These explicit formulas express these counting functions as a sum 
over the visible complex dimensions w of the fractal string. To unify the 
exposition, and with a view toward later applications, we formulate our 
results in the language of generalized fractal strings, introduced in Chap- 
ter 4. 

After having introduced some necessary notation and given a heuris- 
tic proof of one of our formulas in Section 5.1, we discuss some technical 
preliminaries in Section 5.2. Our pointwise explicit formulas are proved in 
Section 5.3, while our distributional explicit formulas and various useful 
extensions are established in Section 5.4. Finally, in Section 5.5, we close 
the chapter by explaining how to apply our explicit formulas to reprove the 
classical Prime Number Theorem (with error term). Many additional exam- 
ples illustrating our theory will be discussed in Chapter 6 and throughout 
the remainder of the book. 


5.1 Introduction 


Our explicit formulas usually contain an error term. In most applications, 
this error term will be given by an integral over the vertical line Res = ao, 
for some value of oo, but in general, it will be given by an integral over 
the screen S, introduced in Section 1.2.1. When applied to a nonlattice 
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self-similar fractal string, the theory of dimension-free regions developed in 
Chapter 3 (see especially Section 3.6) will allow us to maximally exploit a 
suitable choice of the screen. 

We have defined N,,(x), the counting function of the reciprocal lengths, 
in Definition 4.1(ii), formula (4.2). In our framework, it will be very useful 
to also consider the integrated versions of the counting function. We will 
denote by Ni the k-th primitive (or k-th antiderivative) of n, vanishing 
at 0. Thus 


nile) = [EO nay, (5.1) 
ew 


for c > 0 and k = 1,2,.... In particular, N, = Ni is the antiderivative 
of 7, vanishing at 0. Note that ni is a continuous function as soon as k > 2. 


In general, ni* is (kK — 2) times continuously differentiable for k > 2. 
Formally, and this will be completely justified distributionally, 


d 
Oo} _ = 
Nfl = an =” (5.2) 


The pointwise formulas give an expression for ni (x), valid for all x > 0 
(or all « > A for some A > 0) and all & > 1 sufficiently large. 

The distributional formulas describe 7 as a distribution: on a test func- 
tion y, the distribution 7 acts by 


nv) = f ” g(a) n(dz). (5.3) 


The k-th primitive of this distribution will be denoted by Pil, More pre- 
cisely, pik is the distribution given for all test functions y by 


(PI, p) = (-1)*(n, Ply), (5.4) 


where Pl*'ly is the k-th primitive of y that vanishes at infinity together 
with its derivatives. Thus, for a test function y, 


CO OO ( _ k-1 
(Pie) = f° f° SEY oa) dentay), (65) 


and pe = 7. 

For the general theory of distributions (or generalized functions, in the 
sense of Laurent Schwartz), we refer, e.g., to [Schw1—2, H62, ReSil—2]. We 
recall from that theory that any locally integrable function f on (0,00) de- 
fines a distribution in the obvious manner. Specifically, for any measurable 
function on (0,00) such that a | f(x)| da is finite for every [a,b] C (0,00), 


Coe | * faloey ae, (5.6) 
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for all test functions y with compact support contained in (0,00). This 
applies in particular, for each fixed k > 1, to the k-th integrated counting 
function, f(x) = nit (x), associated with an arbitrary generalized fractal 
string 7. 


5.1.1 Outline of the Proof 


In this section, we discuss heuristically how the pointwise explicit formula is 
established. We will derive a pointwise formula for 7, even though, to make 
the argument rigorous, this formula has to be interpreted distributionally. 

Our starting point is an expression for the Dirac delta function at y as 
a Mellin transform, 

1 creee s—l,-—s 
oak ae x Yy ds = Jf y} (x), 

for c > 0. This is Lemma 5.1 below, applied formally for k = 0. For the 
moment, we interpret 6,,} as a function, which is why the present argument 
is not rigorous. Viewing the measure 7) as a superposition of delta functions, 
we write 


ne) = f Bn (orld) = fe f OT ea isaasy. 


x 
For c > D, we interchange the order of integration and use the expression 
for the geometric zeta function ¢,(s) = fe y_* (dy) to deduce that 


1 c+ioo 
n(a) = =a | wo *G, (a\ ds. 
TM Sc—ico 
This expresses 7(x) as the inverse Mellin transform of ¢,(s). In order to 
obtain information about 7, we need to push the line of integration Res = c 
as far to the left as possible. When we push it to the screen S, we pick up 
a residue at each complex dimension w of 7. Thus, we obtain the density 
of lengths (or density of geometric states) formula: 


n= S- res (1*~*¢,,(s);w) + oq fo Gules, (5.7a) 


207% 
weD,(W) 


where we denote the residue of a meromorphic function g = g(s) at s =w 
by res(g(s);w). If the complex dimensions are simple, this becomes the 
formula 


1 

Saar y wl s—l1 

n= ) res (¢,(s);w) 2°" + Teal x*°¢,(s) ds. (5.7b) 
weED, (W) 


In order to turn this argument into a rigorous proof, we need, in partic- 
ular, to assume suitable growth conditions on ¢,, which will be stated at 
the beginning of Section 5.3. We say that 7 is languid if ¢, satisfies these 
conditions. 
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5.1.2. Examples 


We shall give two versions of the explicit formula. The first is pointwise, 
in Section 5.3, and the second is distributional, in Section 5.4. We have 
in mind a number of examples to which we want to apply our explicit 
formulas: 


1. 


10. 


11. 


The counting function of the lengths of a self-similar string. Then, we 
can choose W = C and therefore obtain an explicit formula involving 
all the complex dimensions of the string; see Sections 6.4.1 and 6.4.2. 


. The counting function of the frequencies of a self-similar string. Here, 


we shall obtain information up to a certain order (i.e., W 4 C), due 
to the growth of the Riemann zeta function to the left of the critical 
strip 0 < Res < 1; see Section 6.4.3. 


. More generally, the geometric and spectral counting functions (Sec- 


tions 6.2.1, 6.2.2 and 6.3.1) and the geometric and spectral partition 
functions (Section 6.2.3) of an ordinary fractal string. 


. The fractal string of [Lap1, Example 5.1], also called the a-string in 


Section 6.5.1. 


. The ordinary fractal string of [LapMa2], with which M. L. Lapidus 


and H. Maier gave a characterization of the Riemann hypothesis. 
Again, we shall obtain information up to an error term since the geo- 
metric and spectral zeta functions of this string may not have an 
analytic continuation to all of C. We will, however, improve signifi- 
cantly the error term obtained in [LapMa2]; see Chapter 9. 


. A continuous version of this string, discussed in Section 9.2. 


The geometric and spectral counting functions of a generalized Cantor 
string (Chapter 10 and Section 11.1), and of a generalized Cantor 
spray (Section 11.2). 


. The geometry and the spectrum of generalized fractal sprays; see 


Sections 6.6, 9.3 and 11.2. 


. The volume of the tubular neighborhoods of fractal strings, as dis- 


cussed in Chapter 8; see especially Section 8.1 and in the case of 
self-similar strings, Section 8.4. 


The classical Prime Number Theorem and the Riemann—von Man- 
goldt explicit formula for the zeros of the Riemann zeta function 
(Section 5.5). 


The Prime Number Theorem and the corresponding explicit formula 
for the primitive periodic orbits of the dynamical system naturally 
associated with a self-similar string (Section 7.4). 
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As was alluded to above, our explicit formulas can be applied either to 
the geometric zeta function of an ordinary fractal string £, yielding explicit 
formulas for the counting functions of the lengths of £, or to the spectral 
zeta function of £, yielding explicit formulas for the counting functions of 
the frequencies of £; see, for example, Chapters 6 and 10. The resulting ex- 
plicit formulas show clearly the relationship between the counting function 
of the lengths and that of the frequencies. This relationship can be de- 
scribed as follows. The counting function of the frequencies is obtained by 
applying an operator, the spectral operator, to the explicit formula for the 
counting function of the lengths; see Sections 6.1, 6.2, and especially 6.3.1. 
This is already suggested by the results of [LapPo2] and [LapMa2], but it 
can be precisely formalized in our framework. 


A variant of Riemann’s explicit formula recalled in the introduction 
(page 3) is 


=e >= =(0 5 loa(1 1/2), (5.8) 


p 


where W(x) = sine Oe p counts the prime powers with a weight 
log p, and p runs over all critical zeros of the Riemann zeta function in 
order of increasing absolute value. It can be used to give a proof of the 
Prime Number Theorem with error term, using a zero-free region for ¢, 
first established by de la Vallée Poussin. If one only uses Rep < 1, then 
one obtains, with some effort since the sum is not absolutely convergent, 
that ~(x) = x+0(x) as x > oo, which implies the Prime Number Theorem. 
Later, in 1952, André Weil established the distributional formula 


Y Wp(F) = (0) + 1) — F> 8p), (5.9) 


where @ is the Mellin transform of the test function F', and W, (for primes p 
and for p = oo) is the Weil distribution (see [Wei4, p. 262]). This formula 
reveals more clearly the underlying structure: on the left-hand side, we have 
contributions from all valuations of the field of rational numbers, while the 
right-hand side involves the pole and all critical zeros of the Riemann zeta 
function. 

The duality between the concrete side of the prime counting functions 
and the abstract side of the zeros and poles is also the main idea behind 
the explicit formulas in this book. Thus we will show that the counting 
function of the lengths of a fractal string, 


Ne (x) = #{j: is? <a} 


has the following explicit formula (if the complex dimensions are simple): 


Ww 


Ne(2) = res(¢e(s);)—— 


Ww 
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If £ is a lattice self-similar string, then there exist infinitely many complex 
dimensions with real part D, and one obtains N¢(x) = gc(x)x? + o(x?), 
for some nonconstant multiplicatively periodic function gc (x). On the other 
hand, for nonlattice strings, D is the only complex dimension with real 
part D, and all other complex dimensions w satisfy Rew < D. Thus one 
obtains for nonlattice strings that Ne(x) = ger? + 0(x”), for some con- 
stant ge. 


The pointwise and distributional explicit formulas that we will give (in 
Sections 5.3 and 5.4 below) deviate in two ways from the usual explicit 
formulas found in number theory. On the one hand, we consider the den- 
sity of states formula to be more fundamental. This formula corresponds, 
for instance, to the derivative of the usual explicit formula of the prime 
number counting function, and exists only in a distributional sense (see 
Section 5.5). The integrated versions of this formula always exist as dis- 
tributional formulas, and also sometimes as pointwise formulas. On the 
other hand, our explicit formulas will usually contain an error term (see 
Theorems 5.10 and 5.18). In the number-theoretic formulas, this error term 
is not present (or else is not considered as such), thanks to the use of the 
functional equation satisfied by the Riemann or other number-theoretic 
zeta functions. 

Sometimes, as in the case of the counting function of the lengths of a 
self-similar string, this error term can be analyzed by pushing the screen 
arbitrarily far to the left, and the resulting formula is an explicit formula 
in the classical sense. (See Theorems 5.14 and 5.22; see also Section 6.4 
for the case of self-similar strings.) But already for the counting function 
of the frequencies of a self-similar string—and also, for example, when the 
geometric zeta function of a string does not have a meromorphic continu- 
ation to the whole complex plane—there is no way to avoid the presence 
of an error term, and our formulas are, in some sense, best possible. (See 
Section 6.4 and, for example, Section 6.5.2.) The usefulness of our explicit 
formulas depends very much on the possibility of giving a satisfactory anal- 
ysis of this error term. We will provide such asymptotic estimates both for 
the pointwise error term (see Theorem 5.10, Equations (5.36)—(5.38)) and, 
in a suitable sense to be specified in Definition 5.29, for the distributional 
error term (see Theorems 5.18 and 5.30). 


5.2. Preliminaries: The Heaviside Function 


We refine here the basic lemma of [In, pp. 31 and 75; Dav, p. 105]. This 
extension will be needed in the proof of Lemma 5.9, the truncated point- 
wise formula, which itself will be used to establish both the pointwise and 
the distributional formulas (Theorems 5.10, 5.14 and 5.18, 5.22). We refer 
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the interested reader to Figure 8.1 (page 250) for a diagram of the interde- 
pendence of the explicit formulas and other theorems in this book. 
Define the k-th Heaviside function for k > 1 by 


gk-l 
: (e-D! for x > 0, 
Hil (a) = 0, for x <Oorx=0, k>2, (5.10) 
1 


5 forz=0, k=1. 
For k > 2, H!*l(a) is the (k — 1)-th antiderivative (vanishing at 2 = 0) of 
the classical Heaviside function H!!) (x), equal to 1 for x > 0, to 0 for x < 0, 
and taking the value $ at x = 0. Note that, in view of definition (5.1), we 
have 


k Peale 
N#*(2) = i) Hl" (x — t) n(dt). (5.11) 
For k > 1, we define the Pochhammer symbol (s)x by 
(s), = 8(s+1)---(8+k-1). (5.12) 


The usefulness of the following lemma will become apparent upon con- 
sulting Definitions 5.2 and 5.3 and observing how the conditions L1 and L2 
or L2’ therein are used to obtain the subsequent results. 


Lemma 5.1. Forc>0,7T_ <0<7;,2,y>0 and k=1,2,..., the k-th 
Heaviside function is approximated as follows: 


1 cil, d 
Hll(¢ — y) = al gith—ly—s OF +E. (5.13) 
Qrt c+iT_ (s)k 


Putting Tmin = min{T,,|T_|} and Tmax = max{T;,|T_|}, the error E of 
this approximation does not exceed in absolute value 


1 
ct+tk—-1, —cem—k : - 
Ti Diekitaas a 9 ; 14 
x y “Tan min { isee = losy| \ ifxrAy (5.14a) 
hanes! RE Sa ER if c=y, all k,  (5.14b) 
((e+k—1)2*"" + Trax —Tmin) t* TGR, if x =y, k is odd. (5.14c) 


Proof. Let x < y, so that H!*!(a — y) = 0. We consider the integral 


1 s+k—1,,-—s ds 


Qn (s)k 


over the contour c+ i7_,c+1717,,U +717,4,U +77T_,c+iT_, for a large 
positive value of U. The integral over the left side equals —E, and we want 
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to show that it is small. By the Theorem of Residues [Ahl, Theorem 17, 
p. 150], the contour integral vanishes. Hence the integral over the left side 
equals the value of the integral over the contour composed of the upper, 
lower and right-hand sides. The integral over the right-hand side is bounded 
as follows: 


U+1T + 
1 i] gs tk— 1,-s ds 


2071 


T. 
1 = gthal you dt 
U+iT_ (s)k 


= On So * |U+ al 


< Ty —T_ gl th-ly-Uyy-k. 
27 


Further, the integral over the upper side satisfies the inequality 
1 gk-1 U é 
— — x do 

San [ en 


getk-l1 


U+iT, 
1 ) ps tk— 1,-—s ds 
c 


Qri +iT (s)k 


—c 


Y —k 
——_____——_ T 
~ Inllogx—logy| + ’ 


and, similarly, that over the lower side is bounded by 
grr esis 


a 7 8 
Fa Sa BTA a 


independent of U. On letting U go to infinity, the contribution of the right- 
hand side becomes arbitrarily small. The contribution of the upper and 
lower sides is now bounded by 


ao; eee —k a = eae 
gctk ly c (a +|T_| k gctk ly c ii 


min* 


| log « — log y| 20 ~ log x — log y| 


This proves the second inequality of (5.14a). To prove the first inequality 
of (5.14a), we integrate over the contour composed of the line segment 
from c+?7T_ to c+ 77, a circular arc to the right with center the origin 
of radius Tin, and a line segment from c+ 774 to c+ 77min, if Te = Tmax 
(respectively, from c—iTynin to c+iT_, if |T_| = Tmax). Again, the integral 
over the line segment c+ i7T_ to c+77, vanishes up to the value of the 
integral over the circular part and the little line segment of the contour. 
These two integrals are bounded by 


1 
ctk—-1,—eqm—k _ .ct+tk—-1,—cml1—k 
on : 27Tmin °ax ] Tee =X 7] Tain ) 


and 
eer ay? (Divas = (eee 


min’ 


Note that this estimate is also valid for « = y, proving (5.14b). 
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The estimate of the error in the case x > y is derived similarly, with 
respectively a rectangular and a circular contour going to the left. The value 
of the contour integral requires some consideration now. The integrand has 
simple poles at the points 0,—1, —2,...,1—k. The residue at —7 is 


= gaye (" ; ) 


Hence the sum of the residues is (x — y)*—!/(k — 1)! = HII (a — y). 

It remains to derive the better order in T, and |T_| when k is odd 
and x = y (see inequality (5.14c)). Without loss of generality, we assume 
that T, = Tmax. By a direct computation, 


oS ee 
Qnt Jost. (s)k Qn Jp (c+it)p 


_ gk! i Re(c + it)x rs gk oe dt 
2 doe “GRIF Oh ae COE: 


where (c+ it), is given by (5. 12). For k = 1, the second term on the right 
is bounded by (Tmax — Tmin) T;;,. Further, the first term on the right is 


min’ 


1 Tmin Cc 1 Tmin/¢ du 
zp dt = 2 
T Jo Cott T Jo l+u 


a =. du 
i) Trin [ec T+u2’ 


which differs from 1/2 by at most ¢/Tinin. 
For & > 3, the error is given by 


k-1 oe) it k-1 Ti. 
x vi Re(c + it)x pee / dt (5.15) 


T Stim (+ H)x/? 2m ST yin (C+ it) 


The last integral is bounded by (Tinax — rn WA ca Next, we expand 
(c + it), in powers of t: 


k-1 
(c+ it), = (at E+ S° a;(it) 

j=0 
where a; is the sum of all products of k—j factors from c,c+1,...,c+k—1. 
Hence for odd k, Re(c+7t), = Dare en a;(it)?. One checks that a; is 
bounded by (c+ k— 1)*-9(%) < (c+ k— 1)*-J2*-1. Thus we find 

(k-1)/2 
|Re(c+it)e| < S> (e+ — 1) 77257177, 
j=0 
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On the other hand, |(c + it),|? > ¢t?*. Thus the integrand in (5.15) is 
bounded by Dae +k —1)*-23Qk-1423—-2k | Integrating this function, 
we find the following upper bound for the error: 


a : p2g—2k+1 
(c+k— ee i ra <(e+k—-1)T{f2"!, (5.16) 


for T > c+k-—1. This establishes inequality (5.14c) and completes the 
proof of the lemma. 


5.3 Pointwise Explicit Formulas 


In this section, we establish two different versions of our pointwise explicit 
formulas: one with error term (Theorem 5.10), which will be the most useful 
to us in this book, as well as one without error term (Theorem 5.14). The 
latter requires more stringent assumptions. 


Let 7 be a generalized fractal string as in Section 4.1, with associated 
geometric zeta function denoted ¢,; see Definition 4.1(iv). 

Recall from Section 4.1 and Figure 1.6 of Section 1.2 that the screen S 
is given as the graph of a bounded, real-valued continuous function S(t), 
with the horizontal and vertical axes interchanged: 

S = {S(t) + it: t € R}. 
We assume in addition that S(t) is a Lipschitz continuous function; i.e., 
there exists a nonnegative real number, denoted by ||S||Lip, such that 
|S(a) — S(y)| < [|Slluipla — yl, for all x,y ER. 


We associate with the screen the following finite quantities: 


inf S := inf S(%), (5.17a) 
and 
sup S' := sup S(t). (5.17b) 
teR 


We assume that sup S < D; that is, S(t) < D for every t. Further, recall 
from Section 4.1 that the window W is the part of the complex plane to 
the right of S; see formula (4.6). 


Definition 5.2 (Languid). The generalized fractal string 7 is said to be 
languid’ if its geometric zeta function ¢, satisfies the following growth 


lWe wish to thank Erin Pearse for having suggested the term “languid” to refer to 
strings satisfying L1 and L2. In [Lap-vF5], the hypotheses L1 and L2 were denoted by 
(Hj) and (H2), and L2’ of Definition 5.3 below was denoted (H4). 
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conditions: There exist real constants « and C' > 0 and a two-sided se- 
quence {T,,}nez of real numbers such that T_, <0< 7, for n > 1, and 


Tn 
lim T,=co, lim T_, =-—o, lim —— =1, (5.18) 
noo noo n—->+0o \T nl 
such that 


L1 For alln € Zand all o > S(T,,), 


leno + 2Tr)| SC - (Th +1)", (5.19) 


L2 For allt € R, |t| > 1, 


len (S(t) + ##)] < Cel. (5.20) 


Hypothesis L1 is a polynomial growth condition along horizontal lines 
(necessarily avoiding the poles of ¢,,), while hypothesis L2 is a polynomial 
growth condition along the vertical direction of the screen. We will need 
to assume these hypotheses to establish our (pointwise and distributional) 
explicit formulas with error term, Theorems 5.10 and 5.18 below. 


Sometimes we can obtain an explicit formula without error term; see 
Theorems 5.14 and 5.22. In that case, in addition to L1 (for every o € R), 
we need to assume a stronger form of hypothesis L2. 


Definition 5.3 (Strongly languid). We say that 7 is strongly languid if 
its geometric zeta function ¢, satisfies the following condition, in addition 
to L1 (with S(t) = —oo in (5.19) above; i.e., for every o € R): There 
exists a sequence of screens S,,:t +> S,,(t) + it for m > 1, t € R, 
with sup S;,, ~ —co as m — oo and with a uniform Lipschitz bound 
SUP >1 || Sm||Lip < 00, such that 


L2’ There exist constants A,C > 0 such that for allt ¢ R and m > 1, 


IGn(Sm(t) + it)| < CA!Sm Ol (lt) 4.1%, (5.21) 


Clearly, condition L2’ is stronger than L2. Hence, if 7 is strongly languid, 
it is also languid (for each screen S,,, separately). 

Sometimes, it will be convenient to say that ¢,—rather than 7—is languid 
(or strongly languid), in the sense of Definition 5.2 (or 5.3). 


Remark 5.4. In view of (5.19) and (5.20), if 7 is languid for some «, then 
it is also languid for every larger value of «. In view of (5.21), the same 
statement holds for strongly languid strings. 
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Remark 5.5. The hypothesis that the generalized fractal string 7 is lan- 
guid is needed to establish our pointwise or distributional explicit formulas 
with error term (Theorems 5.10, 5.18, and 5.26), while the stronger hypo- 
thesis that 7 is strongly languid is required to establish our pointwise or 
distributional explicit formulas without error term (Theorems 5.14, 5.22, 
and 5.27). (See also Theorems 8.1 and 8.7, for example.) 


Remark 5.6. We could have formulated L1 and L2 with different values 
of &, or even with a sequence of real exponents {#,}>°_, in L2’. One reason 
not to do this is that if ¢, has no poles, or finitely many poles, then, by 
Lindeléf’s Theorem [Edw, p. 184], L1 is implied by L2 (or L2’), with the 
same value of k. 


Remark 5.7. As is explained at the beginning of Section 6.4, self-similar 
strings are always strongly languid. Thus, for a self-similar string we can 
let W = C and obtain explicit formulas without error term, at least at the 
geometric or dynamical (but not at the spectral) level. See for example, 
Sections 1.1.1, 1.2.2, 6.4.1, 6.4.2, 7.4.2, 7.4.3 and 8.4, for concrete illustra- 
tions of this statement. This is especially useful for lattice strings, where 
closed formulas can be obtained. On the other hand, for nonlattice strings, 
it is often convenient to use an appropriate screen along which the string is 
languid, in order to obtain suitable remainder estimates. See, for example, 
Sections 7.5 and 8.4.4. 


The next definition will be used to formulate the truncated pointwise 
formula (Lemma 5.9 below), which is the first step towards our explicit 
formulas. 


Definition 5.8. Given an integer n > 1, the truncated screen S\,, is the 
part of the screen S' restricted to the interval [T_,,7T,], and the truncated 
window W\, is the window W intersected with {s ¢ C: T_, <Ims < T)}. 
(See Figure 5.1 on page 150.) 

The set of truncated visible complex dimensions is 


D(Win) = Dn(Win) = Dy(W)N{s€C: Tn <Ims<Tp}. (5.22) 


It is the set of visible complex dimensions of 7 with imaginary part be- 
tween T_,, and T,,. 


We begin by proving a technical lemma that summarizes the estimates 
that we will need in order to establish both the pointwise formulas in this 
section and the distributional formulas in the next section. 

Note that given a, € R, with a < 6, we have 


xz, if0<a<1, 


max{x, 27} = fe ifr@>1 (5.23) 


7 
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In the following, it will also be useful to keep in mind that, in view of (5.17), 
we have 


inf S< sup S$ < D (5.24) 
and 
Sc{seC: infS < Res <supS}. (5.25) 


Lemma 5.9 (Truncated pointwise formula). Let k > 1 be an integer and 
let 7 be a generalized fractal string. Then, for all x > 0 and n > 1, the 
function Ni (x) is approximated by 


a roa 


wEDy (Win 
k-1 
1 k-1 - Rag , 
tao Dh (SG ') ie an 
j=0 
—jEW\D,, 
1 ds 
+ — atk-1e (s)——, (5.26 
Ori Sin Cul cer ( ) 


where (s)z is given by (5.12) and where Sj, and D,(Wj,) = D(W),) are 
given as in Definition 5.8, while D, = D,(W)(=D) is defined by (4.7). 
More precisely, assume hypothesis L1 and let? 


Tmax = Max{T,,|T_n|} and Tin = min{T),, |T_,|}. 


Let c > D. Then, for all x > 0 and all integers n > 1, the difference 
between Nil (x) and the expression in (5.26) is bounded in absolute value 
by 

d(a,n) := Qk Tk . [a sum of four terms], (5.27) 


min 


where the four terms are 


DCT ais (5.28a) 
Timex * (In](@— ¢Ting”, 2) + Inl(a,0 + aT pi”)) (5.28b) 
Tinax (for even k), 
5.28 
LEP f cu k = 1 aft iar = Tin (for odd k), ( ¢) 


?For notational simplicity, we do not indicate explicitly the dependence of Tmax and 
Tmin on the integer n. This convention should be kept in mind when reading the proof 
of Theorems 5.10 and 5.14 below. 


150 5. Explicit Formulas for Generalized Fractal Strings 


S(Tn) +iTn c+iIn 
Cupper 
Sin h Le Cright 
S(0) 0 D e 
Ciower 
io] Aa Ne ae c+iT_y 


Figure 5.1: The contour C. 


and 


Cire 


max 


(c — inf S$) max{x®, 2°}. (5.28d) 


Further, for each point s = S(t)+it (|t] > 1, t € R) and for all x > 0, the 
integrand in the integral over the truncated screen S|, occurring in (5.26) 
(namely, «°+*~1¢,(s)/(s)%) is bounded in absolute value by 


Ca tae eS ya, (5.29) 
when hypothesis L2 holds, and by 
CA~ ink Skt maxi Pe git Sale ok (5.29) 


when the stronger hypothesis L2’ holds. (See Equations (5.23) and (5.24) 
above.) 
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Proof. The proof is given in two steps. The first step consists of deriving an 
approximate expression for ni (x). For this, we consider the line integral 


a hake ds 
70) = Fri Loan oR 
ctiT_n»n 


for some c > D. (See the contour C in Figure 5.1.) We substitute the 
expression of formula (4.4), 


Gn(s) = [ y °n(dy), 


and interchange the order of integration. This interchange is justified since 
the integral is bounded by 


ee —c La Th —Tn Cc 
“ie a [oo In\( dy) = a ET (CD. 


We find that 
fore) ctiTyn ds 
Hen) = fo fatty (dy). (5.30) 
0 ni (s)x 


+iT_n )k 


In view of (5.11) and (5.30), the difference Nit (x) — J(x,n) can now be 
bounded via an application of Lemma 5.1 (with T_ = T_, and T; =T,,). 
The absolute value of this difference is bounded by 


oe) 1 ctiT;, ds 
HIF) (x —y)— mal gith-ly—s OF 
0 | 204 JctiT_n (s)k 


1 
< ae | ad a . min{ Tmax —_—___ | n| (dy 5.31 
[. Sorctegy jl) 33 


+a OTE In|({2})- i: oa oes): 


In| (dy) 


Tmax — Emin + 2 R-T(e +k—- 1) (k odd). 


To obtain a good bound for the last integral in this inequality, we split it as 
a sum of two integrals: one integral over ys ae that y < «(1— ee )ory> 
a(1+T../?), where | log x —logy| > T 


ae, and another integral over the 


x) and (a,c+2T.. a), 


min 


min ? 
two open intervals in between, namely, (a — Day ‘ 
The first integral is bounded by 


ere Orr (5.32a) 


min~ min? 


and the second by 


min min ? 


auth 1a eT ok Tmax (Inl(e — @T gi”, 2) + Inl(@,@ + 2Tpul)) . (5-32b) 
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Thus, the difference me (x) — J(x,n)| is bounded by the sum of three 
terms: (5.32a), (5.32b) and the term 


Tass (k even), 


5.32 
Tmax — Tmin + 2*-"(e+k—1) (k odd). 820) 


ae" Toin* \({z}) - 


Next we compute J(z,n) by replacing the right contour in Figure 5.1 
(that is, the line segment from c+iT_,, to c+iT,,) by Clower + Sin +Cupper- 
Here, S|, is the truncated screen; i.e., the part of the screen for t going from 
T_y to T,, and the upper and lower parts of the contour are the horizontal 
lines s = 0 +iTin, for S(Tin) < ao <c. (See Figure 5.1.) By the Theorem 
of Residues [Ahl, Theorem 17, p. 150], we obtain the following expression 
for J(x,n), 


aeth-1e (9) ) | k-1 (at), 5) 
Pl meow) + Ye ( Ges 
—jEW\D 


1 ds 1 
Fleet gitk-l s)—— + al gs tkol ig\—— 
maf, nl Ter 2Tt I Ch ower+Cupper Gn( ron 


|n 


A computation similar to that performed in the proof of Lemma 5.1 above 
shows that the residue at —j is equal to 


oa ("5 ') ie a2), 


J 


provided that —j is not a pole of ¢,; i.e., provided that —j ¢ D. The integral 
over the upper side Cupper is bounded by 


1 . A do 
o+iTp+k-1 iT. 
2r1 La Cn(o : G + tn jk 


1 . Cc 
< se omr,* | x° do 
or S(Tn) 

C K—-k,k-1 : c inf S 

< qin x” (ce — inf S$) max{x°, a" }, 
1 
(5.32d) 

by hypothesis L1. The integral over the lower side Cjower is bounded simi- 
larly. 
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In summary, we have now obtained the desired estimate: 


wED(Win 
1 eS ai 
-gay (Op) aca 
p 2 
—jEW\D 
~+ f gt®1¢(5)-" | < dan), (6.33) 
271 Sin - (s)k — : ¢ 


where d(z,n) is the sum of the four terms (5.32a)—(5.32d). 
Finally, at s = S(t) + it, we have |(s),| > |t|*. Hence the integrand 
in (5.33) at s = S(t) + 2t (|t] > 1) is bounded by a constant times 


ge Tee xe ol mgt? ge Nghe 


This constant is either C, when we assume L2, or C'- A754) < GC. AT inf, 
when we assume L2’. This completes the proof of Lemma 5.9. 


We can now state the main result of this section, which will be used 
in most situations (in this and in the later chapters) to obtain pointwise 
explicit formulas for geometric or spectral counting functions. In the next 
section, we will obtain its distributional analogue, Theorem 5.18. (See also 
Theorem 5.26 along with Theorem 5.30.) 


Theorem 5.10 (The pointwise explicit formula, with error term). Let 7 
be a languid® generalized fractal string, and let k be an integer such that 
k > max{1,«4+1}, where & is the exponent occurring in the statement of 
L1 and L2. Then, for all x > 0, the pointwise explicit formula is given by 
the following equality:4 


weD,(W) 
1 yr stead 
tae (Sp te aa + ae) 
_j€W\D, 


(5.34) 


’That is, it satisfies hypotheses L1 and L2 of Definition 5.2, Equations (5.19) 
and (5.20) above. 

4Recall that D, = D,(W)(= DP) denotes the set of visible complex dimensions of 
(for the window W), and that (s), is defined by (5.12). The complement of D,(W) in W 
is denoted by W\Dy. 
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Here, for x > 0, R(x) = RW (x) is the error term, given by the absolutely 
convergent integral 


1 st+tk—-1 
maf 1G (8) (5.35) 


~ Oni 


R(x) = RE(2) 


Further, for all x > 0, we have 


k-1 


x 
R(z) = RE (2) < C(t I|Slltiv) 7 ———> 


; max{xSP 5, gin 5} +4 Ch 


(5.36) 


where C is the positive constant occurring in L1 and L2 and C” is some 
suitable positive constant. The constants C(1 + ||S|lnip) and C’ depend 
only on » and the screen, but not on k. (Here, inf S and sup S are given 
by (5.17).) 


In particular, we have the following pointwise error estimate: 
R(x) = RIN (x) = O(aP aa (5.37) 


as x — co. Moreover, if S(t) < supS for all t € R (2e., if the screen 
lies strictly to the left of the line Res = supS), then R(x) is of order less 
than xP S+k-1 as xg - oo: 


RG) = RG) Sos"), (5.38) 


as X> OO. 


Remark 5.11. The statement of Theorem 5.10 does not give informa- 
tion about the nature of the convergence of the sum over the complex 
dimensions w in (5.34). Therefore, we need to specify the meaning of the 
sum ) ep, (Ww) -+* 28 the limit 


lim y Sait 
N— +00 wEDy (Win) ’ 


where W), is the truncated window, given by Definition 5.8. The fact that 
this limit exists follows from the proof of the theorem. The same remark 
applies to the sum occurring in formula (5.40) of Theorem 5.14 below. 
Further, the precise form of the term corresponding to w in this sum 
will change depending on the multiplicity of the pole of ¢, at s = w. In 
particular, a multiple pole will give rise to logarithmic terms. On the other 
hand, if w € D,(W) is a simple pole, then the corresponding term becomes 


POG (al _ getk-l 
res (Sw) = res (¢,(s);w) ine (5.39) 


See Section 6.1 for a more elaborate discussion of the local term associated 
with w. 
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Remark 5.12. In most applications, we have a lot of freedom for choos- 
ing the sequence {T,,}nez satisfying hypothesis L1. If 7 is a real-valued 
(rather than a complex-valued) measure, we can always choose W to be 
symmetric and set T_, = —T), for all n > 1. Then, in the sum over the 
complex dimensions w in (5.34), we can collect the terms in complex con- 
jugate pairs w, @ (as is done in classical number-theoretic explicit formulas 
involving the Riemann zeta function [Dav, Edw, In, Pat]). 

Finally, we note that in practice we can often choose the screen S to 
be a vertical line (with equation Res = o, say). Then S(t) = a is clearly 
Lipschitz continuous and bounded, and we have sup S = inf S =o. 

Similar remarks apply to all explicit formulas in this chapter. 


Remark 5.13. Note that our hypotheses L1 and L2 imply, in particular, 
that ¢, has an analytic continuation to a neighborhood of [Res > D]. It 
is in general hard to determine whether this condition is satisfied. Indeed, 
this condition is essentially equivalent to the existence of a suitable explicit 
formula for the counting function N,,. Establishing such a result would 
entail developing a theory of almost periodic functions with amplitude of 
polynomial growth (rather than with bounded amplitude as in [Bohr]). This 
theory would be of independent interest. It would be naturally motivated 
by our explicit formulas, in which the real parts of the underlying complex 
dimensions give rise to generalized Fourier series with variable amplitudes. 
See also Problem 4.10 at the end of the previous chapter. 


Proof of Theorem 5.10. For a given n > 1, we apply Lemma 5.9, the trun- 
cated pointwise formula, with T, = T,,, T_ = T_y. Since k > 2, the first 
term (5.32c) of d(z,n) above tends to zero as n — oo. Also the second 
term (5.32a) and the middle term (5.32b) go to 0 as n —> oo. Finally, 
since k > k, the last term tends to zero. All these terms tend to zero at the 
rate of some negative power of Tnin.? 

Finally, the error term is absolutely convergent since k > «+1. Note 
that S(t) is differentiable almost everywhere since it is assumed to be 
Lipschitz. Furthermore, since for almost every t € R, the derivative of 
tt+ S(t) + it is bounded by 1+||$||Lip, where ||S||Lip denotes the Lipschitz 


norm of S(t), and since 
ve 1 
t®—* dt = ——__ 
| k-kK-1 


(because k —k < —1, by assumption), the estimate (5.36) of the error term 
follows from (5.29). The constant C’ on the right-hand side of (5.36) comes 
from a bound for the integral over the part of the screen for —1 <t <1. 


5Recall from Lemma 5.1 that Tmax = max{Tn,|T_n|} and Tmin = min{Tn,|T_n|} 
both depend on the integer n. 
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To obtain the better estimate (5.38) when the screen S approximates the 
vertical line Res = sup S, but stays to the left of it, we use a well-known 
method to estimate (5.35); see, e.g., [In, pp. 33-34]. Given « > 0, we want 
to show that (5.35) is bounded by ¢- 28"? S+*~!. Write this integral as the 
sum of the integral over the part of S contained in —-T < Ims < 7, and the 
part of S contained in |Ims| > T. Since the second integral is absolutely 
convergent, it is bounded by 5E . gupS+k—-1 provided we choose T suffi- 
ciently large. Then, since S(t) has a maximum strictly less than sup S on 
the compact interval [—-T,T], we can find 6 > 0 such that S(t) < sup S —6 
for |t] < T. It follows that the integral over this part of the screen is 
of order O(as"P S~9+k-1) as 2 — oo. Hence for large x, it is bounded 
by ge: cP S+k-l This proves that R(x) = o(aPS+F-1) as x — 00. 


We assume in Theorem 5.10 that & > 2. However, in certain situations— 
namely, when ¢,, satisfies the stronger hypothesis L2’ rather than L2— 
we can push the screen S' to —oo and thereby obtain a pointwise ex- 
plicit formula without error term, valid for a lower level k > & (rather 
than & > «+1, as in Theorem 5.10). 

In Section 6.4, we apply this result, in particular, to the geometric count- 
ing function (at level 1) of a self-similar string, as defined in Section 2.2. 
We will see that we can set & = 0, so that & = 1 will indeed be allowed in 
applying formula (5.40) below. 


Theorem 5.14 (The pointwise formula, without error term). Let be 
a generalized fractal string satisfying hypotheses L1 and L2’; i.e., 7 is 
strongly languid (see Definition 5.8 and Equations (5.19) and (5.21) above). 
Let k be a positive integer such that k > «. Then, for all x > A, the 
pointwise explicit formula is given by the following equality: 


stk—1 
[Kl (i) = se = 4 Gn(8) 
Nn ( )= cs( (s)p ’ ) 


wED,(W 
k-1 rn (5.40) 
: = Ss ( Fae 4G (2). 
-jéW\D, 


Here, A is the positive number given by hypothesis L2’ (cf. Equation (5.21)) 
and « is the exponent occurring in the statement of hypotheses L1 and L2’. 


Proof. For a fixed integer n > 1, we apply Lemma 5.9 with the screen S,, 
given by hypothesis L2’. We now assume that k > « (instead of k > «+1 
as in the proof of Theorem 5.10). We first let m tend to oo, while keeping n 
fixed. Since the functions S,,,(#) have a uniform Lipschitz bound, the se- 
quence of integrals over the screens tends to 0 as m — oo, provided x > A. 

Then we let n — oo. For k > 2, in Equation (5.27), the first three 
terms of d(x,n) tend to zero as n — oo, as we have seen in the proof of 
Theorem 5.10, and for k > «, the last term also tends to zero. 
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Further, if k = 1, the first term (5.32c) of d(a,n) tends to 0, by our 
assumption that Tinax/Tmin 3 1 as n > oo. Note that this assumption 
implies that (Tinax — Tmin)/Tmin 3 0 as n — oo. The situation is more 
complicated for the middle term (5.32b), in case k = 1, since 7 can have a 
large portion of its mass close to 2. However, by writing the interval (x, 2) 
as a disjoint countable union 


= av xv 
(x, 2”) = [e+ ——, 2+), 
U jt 


and noting that |7|(a, 2) is finite, we see that 


inl (e@+ =) = > inlle+ e+ 5) 


J 


goes to 0 when m — ov, at some rate depending on the positive measure |17 
(on the given interval (a, 2a)). Thus also |n|(v,« + «T,,. nt )>0asn> ow. 


Similarly, we check that |7|(a — aTa! * x) + 0 as n— oo. This completes 
the proof of Theorem 5.14. 


Remark 5.15. As can be seen from the above proof, the full strength of 
the asymptotic symmetry condition limy,_,4.5 Tn/|T_»| = 1 is needed only 
when k = 1, which is only allowed in Theorem 5.14. 


Remark 5.16. There is another situation in which we can push the screen 
to —oo and obtain an explicit formula without error term. Indeed, some- 
times the geometric zeta function satisfies a functional equation (in the 
sense of [JorLan3]). Then the theory of [JorLan3] (see also [JorLan1—2]) 
applies to yield an explicit formula without error term, but with a Weil 
term [Wei4, 6], coming from the fudge factor involved in the statement of 
the functional equation in [JorLan3]. 


5.3.1 The Order of Growth of the Sum 


over the Complex Dimensions 


In the applications given in Chapters 7, 8, 9 and 11 below, we often want 
to single out the sum over the complex dimensions on the line Res = D, 
and estimate the sum over those to the left of Res = D. We also want 
the resulting error term to be of lower order. If we can choose a screen 
that makes all complex dimensions to the left of this line invisible, then we 
apply the estimate (5.38). But as Examples 5.32 and 5.33 show, we cannot 
always choose such a screen. In that case, we use the following argument. 


Theorem 5.17. Let 


Wo aux" (logay™ (5.41) 


Rew<D 
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be an absolutely convergent sum over the visible complex dimensions with 
real part less than D, arising from Theorem 5.10 or 5.14 (hence ay € C 
and m, €N for each w). Then this sum is of order o(x?), as x + 00, and 
the corresponding sum 


S- ax” (log x)" 


Rew=D 


CONVETGES. 


Proof. The (conditional) convergence of the sum over the complex dimen- 
sions with real part D follows from Theorem 5.10 or 5.14, and the assump- 
tion that (5.41) converges absolutely. 

It remains to estimate the sum in (5.41). This is done by adapting the 
method of [In, pp. 82 and 33] as follows. Let ¢ > 0. Since (5.41) is abso- 
lutely convergent, the sum over w with |Imw| > T is less than ex? for T 
large enough. Next, since there are only finitely many visible complex di- 
mensions w with |Imw| < T, their real parts attain a maximum M < D. 
Then (5.41) is bounded by ex? + Cax™ < 2ex? for large enough x. This 
shows that the expression in (5.41) is o(x?), as x — oo. 


5.4 Distributional Explicit Formulas 


In this section, we give a distributional counterpart of the pointwise ex- 
plicit formulas obtained in the previous section. We also obtain several 
refinements of the distributional formula that will be needed in the rest of 
this book; see Sections 5.4.1 and 5.4.2. 

We view 7) as a distribution, acting on ia fest function y by in y dn. More 
generally, for k > 1, the k-th primitive pik of 7 is the distribution given by 
Equation (5.5) or, squalene (5.4). For k < 0, ue extend this definition 
by differentiating |k| + 1 times the distribution Pl. Thus, in particular, 
Pe 

In the following, 

I(s +k) 
(k= (5.42) 
for k € Z. This extends the definition of the Pochhammer symbol (5.12) 
to k < 0. Thus, (s)o = 1 and, for k > 1, (s), = s(s +1)---(s +k-1) 

We denote by ¢ the Mellin transform of a (suitable) function y on (0, 00), 

defined by 


p(s) = ie y(x)a*—* da. (5.43) 
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As before, we denote by res(g(s);w) the residue of a meromorphic func- 
tion g = g(s) at w. It vanishes unless w is a pole of g. Since res(g(s);w) is 
linear in g, we have that 


pe p(x) res (a***~"g(s);w) dx = res (G(s + k)g(s);w), (5.44) 


for y in any of the classes of test functions considered in this chapter. 


We first formulate our distributional explicit formulas, Theorems 5.18 
and 5.22, with error term and without error term respectively, for (complex- 
valued) test functions y in the class C°°(0,00) (or C(A, oo), respec- 
tively) ,° with yp (t)t™ — 0 for all m € Z and q EN, as t + 0+ (respec- 
tively, as t — At, for Theorem 5.22) or as t > ov; see also Remark 5.21. 
We then formulate the most general conditions under which our explicit 
formula applies; see Theorems 5.26 and 5.27. In particular, we want to 
weaken the decay condition on y at 0 and oo and the differentiability as- 
sumption on y. (See especially Section 5.4.1 below, the results of which will 
be applied, in particular, in Section 6.2.3 and in Chapter 8.) 

The following result provides a distributional analogue of the pointwise 
formula obtained in Theorem 5.10. This result will be complemented below 
by Theorem 5.30, which will provide an estimate for the distributional error 
term. 


Theorem 5.18 (The distributional formula, with error term). Let 7 be a 
languid generalized fractal string; 1.e., it satisfies hypotheses L1 and L2 
(see Equations (5.19) and (5.20) above). Then, for every k © Z, the dis- 
tribution pik is given by 


stk—-1 
[*] vw) = ; Yr oN Gn(s) ;W 
( ) —_ es ( (s)k ? ) 


wED, (W 
1 eS pa ee eee 
+ 1! » j (—1)’x Cn(—F) + R(x). (5.45a) 
_j€W\D, 


That is, the action of pik on a test function yp is given by 


(Pile) = Sy res (SEFE*A.) 


weD, (W) (s)x 
l k-1 | F - | 
1 Gin » ( j ) 1)76n(—3)@(k — 7) + (Rp). (5.45) 
—jEW\D, 


6Given an open interval J, C °°(J) denotes the space of infinitely differentiable func- 
tions on J. 


160 5. Explicit Formulas for Generalized Fractal Strings 


Here, the distribution R = Re is the error term, given by 
ds 
Ge 
Remark 5.19. In (5.45), the sum over 7 is interpreted as being equal 


to 0 if k < 0. The same comment applies to the corresponding sum in 
Equation (5.48) of Theorem 5.22 below. 


(R,~) = (REI, yp) = a = fo) Cn (s)@(s + k) (5.46) 


Proof of Theorem 5.18. First, given an integer n > 1, we apply Lemma 5.9 
for k > «+1. Let y be a test function. Then 


= . k 
= | NH eye(e) ae. 
which is approximated by 


wEDy(Win) 


= >» ce) 1 Gq(—BE — 9) 


tam fo ¢n(s) B+. 


(Here, we use the notation D,(Wj,,) and ),, introduced in Definition 5.8.) 
Since k > «+1, the integral converges and the error of the approximation 
vanishes as n — oo, by the same argument as in the proof of Theorem 5.10. 
Then we derive formula (5.45a) for every k € Z by differentiating, as a 
distribution, the above formula sufficiently many times. 


Remark 5.20. The method used above (which may be coined the descent 
method) shows that from a pointwise formula applied at a high enough 
level (so as to avoid any problem of convergence in the sum or in the 
integrals involved), we can deduce a corresponding distributional formula 
on every level. This is reminiscent of the method used to establish the 
convergence of the Fourier series associated to a periodic distribution. (See, 
for example, [Schw1, §VII, I, esp. p. 226] or [Schw2, Chapter IV].) 


We now provide an alternate proof of this theorem. It is a direct proof, 
in the sense that by contrast to that given above, it does not involve the 
descent method of Remark 5.20. 


Alternate proof of Theorem 5.18. Note that 
(PIM, y) = (-1)1(Pietal, yp) 


= (-1)! ie 2 (2) NEI (x) de, (5.47) 
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when k + q > « +1. We then apply the pointwise explicit formula, Theo- 


rem 5.10. Using the fact that @(s) = -- py! (s+ q) (see Equation (5.57) 


below), we obtain the explicit formula of Theorem 5.18. O 


Remark 5.21. The (infinite) sum over the visible complex dimensions of 
appearing on the right-hand side of (5.45a) defines a distribution. Hence, 
formula (5.45a) is not only an equality between distributions, but each term 
on the right-hand side of (5.45a) also defines a distribution. Indeed, this is a 
simple consequence of the following well-known fact about the convergence 
of distributions. (See, for example, [Schw1-—2] or [H62, Theorem 2.18, p. 39]; 
this property was also used in a related context in [DenSchr, p. 50].) 
For definiteness, we will work with the space of test functions 


D = D(0,00), 


consisting of all infinitely differentiable functions with compact support 
contained in (0,00), and the associated classical space of distributions 


D! = D'(0, 00), 


the topological dual of D; see [Schw1, H62]. (Note that D is contained 
in our space of admissible test functions.) Let {7;,}?7-_, be a sequence of 
distributions in D’ such that 


(7,9) = lim (Tn, 9) 


exists for every test function y € D. Then 7 is a distribution in D’. (This 
follows from a well-known extension from Banach spaces to suitable topo- 
logical vector spaces of the Uniform Boundedness Principle [Ru3, Theo- 
rems 2.5 and 2.8, pp. 44 and 46], also called the Banach—Steinhauss Theo- 
rem.) 

In our present setting, we can apply this result to an appropriate sequence 
of partial sums (the sequence of partial sums mentioned in Remark 5.11, 
applied to y) to deduce that the sum over D,(W) on the right-hand side 
of (5.45a) is really a distribution in D’, as stated above, and hence that 
each term taken separately on the right-hand side of (5.45a) defines a dis- 
tribution in D’.” 

An entirely analogous comment applies to Theorem 5.22 below, the dis- 
tributional explicit formula without error term, provided that we work 
instead with D = D(A, oo) and D’ = D’(A, ov). 


"Note that, for every k > 1, nV (x) defines pil as a distribution in D’ because 


nit (x) is a locally integrable function. Also, since 7 is a (local) measure, pil =nisa 
distribution in D’ having Pir as its k-th primitive. 
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Next, we obtain the distributional analogue of the pointwise formula 
without error term stated in Theorem 5.14. This is an asymptotic distrib- 
utional formula; i.e., it applies to test functions that are supported on the 
right of zc = A, where A > 0 is as in hypothesis L2’. 


Theorem 5.22 (The distributional formula, without error term). Let 7 
be a generalized fractal string that is strongly languid; i.e., it satisfies hy- 
potheses L1 and L2’ (see Equations (5.19) and (5.21) above). Then, for ev- 
ery k € Z and for test functions with compact support contained in (A,co), 
the distribution pl in D'(A, 00) is given by 


Pil(z)= S° res (8...) 


weD, (W) 
k-1 
1 a ae on 
_;éw\D, 


That is, the action of pik on a test function p with compact support con- 
tained in (A,oo) (t.e., on py € D(A, co)) is given by 


PI, y) = Gnls) P(s + k) ve 
ee sl eecrmae 


wED, ( (s k 
1 k-1 k 4 ; zs | 
Gao! y ( ; \ 1) n(—J)G(k — 9). (5.48b) 
-jEW\D, 


Proof. Again, given n > 1, we apply Lemma 5.9, but now for & > « (instead 
of k > «+1 as in the proof of Theorem 5.18). Let y be a test function 
whose support is contained in [A + 6,00), for some 6 > 0. Then ¢(s) is 
bounded by 


(446) [lolol S. 


It follows that the integral over the screen S,, tends to 0 as m — co. The 
rest of the argument is exactly the same as in the proof of Theorem 5.18 
above. 


By applying Theorem 5.18 (respectively, 5.22) at level k = 0, we obtain 
the following result, which is central to our theory and will be used repeat- 
edly in the rest of this book. (See Sections 6.3.1, 6.3.2 and 5.1.1 for further 
discussion and interpretation of (5.49) and, for example, Section 5.5 as well 
as Chapters 9 and 11 for applications of this result.) 
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Corollary 5.23 (The density of states formula). Under the same hypothe- 
ses as in Theorem 5.18 (respectively, Theorem 5.22), we have the following 
distributional explicit formula for PP =: 


f= 5 res (Sa). w) + RI, (5.49) 


weD, (W) (s)k 


where RM is the distribution given by formula (5.46) with k = 0 (respec- 
tively, if L2’ is satisfied, RO = 0). 


5.4.1 Extension to More General Test Functions 


We extend our distributional explicit formulas (Theorems 5.18 and 5.22) 
to a broader class of test functions y, not necessarily C°° and decaying 
less rapidly near 0 and oo than considered previously. In particular, in 
Theorem 5.26, we allow test functions that have a suitable asymptotic 
expansion at x = 0. In the corresponding distributional explicit formula 
without error term, Theorem 5.27, we only allow test functions having a 
very special expansion on (0, A +), for some 6 > 0. 

We will use this extension to obtain an explicit formula for the volume of 
the tubular neighborhoods of the boundary of a fractal string; see especially 
the proof of Theorem 8.1 in Section 8.1. Moreover, although this aspect 
will not be stressed as much in this work, we mention that we can also use 
this extension to obtain explicit formulas for other geometric or spectral 
functions, such as the partition function (see Section 6.2.3). 


Given v € R, we will say that a function y on (0,co) has an asymptotic 
expansion of order v at 0 if there are finitely many complex exponents a 
with Rea > —v, and complex coefficients a. such that 


= S- Agz*+O(x"), asx—>0r. (5.50) 


Clearly, the coefficients are uniquely determined by y. For each such a, we 
write 7, to denote the corresponding distribution, 


(Ta: ) = Ga, (5.51) 
where ¢ is given by (5.50). 


Remark 5.24. Observe that a e the Dirac delta distribution 69} at x = 0. 
More generally, 7_, = (—1)"6 oe ee n! is related to the n-th derivative of this 
distribution. 


Note that if p(x) = O(«7) as z > 0+ and y(x) = O(2x°) as x > 00, with 
a > b, then ¢(s) is defined and holomorphic in the strip —a < Res < —b. 
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Moreover, for any given integer k > 1, 


g-! = oe * (1 Lg 4 £ ere es ) 0) Caen asx — OF. 


ki 
(5.52) 


The Mellin transform of z~%e~* is I'(s — a), with simple poles at the 
points s = a, a—1,..., and with residue (—1)*/k! at s = a — k. Con- 
sequently, the Mellin transform of the first term on the right-hand side 
of (5.52) is meromorphic in Res > a—k—1, with a simple pole of residue 1 
at s =a, the residues at the other possible poles adding up to 0. Provided 
that p(x) = O(x°) at 00, it follows that the Mellin transform of the func- 
tion y in (5.50) is meromorphic in —v < Res < —b, with a simple pole 
at s =a of residue ag for each a. 


We will need the following lemma. 


Lemma 5.25. Let f(s) and g(s) be meromorphic in a disc around 0. Then 
the function z + res (f(s — z)g(s);0) + res (f(s — z)g(s); z) is holomorphic 
in the same disc. Its value at z = 0 is res (f(s)g(s);0). 


Proof. This follows since the function can be written as the integral over 
a small circle around s = 0 and s = z of f(s — z)g(s), and this function is 
analytic in z. 


Theorem 5.26 (Extended distributional formula, with error term). Let 
be a languid generalized fractal string (see Definition 5.2). Let k € Z and 
let q € N be such that k+q > «+1, where is given as in (5.19) and (5.20). 
Further, let p be a test function that is q-times continuously differentiable 
on (0,00), and assume that its j-th derivative satisfies, for each0 <j <q 
and some 6 > 0, 


g(x) = O(a-*-3-P-9), as x 4 00, (5.53a) 
yD (a2) = S- al e-2-F 4. O(a-#-J-iMf S49) ase Ot, — (5.53b) 


8Note that. al) =-a:--(-a-—jt+ ra” and that y has an asymptotic expansion 
of order —k — inf S +6 at 0, where inf S is given by (5.17a). 
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for a finite sequence of complex exponents a as above. We then have the 
following distributional explicit formula with error term for pit ; 


astk-le (5 a 
PI (x) = S- res ( ar hw) 4 S- ra(a) HO) 


wED,, (W) aeW\D 
ag{1—k,...,0} 
: > eee igk-s-4 [k] 
Get d j (-1)’a n(—J) + REx), (5.54) 
~j€W\Dy, 


where Ri (x) and T(x) are the distributions given by (5.46) and (5.51), 
respectively. Note that the sum over a is finite by our assumption on the 
space of test functions. Applied to the test function y, the distribution pik 
is given by 


fay F(A.) al 


(s)k 


wED,(W) aeW\Dy, 
ag{1—k,...,0} 
1 k-1 ae : te | . 
7 i= ipl Ds ; (-1)°¢,(-3)@(k — j) + (RE). (5.54b) 
-jéW\D, 


For the extended distributional formula without error term, we require 
that the test function is a finite linear combination of terms x~%e~°?” in 
a neighborhood of the entire interval (0, A]. Here, the constants cg are 
complex numbers with positive real part. Note that the 6’s come from a 
subset of LU), {a,a—1,...}. 


Theorem 5.27 (Extended distributional formula, without error term). 
Let 1 be a strongly languid generalized fractal string (see Definition 5.3). 
Let k € Z and let q € N be such that k+q > max{1,«}, where & is given as 
in (5.19) and (5.21). Further, let yp be a test function that is q-times con- 
tinuously differentiable on (0,00). Assume that as x — ov, the j-th deriva- 
tive p(x) satisfies (5.53a) and (5.53b), and that there exists a num- 
ber 6 > 0 and constants by and cg with Recg > 0, such that 


p(x) =S*vPa-Fe-e*, for € (0,A+45) and O<j<q. (5.55) 
B 


Then formula (5.54), with RE = 0, gives the distributional explicit formula 


without error term at level k for yp. 


Remark 5.28. For k < 0, the last sum over j in (5.54) equals 0 and 
the condition a ¢ {1—k,...,0} is vacuous, so that the explicit formula 
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is given by a sum over the complex dimensions and an error term alone 
(or no error term at all, in the case of Theorem 5.27). It will be useful 
to keep this in mind when applying Theorem 5.26 or 5.27, especially in 
Chapter 8 in the proof of Theorem 8.1. More specifically, note that in the 
proof of Theorem 8.1, Theorem 5.26 (or 5.27) will be applied at level k = 0 
(corresponding to pol = 7) and for a fixed ‘test function’ y. Hence, as 
was just mentioned, the expression of the tube formula (5.54) will simplify 
considerably in that case. 


Proof of Theorems 5.26 and 5.27. First of all, the condition at infinity on y 
implies that (pre ly )) is well defined. Furthermore, since 


(PI, p) = (-1)1(PR, yp), (5.56) 
and 
P(s) = a p(s +4) (5.57) 


is meromorphic in k + inf S < Res < k+ D, it suffices to establish the 
theorem when gq = 0 and k > «+1 (respectively, k > max{1,«} for 
Theorem 5.27). 

We first assume that v(x) = O(a~*-™f5+°) as x + 0* (or v(x) = 0 
for all « € (0,4 +4), in the case of Theorem 5.27). Using Lemma 5.9, 
with c= D+ 6/2, we obtain a truncated explicit formula, 


Eye Ym SG nw)+ OS. 


wEDy (Win) acW,,\D, (a)k 
ag{1—k,...,0} 
1 k-1 HG 7 
+m me ( j \ 1)Cn(—J)E(K — J) 
_j€W\D, 
1 
ani Is, Cals\Ols +) Cys (6:08) 


up to an error not exceeding a constant times 
\e(a)|a*-2T-* (Ee? +7" max{a?+8/2, oes) dx. (5.59) 
0 
Here, we have used the fact that for fixed 0 < 6, < Ba, 


In| (G12, Box) = Olah), as L > OO, 


since D is the abscissa of convergence of ¢),|. Firstly, one checks that the 
integral (5.59) converges, due to the conditions we imposed on ¢ at 0 and oo. 
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Then we see that it vanishes as T — co, provided k > 1 and k > k. The 
integral over the truncated screen converges as T — o0 ifk > «K+ 1. 
If L2’ is satisfied, we first let m — 00; i.e., we derive a truncated formula 
without an integral over the truncated screen. Then we do not need the 
assumption that k > «+1 to ensure convergence. This establishes the 
formula when v(x) = O(2~*-i™fS+°) as x — OF. 

We now prove the theorem for the special test function y(a) = a7 %e7@, 
with a € C. Then, in light of Equation (5.52), we obtain the formula for 
general test functions by subtracting sufficiently many functions of this 
type, depending on the asymptotic expansion at 0 of the test function. 

Let v(x) = x %e~“. For the formula with error term, varying c does 
not give any extra generality, and we simply put c = 1, but when L2’ is 
satisfied, we let c be any complex number with positive real part. Then 


@(s) =c *t°T(s — a). 


This function has poles at the points a,a —1,..., and it has the right 
decay as Im s —> +00, so that the integral defining the error term in (5.58), 
namely, 


1 ds 
sa | Snls)e(s +k) —, 
2ni Js,,, (8) 
converges as n — oo. Note in addition that by Stirling’s formula [In, p. 57], 
we have 
|['(s — a)| <q exp(a Res) 


for every a > 0, as Res — —oo away from the poles a,a—1,.... Thus we 
can first let m— co to obtain a formula without error term. In this case, 
as m —> 00, we pick up a residue ¢,(a —1— k)c!(-1)'/ (Ia —1 —k)x) at 
each point a —1—k where ¢(s +k) has a pole. Since the integral over the 
screen converges and the expression for the error (5.59) vanishes as T — ov, 
the sum of these residues converges. 

For the formula with error term, we first apply the explicit formula 
for Rea small enough, so that none of the points a,a—1,... lies inside W. 
The left-hand side of the explicit formula is clearly an analytic function in a, 
taking into account the fact that 7 is supported away from 0. The proof will 
be complete when we have shown that the right-hand side is also analytic 
in a. For this, we need to show that the right-hand side changes analyti- 


cally when one of the points a,a—1,... crosses the screen S or coincides 
with a complex dimension or with one of the points —j, for 7 = 0,...,k—1. 
Indeed, when one of the points a,a—1,... crosses S', the integral over the 


screen changes by minus the residue of the integrand at this point, and this 
cancels the corresponding term in the last sum. Secondly, when one of the 
points a,a@—1,... coincides with a complex dimension or with one of the 
points —7, 7 =0,...,k—1, the analyticity follows from Lemma 5.25. This 
completes the proof of Theorems 5.26 and 5.27. 
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5.4.2 The Order of the Distributional Error Term 


We now provide a more quantitative version of our distributional explicit 
formulas with error term (Theorem 5.18, or more generally, Theorem 5.26), 
which will play a key role in the remainder of this book. (See, for example, 
Chapters 7-9 and 11.) 

Given a > 0 and a test function y, we set 


Yaz) = : ~ (=) (5.60) 


a 
In light of Equation (5.43), the Mellin transform of yq(x) is given by 
Pa(s) = a*"G(s). (5.61) 


Definition 5.29. We will say that a distribution R is of asymptotic order 
at most x° (respectively, less than 7°)—and we will write R(x) = O(a) 
(respectively, R(x) = o(a%)), as « + oo—if applied to a test function y, 
we have that? 


(R, Pa) = O(a) (respectively, (R,~a) = 0(a")), asa—-oo. (5.62) 


When we apply Definition 5.29, we use an arbitrary test function ~ of 
the type considered in Theorem 5.18 (respectively, Theorem 5.26). 

The following theorem completes Theorems 5.18 and 5.26 by specifying 
the asymptotic order of the distributional error term Ri obtained in our 
distributional explicit formula (5.45). It shows that in a suitable sense, 
Theorem 5.18 and its extension, Theorem 5.26, are as flexible as and more 
widely applicable than their pointwise counterpart, Theorem 5.10. As was 
mentioned above, we will take advantage of this fact on many occasions in 
the rest of this book. 

Recall that the screen S' is the parametrized curve S: t+ S(t) + it, for 
some bounded Lipschitz continuous function $(), and that the least upper 
bound of S is denoted sup S; see Section 4.1 and formula (5.17b). 


Theorem 5.30 (Order of the distributional error term). Fix k € Z. As- 
sume that the hypotheses of Theorem 5.18 (or more generally, of Theo- 
rem 5.26, with k +q > «+1) are satisfied. Then the distribution Rel 
given by (5.46), is of asymptotic order at most a8"? 5+*—! as 2 —- oo: 


REx) = O(aP Stk!) as a &, (5.63) 


in the sense of Definition 5.29. 

Moreover, if S(t) < sup S' for all t € R (4.e., if the screen lies strictly 
to the left of the line Res = supS), then this distribution is of asymptotic 
order less than 2? S+*-! as x > oo: 


REI (x) =o(2PFt*1))  asa—oo. (5.64) 


°™In this formula, the implicit constants depend on the given test function y. 
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Proof. The integral (5.46) for (RM, y) converges absolutely. Let y be a 
test function with compact support. When we replace y by a in (5.46), we 
see, by formula (5.61), that the absolute value of the integrand is multiplied 
by akestk-1 < gsupS+k—-1 for s = §(t) + it. Hence [(riM, Ya)| is bounded 
by a constant times a8¥PS+h-1, 
To obtain the better estimate (5.64) when S' approximates the line Res = 
sup S', but stays strictly to the left of it, we use an argument similar to the 
one used to derive estimate (5.38) of Theorem 5.10. 


The analysis of the error term given in Theorem 5.30 also allows us to es- 
timate the sum over the complex dimensions occurring in our distributional 
explicit formulas. 


Theorem 5.31. Let v < D. Assume that the hypotheses of Theorem 5.18 
(or of Theorem 5.26, with k+q > «+ 1) are satisfied, with a screen 
contained in the open half-plane Res < v. Assume, in addition, that there 
exists a screen Sq contained in Res < v, satisfying L2 and such that every 
complez dimension to the right of So has real part > v. Then 


ys res (8...) = alae), as % — oo, (5.65) 


weED, (W), Rew<v (s)k 


in the sense of Definition 5.29. 


Proof. We write this distribution as Ret (x) - RE (x), where Ry is the 
error term associated with the screen So. The result then follows from 


Theorem 5.30 applied to Ri and Ri, 


We will apply Theorem 5.31 in Chapters 7-9 and 11 with v = D. How- 
ever, the hypotheses of this theorem are not always satisfied: it is not always 
possible to choose a screen Sp passing between Res = D and the complex 
dimensions to the left of this line. Nevertheless, in the case of self-similar 
strings, we can still obtain information from the complex dimensions; see 
Remark 6.16. In the following example, we construct a nonlattice string 
that does not satisfy L2 for any such screen So (hence it is neither languid 
nor a fortiori, strongly languid, along this screen). 


Example 5.32. Recall the definition of the continued fraction of a real 
number a > 1 given in Section 3.5.1. We construct a nonlattice self-similar 
string L with two scaling ratios r; = e~', re = e~*%, where a will be 
specified below.1° Consider the function f(s) = 1—e~* — e~°*. Let D be 
the real zero of f; i.e., the dimension of £. Let p,/qn be a convergent of a, 


so that gna — pn = (—1)"*"/q,,,. Then f(D + 2mign) is very close to 0. 


10Here, e = exp(1) is the base of the natural logarithm. 
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Indeed, we have e~(?+?74) = e~? and 


e (D+2rign)a _ ¢—Da,—2rignat2ripn — ¢—Dag2mi(-1)”/an 4s, 


Hence, by the same techniques as those used in Chapter 3, Section 3.5.2, 
f(D +4 2iq,) =1—e°? —e (1+ O(2m/d),41)) 
= O(27/¢,41); as N — OOo. 


The reason for this near vanishing is that there is a zero of f close to 
s = D+ 271d, but slightly to the left. It follows that 


lec (D + 2tGn)| > Gros 
Note that 


Oni = An419n + Qn-1 > Gn414n- 


We next choose the integers a; as follows: ag = 1, and if ao,a1,..., a, are 
already constructed, then we compute g, and set dn41 = gq) (thus a; = 1, 
a2 = 1, ag = 4, a4 = 9°, as © 1.8- 101°, ...). Then 


I6c (D + 2rign)| > ah*?, 


so that on the vertical line Res = D, condition L2 is violated for every 
value of «—see Equation (5.20). 

Naturally, the value of f(s) will be even smaller between s = D + 2niqy 
and the nearby zero of this function. Thus L2 is not satisfied on any screen 
passing between Res = D and the poles of Cc. 


The reader sees that the integers a; in this example, and hence the 
numbers g,, grow extremely fast. Thus the set of points where Cz is large 
is very sparse. 

One could think of a way out by replacing hypothesis L2 in (5.20) by 
the following integrability condition: The function 


tr |Cc(D + it)|(\é] +.1)7% + (5.66) 


is integrable on R. Indeed, our theory easily goes through under this weaker 
condition. 

However, we can even choose a such that |¢-(D + it)|/g(|t|) is not in- 
tegrable as a function of t € R no matter how fast the positive function g 
grows. Namely, we choose a such that log qn4i1/g(dn) grows unboundedly. 
This is the case, for example, if we choose the coefficients of @ so as to 
satisfy 

ae ee), 


for n= 0,1,2,.... 


We again give an example, now of a string that is not self-similar, showing 
that condition (5.66) is not satisfied by every generalized fractal string. 
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Example 5.33. Consider the measure jz on [1, 00) defined by 


gP-l-dn+in 
ye ee 
n€Z\ {0} 


where the real numbers d,, = d_,, are small, and will be specified below. 
The geometric zeta function of this generalized fractal string has poles 
at D—d, +in, with residue 1/n?, for n € Z — {0}. Hence the value of the 
integral of |¢,,(s)| over an interval from D+i(n— 4) to D+i(n+$) is 
close to 


9 


a dt logdn 
n® J_ijo jt +id,| n? 


as |n| + oo. Therefore, we have 


D+i(n+1/2) 
| GAD + it)| 47-8 dt we 28S 

D+i(n—1/2) n 
as N — 00. 

We conclude that if d, = exp(—n"), then for every value of «, the 
function |¢,,(D + it)|(|t] + 1)~" is not integrable along the vertical line 
Res = D—and hence along any screen passing between Res = D and the 
poles of ¢,,. It follows that condition (5.66) (or its obvious analogue along 
a suitable screen S) is never satisfied for this string wy. 


The following example explains rather clearly why, in general, our explicit 
formulas must have an error term. Indeed, in this extreme situation, there 
is only an error term because the set D,, of visible complex dimensions is 
empty and therefore the corresponding sum over D,, vanishes. 


Example 5.34. The generalized fractal string 


n= So (1) 5¢n} (5.67) 


n=1 


has no complex dimensions. Indeed, by [Tit, Eq. (2.2.1), p. 16], the assoc- 
iated geometric zeta function is 


Gn(s) = S0(-1)""*n-* = (1-298) €(s). (5.68) 


n=1 


Since the pole of ¢(s) at s = 1 is canceled by the corresponding zero 
of (1—2'~*) in Equation (5.68), ¢,(s) is holomorphic in all of C and 
hence D,, is empty, as claimed above. Thus the explicit formula for N,,(x) 
(and for Nit (x) at level k) has no sum over w, only an error term and a 
constant term. 
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We now explain this in more detail in the case when k = 1. Choose 
a screen to the left of Res = 0. Since ¢(a + it) grows like |t|!/?-7 (see 
Equation (6.21) in Chapter 6 below), we have to interpret N,,(x) as a dis- 
tribution. Also the more stringent assumptions of Theorem 5.22, needed to 
obtain a distributional explicit formula without error term, are not satisfied 
here. Theorem 5.18 yields 


N,, (2) = ; + RE (a), (5.69) 


By construction, we have 


0, for 2n<a%<2 1, n=0,1,..., 
wate) = | or 2n< 2x m+, n (5.70) 


1, for2n4+1<a2<2n+2, n=0,1,.... 


Observe that N,,(x) is an additively periodic function, with period 2. Its 
Fourier series is 
1 1 oo eti(2n+])ax 


N, (a) = 71 
ul) at a Oe an+1 on 


We point out that the reason why our explicit formula gives only the con- 
stant term 1/2 and an error term in (5.69) is that this function is not multi- 
plicatively periodic. On the other hand, our explicit formula does yield the 
Fourier series of a multiplicatively periodic counting function. 


Remark 5.35. By (5.70), the average value of N,,(x) in the previous ex- 
ample is equal to 1/2, as expressed by the first term of the right-hand side 
of (5.69). Further, this function jumps by +1 at every odd integer, and 
by —1 at every even integer. Hence, as > oo, N, (x) = 1/2+ O(1) asa 
function, and no better pointwise estimate holds as x > oo. On the other 
hand, as a distribution, R!l(2) = O(x7) for every o < 0, since we can 
choose screens arbitrarily far to the left. Thus N,,(x) does not oscillate. 
This seems to be a contradiction. 

The resolution of this apparent paradox is important since in Chapters 9 
and 11, we will make use of the fact that a certain type of oscillations, 
multiplicative oscillations, are reflected in our explicit formulas. We discuss 
this paradox here in the case of the harmonic string h, which will serve as 


a paradigm for this phenomenon. 
Since by (4.10), h = 0°, byny, we have 


N,(2) = #{n>1:n< a} = [a]. (5.72) 


Hence N),(a) jumps at every positive integer. On the other hand, according 
to Theorem 5.18 applied at level k = 1 and k = 0 respectively, we have 


1 
Ny (a) =2-5 + RY (cx), (5.73a) 
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for the counting function of the lengths, and 
h=14+RM (2), (5.73b) 


for the density of states. In the sense of Definition 5.29, the error terms are 
estimated by 


Ru (x) = O(27), as zc, (5.74a) 
and 
Rl (2) = O(x?-1), as x > 0, (5.74b) 


for every o < 0. As in Example 5.34, this seems to be in contradiction with 
the jumps of N;,(x) and the point masses of h at the positive integers. 

The meaning of the distributional equalities (5.73) and (5.74) becomes 
clear when we do not apply them to a localized test function, but to a test 
function having an asymptotic expansion near 0, 


v(x) = S- Gage *, asz—>0', 
Rea<l 


as in (5.53b), with aq = 0 for Rea > 1. Write 


1 
pula) = 29(0/) 
and J = {5° y(«) dx. Then, by Theorem 5.26, applied at level k = 0, 


S- yr(n) = J+ S- del (at? * + (RO), 
n=1 Rea>-—a 


and the error term is of order O(t?—') as t > oo, for every o < 0.1" 

On a logarithmic scale, the points 1,2,3,... become dense on the real 
line, which is why A is distributionally approximated by the density 1 up 
to every order; see Figures 5.2 and 5.3. On the other hand, multiplicative 
oscillations of 7, like, for example, in the case of the Cantor string, do 
give rise to oscillatory terms in the explicit formula for 7, as we will see in 
Section 8.4.2 and in Chapter 10. 


Remark 5.36. A notation of the same type as the first part of Equa- 
tion (5.62) of Definition 5.29, R(x) = O(a#%), was introduced indepen- 
dently (and probably a little earlier) by Yves Meyer in [Mey, Definitions 1.2 
and 1.3, p. 10] for different classes of test functions, and with a closely re- 
lated meaning. (See also, e.g., the memoir by Stéphane Jaffard and Yves 
Meyer |JafMey].)/? 


11 This very useful classical formula does not appear in the literature. It was explained 
heuristically to the second author by Don Zagier (private communication, 1994). 

!2There are some obvious but confusing notational differences between [Mey] and Def- 
inition 5.29, due to the fact that in our case, x > 0 and x — oo, whereas in [Mey], x € Ré 
and x — 0 (or more generally, z + xo for some xo € R®). 
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Figure 5.2: The integers viewed additively. 


1 2 3 4 5 6 78 10 12 15 2 


Figure 5.3: The integers viewed multiplicatively. 


In [Lap-vF 1-4] and [Lap-vF5, Definition 4.22, p. 99], we were led natu- 
rally to formulate Definition 5.29 in order to obtain suitable distributional 
explicit formulas with error term. In our theory, the latter were needed orig- 
inally to establish the extension to other zeta functions in Section 11.2 of the 
results of Section 11.1. See especially Theorem 11.12 about the absence of 
infinite vertical arithmetic progressions of zeros. See also the corresponding 
result in [Lap-vF5, Theorem 9.5, pp. 184-185], announced in [Lap-vF2, 4]. 


5.5 Example: The Prime Number Theorem 


In the next chapter, we will discuss a number of examples illustrating our 
pointwise and distributional explicit formulas. In the present section, we 
will concentrate on one particular application of these formulas, namely, 
to the Prime Number Theorem and issues surrounding it, particularly the 
Riemann—von Mangoldt formula. Our main purpose is to indicate by means 
of this example the flexibility provided by our distributional formula and 
by the introduction of a screen in the formulation of our explicit formulas. 

This example is also included in order to clarify the relationships be- 
tween our explicit formulas and the traditional ones from number theory. 
Our proof of the Prime Number Theorem with error term obtained in this 
manner is essentially the same as the usual one, except for the analysis of 
the error term. We note, however, that in the present context, the system- 
atic use of the screen S in our theory makes particularly transparent the 
connection between a given zero-free region for ¢(s) and the corresponding 
error term R,,(x) in the asymptotic formula (5.76). 

In Chapter 7, we shall use our explicit formulas to obtain an analogue 
of the Prime Number Theorem (with error term) for the primitive peri- 
odic orbits of a self-similar flow and other suspended flows. See especially 
Section 7.4. 


The reader familiar with the classical explicit formulas from number 
theory—the first one of which was discovered by Riemann and described in 
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his famous 1858 paper [Riel]—may wonder why the theorems obtained 
in this chapter are called explicit formulas. Indeed, Riemann’s explicit 
formula—as interpreted and proved thirty-six years later by von Man- 
goldt [vM1—2]—+relates a suitable counting function associated with the 
prime numbers to an infinite sum involving the zeros of the Riemann zeta 
function (that is, the poles of its logarithmic derivative ¢’/¢); see, for ex- 
ample, [Pat, esp. Chapters 1 and 3], [Dav, Chapter 17], [In, Chapters II- 
IV], [Edw, Chapters 1 and 3]. See also the discussion on pages 3-4 of the 
introduction and the one surrounding Equation (5.8) in Section 5.1. (A 
similar statement holds for the various types of number-theoretic explicit 
formulas found in the literature; see, for instance, the references given in 
Section 5.6.) 

However, we show in this section that we can easily recover the Riemann— 
von Mangoldt formula from our own explicit formulas. Actually, we can 
obtain different versions of it, either pointwise or distributional, at vari- 
ous levels k, the most basic of which is the distributional formula obtained 
when k = 0, corresponding to the density of prime powers viewed as the 
generalized fractal string 8 = )/,,,51,,(logp) dtpmy, the prime string, in- 
troduced in (4.12); see Equation (5.82) in Section 5.5.1 below. 

In turn, now standard arguments (see, e.g., [Dav, Chapter 18], [Edw, 
Chapter 4], [Pat, Chapter 3] or [In, p. 5 and Chapter II])—first used in 
slightly different forms by Hadamard [Had2] and de la Vallée Poussin [dV1— 
2|'3—enable us to deduce from this explicit formula the Prime Number 
Theorem with error term; namely, if 


w(x) = #{p <a: pis a prime number} (5.75) 
denotes the prime number counting function, then 
mx) =Li(z)+R,(x), astm, (5.76) 


13Their results, obtained independently and published almost simultaneously in 1896, 
relied on von Mangoldt’s work [vM1-2], as well as on Hadamard’s product formula 
for entire functions [Had1]. In their proof, both Hadamard [Had2] and de la Vallée 
Poussin [dV1] showed (also independently) that ¢(s) # 0 for all s on the vertical 
line Res = 1. Hadamard’s classical proof of the Prime Number Theorem is the sim- 
plest of the two, but in his second paper [dV2], de la Vallée Poussin established the 
existence of a zero-free region to the left of Res = 1 and thus went further in his in- 
vestigation of the approximation of 7(x), in the form of the error estimate (5.76). (See, 
e.g., [In, p. 5], [Edw, Chapter 5], [Tit, Chapter III] and [Pat, Chapter 3].) We note that 
the original form of the Prime Number Theorem obtained in [Had2,dV1] was as follows: 


a(x) = Li(x) (1+ o0(1)) = =e (1+ 0(1)), as t > ov. (5.77) 
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where Li denotes the logarithmic integral 


l-e £. 
1 
Li(z) = lim | +f —dt, forx>1, (5.78) 
e>0t 0 Ite log t 


and estimates for the error term R(x) depend on our current knowledge of 
the zero-free region for the Riemann zeta function. For example, in (5.76), 
we have 


Rz(x) = O(ae"* Ree as © — 00, (5.79) 


for some explicit positive constant c. Better error estimates—following from 
a refined analysis of the zero-free regions of (—can be found, for instance, 
in Ivié’s book [Ivi] (see also, e.g., [In, pp. xi-xii] and the references therein) 
and can also be deduced from our explicit formula, simply by choosing a 
different screen S' and thus a different window W suitably adapted to the 
zero-free region. 


5.5.1 The Riemann-von Mangoldt Formula 


We now briefly explain how to interpret and derive from our explicit for- 
mula the Riemann—von Mangoldt formula. (Compare, for example, with 
the discussion in [Edw, Chapter 3, esp. §3.5] or else in [In, Pat].) As was 
seen in Section 4.1.1, the geometric zeta function of the prime string 


P= So (log p)deym (5.80) 
m2>1,p 
is the function 
cp(s) = 19). (5.81) 


(In (5.80) above and in (5.83) below, p runs over the prime numbers.) This 
function satisfies L1 and L2’ for every « > 0 and with W = C. Recall that 
the poles of ¢x3 coincide precisely with the zeros and the pole at 1 of ¢, 
except that they occur with multiplicity one. 

By Theorem 5.22, applied at level k = 0, and with A = 1, the density 
of lengths formula without error term for the prime string reads as follows 
(see also Corollary 5.23 above and Section 6.3.1 below): 


B=1- ee - ya for 7 > 1, (5.82) 
n=1 


p 


where p runs through the sequence of critical zeros of ¢. (See the last 
comment at the end of Section 4.1.1.) This formula should be interpreted 
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distributionally on the open interval (1,00), as in Theorem 5.22. Further, 
note that the last sum on the right-hand side of (5.82) converges to ae 
and corresponds to the trivial zeros of ¢, located at —2, —4,—6,.... 


The corresponding formula for the measure 
1 
n= >) —Sipmy, (5.83) 


with geometric zeta function 


Gy(s) = log e(s) = > Yo 


can be derived by means of the following artefact. One first establishes that 


the string fs has a geometric zeta function with a logarithmic singularity 


at 1 that cancels that of log ¢(s). Hence, our explicit formula applies to the 
string 7 — — with a screen to the left of Res = 1, but to the right of all 


a? 


zeros of ¢. We thus find (with sup S < 1 given as in formula (5.17b)): 


1 i 
= sup S—1) ) dg = —— (1+o0(1 . (5.84 
n (ar tole )) x ner +o(1))dz, asxz—oo. (5.84) 
This provides a distributional interpretation of (part of) Riemann’s original 
explicit formula [Rie1].14 


Remark 5.37. Using the explicit formula (5.82), together with a deep 
analysis of the location of the critical zeros p of the Riemann zeta function, 
one can prove the Prime Number Theorem with error term, stating that 


a(x) = Li(x) + O(xe"™ ae), as Z > 00, (5.85) 


for some constant c > 0. This result does not seem to be attainable by a 
Tauberian argument. 


5.6 Notes 


A proof of the Prime Number Theorem can be found in many books, in- 
cluding [Dav, Edw, In, Pat, Tit]. 

For information on pointwise and distributional explicit formulas in ana- 
lytic number theory see, for example, [Dav, Edw, In, Pat, Wei4—6]. Distribu- 
tional-type explicit formulas (in a sense somewhat different from this book) 
can be found in [Wei4—6, Bar, Haranl, Denl—3, DenSchr]. 


MThe latter is difficult to establish pointwise (see, e.g., [Edw, §1.18, p. 36]) and was 
not properly justified in Riemann’s original paper [Rie1]. 
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The first number-theoretic explicit formula is due to Riemann in his 
classic work [Riel]. It was later extended and rigorously established by 
von Mangoldt in [vM1] and especially [vM2] (using, in particular, Ha- 
damard’s factorization for entire functions [Had1] and the Euler prod- 
uct representation (4.13) of the Riemann zeta function). A sample of ad- 
ditional references dealing with explicit formulas in number theory in- 
cludes the works by Cramér [Cram], Guinand [Guil-—2], Delsarte [Del], 
Weil [Wei4—6], Barner [Bar], Haran [Haran1], Burnol [Bul-3], Schréter 
and Soulé [SchrSo], Jorgenson and Lang [JorLan1, 3], Deninger [Den1-3], 
Deninger and Schréter [DenSchr], as well as Rudnick and Sarnak [RudSar]. 

Further, an excellent introduction to the classical number-theoretic for- 
mulas (with varying degrees of sophistication) can be found in the books 
by Ingham [In, esp. Chapter IV], Edwards [Edw, esp. Chapter 3] (and the 
Appendix [Riel]), Lang [Lan], Davenport [Dav], Patterson [Pat, esp. Chap- 
ter 3], as well as that written by Manin and Panchishkin (and edited by 
Parshin and Shafarevich) [ParsSh1, esp. §2.5]. 

We refer to [Pos, Section 27, pp. 109-112] and [Shu, Theorem 14.1, p. 115] 
for a discussion of the Wiener—Ikehara Tauberian Theorem. See also [Va] for 
a concise exposition of the logic of the proof of the Prime Number Theorem 
by means of the Wiener—Ikehara Tauberian Theorem. We also recommend 
the exposition of J. Korevaar [Kor] on Tauberian theory. 
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The Geometry and the Spectrum 
of Fractal Strings 


In this chapter we give various examples of explicit formulas for the count- 
ing function of the lengths and frequencies of (generalized) fractal strings 
and sprays. 

In Section 6.1, we give a detailed discussion of the oscillatory term assoc- 
iated with a single complex dimension of the (generalized) fractal string 7. 
We then derive, in Section 6.2, the explicit formulas for the geometric and 
spectral counting functions of 7, and in Section 6.2.3, for the geometric 
and spectral partition functions, which are sometimes a useful substitute 
for the corresponding counting functions. In Section 6.3.1, we obtain the 
explicit formulas for the geometric and spectral density of states of 7, and 
use them in Section 6.3.2 to define the spectral operator, which formalizes 
the direct spectral problem. We also obtain in that section an Euler product 
representation for the spectral operator, and an Euler sum representation 
for its additive counterpart. 

In Section 6.4, we explore the important special case of self-similar strings 
studied in Chapters 2 and 3. We discuss, in particular, the geometry and the 
spectrum of both lattice and nonlattice strings. As an application, we shall 
prove a Prime Orbit Theorem for self-similar flows in Chapter 7. We study 
two examples of non-selfsimilar strings in Section 6.5. We close this chapter 
in Section 6.6 by explaining how our explicit formulas apply to the study 
of the geometry and the spectrum of fractal sprays, a higher-dimensional 
analogue of fractal strings. 
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6.1 The Local Terms in the Explicit Formulas 


Our explicit formulas! give expansions of various functions associated with 
a fractal string as a sum over the complex dimensions of this string. The 
term corresponding to the complex dimension w of multiplicity one is of 
the form C'x”, where C is a constant depending on w. If w is real, the 
function x” simply has a certain asymptotic behavior as x — oo. If, on the 
other hand, w = o + it has a nonzero imaginary part t, then «” = x7 - x” 
is of order O(x7) as x — ov, with a multiplicatively periodic behavior: 
The function 2 = exp(itlog x) takes the same value at the points e?7”/‘x 
(n € Z). Thus, the term corresponding to w will be called an oscillatory 
term. If there are complex dimensions with higher multiplicity, there will 
also be terms of the form Cx (logx)™, m € N*, which have a similar 
oscillatory behavior. 


6.1.1. The Geometric Local Terms 


Let 7 be a generalized fractal string and let w be a complex dimension of 77; 
ie., s = w is a pole of ¢,(s). The term corresponding to w in the explicit 
formula of Theorems 5.10, 5.14, 5.18, 5.22, 5.26 and 5.27 is 


reo( SH), (6.1) 


The nature of this term depends on the multiplicity of ¢, at w and on the 
expansion of ¢, around w. Let m = m(w) be the multiplicity of w, and let 


am Am-1 Am—2 f a ai (6 2) 


(s —w)™ , (s—w)™-1 " (s—wym2 7 gu 


be the principal part of the Laurent series of ¢,(s) at s = w. In particular, 


a, = res (¢,(s);w). (6.3) 
The expansion of 2°~! around s = w is given by 
rand 
ge} = gel (1 iiscepiepet © ~) (log)? +.. ) (6.4) 


In general, for k > 1, the expansion of x*+*~1/(s), around s = w is given 


ge thoi + s—w)” “ (log x)" = (-1)?*# 1 
mi d bl » W(k—1—.)! (w+o)rte (6.5) 


1 Throughout this discussion we assume that Cn satisfies the appropriate growth con- 
ditions; namely, hypotheses L1 and L2 (respectively, L1 and L2’) if the explicit formula 
of Theorem 5.10 or 5.18 (respectively, 5.14 or 5.22) is applied. 
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To derive this formula, we first compute the partial fraction expansion 
of 1/(s), (see formula (5.12) for the Pochhammer symbol (s);). The residue 
at s = —u is determined by a computation similar to that in the proof of 
Lemma 5.1, and equals (—1)’/(u!(& — « — 1)!). Hence, for k > 1, 

1 k-1 (-1)! 
S)k aa Wk —1—o)"(s+e) 


u=0 


(6.6) 


Next, we substitute the power series 
1 = (s — w) 
= 1 ie 
stu if ) (w + prt 


and multiply by the power series of «*+*~! to obtain formula (6.5). 

In the pointwise explicit formulas (Theorems 5.10 and 5.14), k& is always 
positive. On the other hand, we can choose k to be negative in the dis- 
tributional explicit formulas of Theorems 5.18, 5.22, 5.26 and 5.27. In that 
case, (s)z is defined by (5.42). Thus 1/(s);, is a polynomial, 


= (s—1)(s—2)...(s +h). 


For negative values of k, it is much harder to compute the expansion 
of «°t*~1/(s), around s = w. In the next theorem, we only discuss k = —1 
and arbitrary negative values of k if w is a simple pole of ¢,. 


Theorem 6.1. Let w be a complex dimension of multiplicity m and let the 
principal part of ¢,(s) at s =w be given by formula (6.2). Then the local 
term (6.1) in the explicit formula at w is given by 


j-1 


ae eave oe 


for k =0, and by 


m k-1j- 14tu— 
Mose j- Ht 1 
wt+tk—-1 
7 Ze 5, oS ! ona (w +1)I- (6:8) 
fork >1. For k =—-1, this local term is given by 
m l j-2 
209 a; PERE G- 1+ Ww 1) loge) (6.9) 


In particular, by (6.3), if w is a simple pole of ¢,, then the local term is 
given by these formulas for m=1: 


x” res (Cy, (s);w), (6.10) 


182 6. The Geometry and the Spectrum of Fractal Strings 


if k =0, and by 


GiGi) — Sta Gaaer yoo" 
res (¢,(s); w er = res (¢,(s);w) & 2 Te-1— plate 
(6.11) 
if k>1. For k <0, the local term is given by 
res (C,(s);w) 2’ t*-*(w —1)(w — 2)...(w +k). (6.12) 


6.1.2. The Spectral Local Terms 


Let v be the spectral measure of the generalized fractal string 7, as in 
Section 4.2, and let w be a spectral complex dimension of 1 (i.e., w is a 
pole of the spectral zeta function ¢,, and therefore, a complex dimension 
of v). Since, by formula (4.16), ¢.(s) = ¢,(s)¢(s), either w = 1, the pole 
of the Riemann zeta function ¢(s), or w is a pole of the geometric zeta 
function ¢,(s) (ie., w is a geometric complex dimension of n) that is not 
canceled by a zero of ¢(s) at w. See the end of this subsection and also 
Chapter 9 for a discussion of the possibility of cancellation of complex 
dimensions. 

The spectral dimension w = 1 gives the Weyl term and is discussed in 
the next section. 

In order to study the corresponding local terms, we need to compute the 
principal part of the Laurent series of ¢,(s) = ¢,(s)¢(s) at s = w. Forw £1, 
let this principal part be 


bmn f bi f bm—2 eer by (6 13) 


(s—w)™ (s—w)m-t (s —w)™-? s—W 


The coefficients b; can be expressed in terms of the a,;’s of formula (6.2): 


mj 
CO) (wy 
65 = anys), (6.14) 
n=0 : 


where ¢‘")(w) denotes the n-th derivative of the Riemann zeta function 
at s=w. 

In particular, we have bm, = @m¢(w) (indeed, in our applications, Rew < 1, 
hence w is not a pole of the Riemann zeta function). But if ¢(s) vanishes 
at s = w, then the multiplicity of the complex dimension w diminishes in 
the spectrum. The complex dimension w could even disappear altogether, 
as was mentioned above. This is the subject of Chapter 9. 
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6.1.3 The Weyl Term 


There is one special complex dimension associated with the spectrum, 
namely s = 1. We call it the spectral complex dimension of the Bernoulli 
string.” It is never a pole of ¢,, so that we can easily compute the corres- 
ponding term in the explicit formulas. 


Definition 6.2. The Weyl term associated with the Bernoulli string is the 
term at s = 1 in the explicit formula for the spectrum. It is given by 


ak 


WE) = GE, (6.15) 


fork > 0. 


Remark 6.3. Recall that if 7 is associated to an ordinary fractal string CL, 
then ¢,(1) = vol)(£) is the total length of the string. Note that for a 
smooth, compact and connected manifold, the leading term of the spectral 
asymptotics of the Laplacian is often referred to as the Weyl term in the 
literature. According to Weyl’s asymptotic formula (see Equations (B.2) 
and (B.3) in Section B.1 of Appendix B), the Weyl term is proportional to 
the volume of the manifold. 


6.1.4 The Distribution x* log™ x 


The local terms are finite sums of terms proportional to x”+*~+ (log x)". In 
Theorems 5.18 and 5.22, these terms have to be interpreted as distributions, 
which act on a test function y in the following way: 


(2 (ogay",e) = fa" fogay" o(a)de. (6.16 


Now, 9(s) = pe x*—'y(x) dx is an analytic function (it is meromorphic 
in a strip with finitely many poles under the more general assumptions of 
Theorems 5.26 and 5.27). Since this integral is absolutely convergent, we 
can differentiate under the integral sign. The m-th derivative with respect 
to s is 


GM) (5) = gel x)” w(x) dx. : 
gO") (s) i, (log x) (a) d (6.17) 


Combining (6.16) and (6.17), putting s = w+k, we find the following 
theorem. 


?The Bernoulli string B (called the Sturm-—Liouville string in [Lap2, Remark 2.5, 
p. 144]) is defined as 2 = (0,1), a single open interval of length 1. Its spectral zeta 
function is the Riemann zeta function, ¢,,8(s) = ¢(s). 
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Theorem 6.4. The action of the distribution 2***—1 (log x)" on a test 
function y is given by 


(2? t®? (log 2)” ,p) = 6™ (wt k), (6.18) 


where G™ is the m-th derivative of the holomorphic function @. 


6.2 Explicit Formulas for Lengths and Frequencies 


In this section, we give the explicit formulas for the geometric and spectral 
counting functions N,(#) and N,(x). We also give these formulas on the 
k-th level, for k > 2. 


6.2.1 The Geometric Counting Function of a Fractal String 


Choose a screen S such that L1 and L2 are satisfied for some k, so that 7 
is languid in the corresponding window W. When & > max{1,« + 1}, 
the pointwise explicit formula (Theorem 5.10) for the counting function 
is valid. Otherwise (that is, if k < «+1 ork < 1, k € Z), we have 
to interpret Ni (x) as a distribution. Note that for the usual counting 
function N,,(x) = Ni! (x), we do not have a pointwise formula with error 
term. But as a distribution, according to Theorem 5.18, it is given by 


Ss 


N, (2) = S- res Ga + {¢,(0)} + Ru (x), (6.19a) 
and, if the poles are simple, by 
N,(2)= >> = res (G(s); w) + {Gn(0)} + RIN (a), (6.19b) 
wED,(W) 


where the term in braces is included only if 0 € W\D,. 
These are special cases of the following more general formulas, for k > 1: 


nAay= me (S22) 


weED, (W 
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and, if the complex dimensions are simple, 


gtk 


(w)x res (Cn(s)3w) 


1 kad ae : 
tes (Cp cite Ga) + ae. 
~j€W\D, 


(6.20b) 
We note that the distributional error term occurring in formulas (6.19a)— 
(6.20b) can be estimated by means of Theorem 5.30. 


Remark 6.5. From now on, for notational simplicity, we will no longer 
distinguish between the distributional error terms at level k (previously 
denoted by Ri (x)) and their pointwise counterparts, RK (x). In other 
words, both a pointwise and distributional error term at level k will be 
denoted by RK (x), as we have done in formulas (6.19a)—(6.20b) above. As 
usual, the case k < 0 is allowed in the distributional formula. 


6.2.2 The Spectral Counting Function of a Fractal String 


For the spectral zeta function ¢,,(s), hypothesis L2’ is never satisfied. Hence 
only Theorems 5.10 and 5.18 apply; i.e., our explicit formulas for the spec- 
trum will always contain an error term. Indeed, by [Edw, §9.2, p. 185], the 
Riemann zeta function satisfies 


\C(o + at)| < Co (|t| + 1)2-7 (6.21) 


for o < 0, and it does not satisfy a better estimate in this half-plane. (The 
constant C, decreases like (27e)’~!/? as ¢@ + —oo.) Moreover, inside the 
critical strip 0 < o < 1, one has the estimate 


IC(o + it)| < K - (|t] +1)0-”/? log |t| (6.22) 


for some constant K. It follows from these estimates that if £ is a fractal 
string satisfying hypotheses L1 and L2 for some value of «, then, by Equa- 
tion (1.38), its spectral zeta function ¢,(s) = ¢c(s)¢(s) satisfies the same 
assumptions for the same screen, except with « replaced by «+ 4 —inf S 
if inf S < 0, or by K+5 if inf S > 0. 
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Given 09 < 0, we apply Theorem 5.10 to find the following pointwise 
explicit formula, valid for all positive integers k > 3 —ootkK: 


NA) =whley+ SO res (..) 


weED,(W) (s)x 


k-1 
ae? : D! y (* , ‘) (—1ha*-*-4¢,(-7) + REV(a), 


j=0 é 
-jEew\D, 


(6.23a) 
where wi (x) = ¢,(1)a*/k! is the Weyl term (at level k), introduced in 
Section 6.1.3. 

If the poles are simple, this becomes 


getk-1 


N®(c)=WH(2)+ > ae 


weD,(W) 


1 eee. CN oa tae ae oe (Al ( 
‘ean & ("5 *)eniatie (na) + able. 
—jEW\D,, 


C(w) res (Gn (8); w) 


(6.23b) 

Alternatively, if we apply Theorem 5.18, we obtain a distributional ex- 

plicit formula (with error term) valid for all k € Z (and in particular 

for k = 1), which is still given by Equation (6.23), but which is now inter- 

preted distributionally (see Remark 6.5 above). This distributional formula 

will be very useful later in the book; see, in particular, Chapter 9 and es- 
pecially Section 11.2. 


Remark 6.6. If we set & = 1 in (6.23a) and (6.23b) (which is only pos- 
sible provided these formulas are interpreted distributionally), then Equa- 
tion (6.23a) becomes, using that ¢(0) = —1/2, 
Na) =G (at So res Geane — {¢,(0)/2} + R,(2). 
wED,(W) 
(6.24a) 


Moreover, if all the complex dimensions of the fractal string £ are simple, 
then Equation (6.23b) becomes 


cy) 


Ni(z)=G,(e+ > —¢(w) res (¢,,(s);w) — {¢n(0)/2} + Ry (a). 
wED,(W) 
(6.24b) 


In both formulas, the term in braces is included only if 0 € W\D,. 
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6.2.3 The Geometric and Spectral Partition Functions 
The geometric partition function of an ordinary fractal string £ = (15) joa 
is given by 


Oc(t)=S vets’, for t > 0. (6.25) 
j=l 


More generally, for a generalized fractal string 7, it is given by 


0,,(t) = es e *'n(dx) = (Pu, Yt), (6.26) 


where y:(x) = e~* for t > 0. Hence, if 7 satisfies L1 and L2 (that is, 7 is 
languid, in the sense of Definition 5.2), the explicit formula of Theorem 5.26 
applies, and we obtain the following result (note that by (5.43), we have 
¢i(s) =T(s)t-*, where I is the gamma function): 


6,(t) = MS res (¢,(s)I'(s)t °;w) 


weD,(W) 
oo (-1)™ me (6.27a) 
+ S- al t™¢,(—m) 4 (RY, ¢,). 
—meW\Dy 


If the complex dimensions of 7 are simple and do not overlap with the poles 
0, —1, —2,... of the gamma function, this yields 


On(t)= SY) res(¢q(s);w)T(w)t~ 


weED,(W) 
°° (-1)™ - (6.27b) 
+ Ne nil t™¢,(—m) 4 (RY, ¢:). 
—meW\Dn 


Note that by Theorem 5.27, if 7 satisfies the stronger hypothesis L2’ instead 
of L2, so that 7 is strongly languid, in the sense of Definition 5.3, we can 


choose W = C and set (RM, yt) = 0 in both (6.27a) and (6.27b). 


Recall from (4.20) that the spectral measure of the ordinary fractal 
string CL is given by 


v= Sow dep = ys Otmizty> (6.28) 
r 


nj=l 


where f runs over the sequence of (distinct) frequencies of £ and wy? 


denotes the multiplicity of f, as in (1.33). Therefore, according to defin- 
ition (6.26), the spectral partition function of L is given by 


6,(t) = So wPet = S- e-"7't, fort > 0. (6.29) 
Ff 


n,j=l 


188 6. The Geometry and the Spectrum of Fractal Strings 


In general, the spectral measure v associated with a generalized fractal 
string 7 (that is, the measure v representing the frequency spectrum of 1) 
is defined by (4.15) or (4.19). Then, the spectral partition function of 77 is 
given by (6.26), with 7 replaced by v. When we apply formula (6.27a) to v, 
we thus obtain the following formula for the spectral partition function, 
provided 1 is not a complex dimension of 17: 


6,(t) = Gn(1)4 + S- res (n(s)¢(s)T'(s)t~*3w) 
weED,(W) 
(6.30a) 


a «Des cy Gal m)¢(—m) + (RP, ys). 


! 
m0 m. 
—meWw\D, 


If the complex dimensions of 7 are simple and do not overlap with the poles 
of I, this yields 


(i) =G(D z+ YL res (Gy(s)s02) ww) 
weED, (W) 
ee _4)m (6.30b) 
+ Meg came(—m) + (RP 9). 
_mtin, 


Remark 6.7. In the literature on spectral geometry or on mathematical 
physics (see, for example, [Gil] or [BaltHi,Sim]), the spectral partition func- 
tion 0,(t) is frequently used as a substitute for the spectral counting func- 
tion N,(a). It usually has a clear physical interpretation. For example, in 
quantum statistical mechanics, the eigenvalues correspond to the possible 
energy levels E,, of the underlying quantum system (with possible inter- 
actions). Further, the variable t is replaced by 8 = 1/kgT, where kg is 
the Boltzmann constant and T stands for the absolute temperature (phys- 
ically, Gh has the dimension of a time, where hf is the Planck constant 
divided by 27). In this notation, the (quantum) partition function, defined 
as the trace of the Schrédinger semigroup,’ equals ere e8*3, For each 
n> 1, e7 FF / se e—55 is then interpreted as the probability (or statisti- 
cal weight) attached to the n-th state of the system (counting multiplicities 
in the spectrum). See [BaltHi, Sim] along with [Fey], and in a broader con- 
text, [JohLap, Section 20.2]. 

The interested reader can find in Section B.2 of Appendix B (and the 
relevant references therein) some information about the short time asymp- 
totics of 0,(t) in the classical case of a smooth manifold, along with their 
relationship with the spectral zeta function ¢,(s). We note that for the 
spectral problems of this kind, one usually needs information about the 


3It is often given and calculated via a path integral. 
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asymptotic behavior of 6,(t) as t + 07, which corresponds to the asymp- 
totic behavior of N(x) as 7 > oo. 


6.3 The Direct Spectral Problem 
for Fractal Strings 


6.3.1 The Density of Geometric and Spectral States 


Of special interest are the explicit formulas at level k = 0, the density of 
states formulas. They only have a distributional interpretation and they ex- 
press the measure of the generalized fractal string, or the spectral measure, 
as a sum over the complex dimensions. 

We apply our distributional explicit formula with error term (Theo- 
rem 5.18) to 7 = PP, where 7 is a generalized fractal string satisfying 
hypotheses L1 and L2. We then obtain that, as a distribution, the mea- 
sure 7 is given by the following density of geometric states (or density of 
lengths) formula: 


n= ys res (¢,(s)a°~*;w) + RDI (x). (6.31a) 
wED,(W) 
If the complex dimensions of 7 are simple, this becomes 
n= > res(¢,(s);w) 2° + RM (2). (6.31b) 
weD,(W) 


The error term is given by the integral over the screen, 
1 a 
RO (x) = ra [ole lds. (6.32) 


Further, by Theorem 5.22, RY (x) vanishes identically if condition L2’, 
rather than L2, is satisfied and W = C. 

Next, let v be the generalized fractal string representing the frequencies 
of 7. Note that we can use the same window W for v, since ¢ grows poly- 
nomially in vertical strips (see Equation (6.21) above or [In]). If 1 is not a 
complex dimension of 7, we obtain the following density of spectral states 
(or density of frequencies) formula, by Theorem 5.18 applied to v = pi, 


v=G(1)+ So res (G)(8)¢(s)2°-*;w) + RPM(e). (6.33a) 
weED, (W) 


If, in addition, the complex dimensions of 7 are simple, we find by evaluating 
the residues in the sum that 


v=G(1)+ S> res(6n(s);w) ¢(w)a2*-? + RE (2). (6.33b) 


wED,(W) 
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The error term is given by the integral over the screen: 
1 
RM) = 5 Ff als)C(s)a° a (6.34) 
271 Sg 


Note that in this case, L2’ is never satisfied, as is explained at the beginning 
of Section 6.2.2. 

Heuristically, this distributional formula describes what physicists call 
the density of states of the string 7 (or, quantum-mechanically, the density 
of energy levels of 7); see, e.g., [Berr3, BogKe,Ke] and the relevant references 
therein.* 


6.3.2. The Spectral Operator and its Euler Product 


Our explicit formulas for the density of geometric and spectral states ob- 
tained in the previous section—along with previous work on related sub- 
jects (especially [LapPol-—2], [LapMal-2] and Part II of [Lap3])—suggest 
introducing the following definition, which fits naturally within the present 
framework of generalized fractal strings. In turn, it helps conceptualize 
aspects of the aforementioned work and will become useful in our own in- 
vestigations (see Chapters 9 and 11). In particular, it formalizes the direct 
spectral problem which consists of deducing spectral information from the 
geometry. 


Definition 6.8. The spectral operator maps the density of geometric states 
onto the density of spectral states. Specifically, it adds the Weyl term ¢,,(1) 
to the explicit formula for 7, and locally, if the complex dimensions are 
simple, it multiplies each «*”~+-term by ¢(w). Further, the integrand of the 
error term is multiplied by ¢(s). 


Remark 6.9. We could use the geometric and spectral partition function 
of Section 6.2.3, instead of the density of geometric and spectral states, to 
formulate the definition of the spectral operator. 


Remark 6.10. The inverse spectral operator maps v back onto 7. Since 
it involves dividing by ¢(w) at the complex dimensions and by ¢(s) in the 
error term, the extent to which it exists depends on the location of the 
critical zeros of ¢. This sheds new light on the work of the first author with 
H. Maier [LapMal-2], to be revisited and extended in Chapter 9. 

It follows from our results in Section 10.2 below that in some sense the 
inverse spectral operator is well defined on the class of generalized Can- 


4The authors of these physical references study the spectrum of suitable Hamiltonians 
and not that of (generalized) fractal strings. Moreover, from the mathematical point of 
view, it is clear that their formal treatment of the density of spectral states should be 
interpreted distributionally (as could be done using, for example, our explicit formulas). 
We do not claim, however, to be able to recover from our explicit formulas all the results 
contained in those papers. See Section 12.5.3 for a related discussion. 
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tor strings studied in Chapter 10 (see Remark 10.11). This is the guiding 
principle underlying our proof in Chapter 11 that many number-theoretic 
zeta functions and other Dirichlet series do not have an infinite vertical 
sequence of critical zeros forming an arithmetic progression. 


The Euler Product for the Spectral Operator 


Let N(x) = N, (a) be the counting function of a (generalized) fractal 
string 7. We define the spectral operator as the counting function of 7 * h 
(see Section 4.2, along with Theorem 1.21 of Section 1.3), 


v(N)(2) = 5° N(a/k). 


k=1 


Note that this sum is finite, since N(x) = 0 for x close to 0. To fix ideas, 
let us suppose that N(x) = 0 for 0 < # < 1. Then k runs up to [2] in the 
sum. Define also the p-factor of v, for every prime p, by 


vp(N)(x) = >) N(ap~*), 


k=0 


where the terms in the sum vanish when p* > x. This is the counting 
function of 7 * h».°? The operators v, commute with each other, and their 
composition gives the Euler product for v: 


v(N) = (II, vp) (N). 


Making a change of variables x = e’, and writing f(t) = N(a), we define 
the additive spectral operator 


and the p-factors 
ap(f)(t) = >) f(t — klogp). 
k=0 


Both these sums have finitely many terms for each t provided f is supported 
on a right half-line [b, oo), for some real number b. These operators are again 
related by an Euler product, 


a(f) = (TI. 40) (/). 


Pp 


5Here, hp = Fo 5 p5} denotes the p-th elementary prime string, as in Equa- 


tion (4.24) of Section 4.2.1. 
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where the product means composition of operators. 
To study the continuity (boundedness) of these operators, we work in 
the Hilbert space of functions f on [0,0o) such that the norm 


lle = | IF (t)|2e-2¢at 


is finite. The Hilbert space depends on a positive parameter c which needs 
to be suitably chosen. Note that if N(x) = O(a?) then f(t) = O(e?*) 
and f has finite norm for c > D. In particular, the spectral operator is 
bounded for c > 1, and unbounded for c < 1. For c = 1, the p-factors 
are bounded on the space of functions f for which there exists a D < 1 
(depending on f) such that f(t) = O(e?"), which corresponds to the space 
of counting functions of fractal strings of dimension D. Such strings have 
complex dimensions w with Rew < D. In this sense, for c = 1, the spectral 
operator converges inside the critical strip 0 < Res < 1. 

Let 0 = 4 be the differentiation operator. The Taylor series for a smooth 


dt 
function f can be written as 


f t hie t spe t 
pet ny = (+ On LO, HO i 4. = ne. 
That is, the derivative is the infinitesimal generator of the group of shifts 
on the real line. Using this operator, we see the analogy with the usual 
Euler product for ¢(s) (see Equations (4.13) and (4.26)): 


ap(f) = Se Rre?)(F) = (1—p-®)" (f) =, (OVP) 
k=0 


and 


To justify this formalism, we need to verify that the spectral operator 
and its factors are normal; i.e., aa~ = a*a and apa, = a,ay. The adjoint of 
a shift is the shift in the opposite direction. Since here, our Hilbert space 
depends on a parameter c, we obtain 


ak(f)(t) = S~ f(t + blog p)p-?"*, 


k=0 
and - 
a*(f)(t) = 5° f(t + log k)k-**. 
k=1 
We compute that these operators are indeed normal: 


1 = ; 
— S- f(t — klog p)p2omimto'} 


apap (Ff) (t) = apap (F) (8) = 7 a 


k=—0o 
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and 


aa” (f)(t)=a*a(f)(t) =e) SY f (t—log #) n~**, 
(m,n)=1 
where the last sum is taken over all pairs of integers m,n > 1 without 


common factor. 
Note that 
a, (f)(t) = f(t) — f(t — log). 
To compute the spectrum of a,, we solve ap(f)—Af = g for f, and consider 
for which complex numbers 4 this does not define a bounded operator. 
Applying a;' first, we obtain 


(1— A) f(t) + Af (t — log p) = g(t) — g(t — logp). 
From this we readily deduce that 


k-1 


» 
0 a geet )~ Soot — k log p) Q-peT 


Taking g = 0, we see first of all that a, has ne plecmtunenons: The func- 
tion f has bounded norm exactly when |;4,| < p*. Hence, he spec- 
trum o(a,) of the operator a, consists of those values for which i pe eae 


We find 
a(ap) = {z C: 


z 


We invite the reader to further explore the material contained in this 
section. In particular, we suggest the following problem, which may be 
related to the Riemann hypothesis. 


Problem 6.11. Determine the spectrum of the operator a = a¢. 


Up to now, the discussion has been formal and did not involve the topol- 
ogy of the various Hilbert spaces. On the other hand, here a, denotes the 
spectral operator on the Hilbert space that has been introduced above 
(whose norm depends on a parameter c), since the spectrum of a depends 
on the Hilbert space on which the operator acts. 


The framework described in the present section already appeared in 
Section 6.3.2 of the first edition, [Lap-vF11]. Motivated by the results 
of [LapMal, 2] on a reformulation of the Riemann hypothesis as an in- 
verse spectral problem for fractal strings (briefly discussed in Section 9.1), 
along with their reinterpretation given in Chapter 9 via explicit formulas 
and complex dimensions, Hafedh Herichi and Michel Lapidus, in the pa- 
pers [HerLap1-4], address the question of the invertibility (as well as of the 
closely related ‘quasi-invertibility’®) of the spectral operator. 


8In [HerLap1-4], the spectral operator a is said to be quasi-invertible if aT) is invert- 
ible for all T > 0, where fal?) bag is a suitable family of truncated spectral operators 
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For any c > 0, the quasi-invertibility of a. is shown to be equivalent to 
the absence of zeros of the Riemann zeta function along the vertical line 
Res =c. Furthermore, the invertibility (in the usual sense for unbounded 
operators) of a, is shown to be equivalent to the fact that 0 is not in the clo- 
sure of the range of ¢(s) along this same line. Consequently, a, is invertible 
for all c > 1. As a result of the universality of the Riemann zeta function 
in the right half of the critical strip (see, e.g., [KarVor, Lau, Steu]), a. is 
not invertible for 1/2 <c< 1. It is also not quasi-invertible (and, a for- 
tiori, not invertible) for c = 1/2 (since ¢(s) has zeros along the critical line 
Res = 1/2). If the Riemann hypothesis is true, then, as a result of the 
non-universality of the Riemann zeta function in the left half of the critical 
strip (see [GarSteu]), a. is invertible for all 0 < c < 1/2. Moreover, the 
operator a, is quasi-invertible for all c 4 1/2 if and only if the Riemann 
hypothesis holds true (compare with the results of [LapMal, 2] discussed 
in Section 9.1 and those of the rest of Chapter 9, especially Theorem 9.5 
and Corollary 9.6, for which it provides a rigorous operator-theoretic inter- 
pretation). 

Finally, it follows from the results of [HerLap1—4] that the spectrum of a, 
(and the operator a, itself) is unbounded for 0 < c < 1. Conditionally (i.e., 
upon the Riemann hypothesis), it is not all of C for 0 < c < 1/2. Uncondi- 
tionally, by the universality of ¢(s), the spectrum is all of C for 1/2<c<1 
(and, conjecturally, this includes c = 1/2; see, e.g., [KalSteu]). For c > 1, 
the spectrum is a compact (in particular, bounded) subset of C. We see a 
phase transition in the behaviour of a, at c = 1, and, if the Riemann hy- 
pothesis is true, the only other phase transition is at c = 1/2. These phase 
transitions occur for each of the four features that are of interest: shape 
of the spectrum, boundedness, quasi-invertibility, and invertibility (to the 
left of c = 1, invertibility in the sense of unbounded operators). 


6.4 Self-Similar Strings 


We now consider the case of self-similar strings studied in Chapter 2. The 
reader may first wish to briefly review some of the main results and def- 
initions of Sections 2.2—2.5, particularly Theorems 2.3 and 2.16, as well as 
Definition 2.13. 

According to Theorem 2.3, the geometric zeta function of a self-similar 
string £ of length L with scaling ratios ri1,7re,...,rn~ and gaps scaled 
by g1,---,9K is given by 


git-+9% 
l—rg—---— rg 


Gc(s) = L® (6.35) 


(continuous for c 4 1, meromorphic for c = 1), corresponding, for each T’' > 0, to the 
part of the spectrum of 0 lying in the horizontal strip |Ims| < T. 
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We deduce that (recall from Section 2.1 that gx is the smallest gap), 


lCc(s)|< (ig as 0 = Res > —oo. (6.36) 


It follows that we can let W = C and that ¢c(s) satisfies L1 and L2’ 
with « = 0 and A = Lg tN as will be further explained just below. 
Furthermore, Theorem 3.26 enables us to find a suitable sequence {Ty },¢z; 
with T,, > +00 as n + +00, such that ¢-(s) is uniformly bounded on the 
horizontal lines Ims = T,, (for every n € Z), and hence such that hy- 
pothesis L1 given by (5.19) is satisfied with « = 0. Secondly, in view of 
estimate (6.36) above, we can simply choose the screen S,, to be the verti- 
cal line Res = —m for m > 1 to verify that hypothesis L2’ given by (5.21) 
holds with k =0 and A= L7! Ge EN: It follows that geometrically, a self- 
similar string is always strongly languid, for « = 0 (and hence, by Re- 
mark 5.4, for every « > 0). Thus Theorems 5.14 and 5.22 apply to obtain 
asymptotic pointwise and distributional formulas without error term, valid 
for all 2 > Lo! Ve TN- See also Theorem 3.25, along with its application 
given in Section 8.4.4 below. 


Remark 6.12. In what follows, it will be useful to recall from Theo- 
rem 2.16 that for a self-similar string, D is always simple, where D denotes 
the dimension of £.7 Moreover, all the other complex dimensions of £ are 
located to the left of the vertical line Res = D. According to the basic di- 
chotomy of Theorem 2.16, for a nonlattice string, they all lie strictly to the 
left of this line, and a subsequence of complex dimensions lies arbitrarily 
close to it, whereas if £ is a lattice string, there is an infinite sequence of 
complex dimensions w on the line Res = D, namely w = D+inp (n€ Z), 
where p denotes the oscillatory period of L. 


6.4.1 Lattice Strings 


The explicit formulas for lattice self-similar strings are particularly simple, 
since by Theorem 2.16, the complex dimensions of £ are located on finitely 
many vertical lines. Moreover, if the gaps are integral powers of r as well, as 
in Equation (2.40), then the residues of ¢- at the complex dimensions on a 
given line are all equal. We assume this in this section and the lattice part of 
Section 6.4.3, leaving the more general case to the reader (see, for example, 
Remark 2.18). This assumption is satisfied in all our lattice examples, since 
they all have a single gap, normalized as in Remark 2.5. We do not make 
(and indeed, cannot make) this assumption in Section 6.4.2 or the part of 
Section 6.4.3 dealing with nonlattice strings. 

If the complex dimensions w+inp (n € Z) on the vertical line Re s = Rew 
are simple (i.e., if w is a simple pole of ¢-), then the corresponding sum in 


“The number D is the Minkowski dimension (or the only real dimension) of £, also 
called the similarity dimension of £. See Remark 2.21. 
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the pointwise formula for Nz (a) gives the multiplicatively periodic function 


Co 


res (6c(s);w) S~ 


n=—Co 


ge tinp 
—___.. (6.37) 
w+ imp 

Using the Fourier series (1.13), with log b = 27w/p and u = ploga/27, we 
see that this sum is equal to 


Co 


res (6c(s);w) > 


n=— Co 


ge tinp b rie 
ee -w) ——p (4 e¥=— (6.38 
cae res (Cc(s);w) as a (6.38) 


In particular, since D is simple (see Remark 6.12 above), the local term 
corresponding to D in the explicit formula for Ne(x) is given by (6.37) 


(with the infinite sum expressed as in (6.38)) with w = D. 
Likewise, these complex dimensions contribute the quantity 


Co 


res (¢c(s); w) S- T(wt+inp)t-?-"P (6.39) 


n=— Co 


to the asymptotic expansion of the geometric partition function @;(t), as 
defined by Equation (6.25). 

For example, for the Cantor string defined in Section 2.3.1, we have 
w = D = log,2 and p = 27/log3. Hence we can set b = 2 in the Fourier 
expansion (1.13), and we recover formula (1.31) stated at the end of Sec- 
tion 1.2.2:8 


N, = g1— {logs t},,D _ l= ae = if, 
cs(x) r x Deap (6.40) 
In the same way, the geometric partition function of the Cantor string, 


[o.e) 


bcs(t) =) Pe", 


n=0 


is given by, in view of formula (6.27b) and the comment following it, 


a2 3 [T'(D+inp)t-?-” 3 (=D) pn = 


log3  <~ cont m! 1-2-3” 
SB ie ay 
= t-? Ges (logs t aes Se Goon 4) 


8Recall that our definition of the Cantor string in Chapter 1 was slightly different 
from the present one in that the first length was equal to 1/3 instead of 1. 
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where Gog is the nonconstant periodic function (of period 1) given by 


Co 


Gos(u) = 5 LPO simp) er, (6.42) 
Remark 6.13. The periodic function Ges, defined by (6.42) and occur- 
ring in the explicit formula (6.41) for 6cs(t), is smooth on (—oo, +00). (In 
light of a well-known theorem about Fourier series, this follows from the 
fast decay of [(D + inp) as |n| — oo; see, e.g., [Schwl, §VII.1] along with 
Stirling’s formula [In, p. 57].) In contrast, the corresponding periodic func- 
tion occurring in the explicit formula (6.40) (or (1.31)) for the geometric 
counting function Nog(x) has infinitely many discontinuities. 

An analogous comment applies to the Fibonacci string studied below— 
and, more generally, to every lattice string. 


Remark 6.14. It is instructive to see to what extent formula (6.41) could 
have been derived by a direct computation (even formally). Indeed, writing 


1 oe) 
en 9-!g—ml 


we find that the sum over m in (6.41) is equal to — 77+ 


2"e-3'*, Hence, 


it remains to establish the formula ye 
— 
S> are 3"? = t- Gos (logy t7'). 
n=—oco 


Now, since the left-hand side changes by a factor of 2 when t is divided 
by 3, it is immediate that Gog is periodic with period 1. But to compute 
the Fourier series of Gog, as is done in (6.41) and (6.42), is not an easy 
task. 


For the Fibonacci string, introduced in Section 2.3.2, there are two lines 
of complex dimensions, see Figure 2.5. Also, we have p = 27/log 2. For the 
sum corresponding to the line of complex dimensions above D = log, ¢, we 
have b = @¢, and for the other line, above —D + sip, we have b = —¢7! in 
formula (1.13). Thus we find that 


+4 —4 
Npip(x) = SHAE pts TpD _ yy eats) 


5 
— 3449 4 flog 2} ,D _ 1 4 14? goes 2} 4D (_1) lo: al, 
5 5 
(6.43) 
In view of formula (6.27b) and the comment following it, the geometric 
partition function of the Fibonacci string, 


(—¢) {1082 t}.—D+35ip 


Orip(t) = x Boge tt 
n=0 
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(where the Fibonacci numbers F;,;1 are defined by the recursive equa- 
tion (2.19)), has an asymptotic expansion given by 


Oi (t) = Slog? S- I(D +inp)t D-inp 4 ye mal t a ET 
n=—0co m=0 : 
3-¢ : D-i 
ae T(—D Go nP., 44 
Sogo De T(-D + inpyeP—. (6.40 


If the complex dimensions of the lattice string £ on a line are not simple, 
then formula (6.37) has to be changed. Moreover, the resulting function is 
no longer multiplicatively periodic in that case. For example, if the complex 
dimensions on the (discrete) line w + inp are double poles of ¢-, and the 
Laurent series of ¢¢ around the pole at w is given by 


Ge(a) = a-2(s—w) 7? +au(s—w) +... 


then the sum over these complex dimensions in the explicit formula for 
Ne() is the function 


2x Ob 


Qn b 
cas mae ee log x + Q_1 = 


9 put aw 
qe iat, (6.45) 


where, as above, we write u = (p/27) logx and b = exp (27w/p). 
In particular, for the lattice string £ with multiple poles introduced in 
Section 2.3.4, we find 
4 3logzr+5 1 
Nee) = 2 (eel ee ee. 6.46 
ela) = 52a? + (1) a (6.46) 
The asymptotic expansion of the geometric partition function of that 
string is given by 


4 = a —D-in 
 (=1)™ 1 1 oS iyi 
4m t gip—inp 
= m! 1—3-9™ —2.27™ Jlogs 


: 3 . 
((5 — 3log,t)T (Sip + inp) + oes (Sip + inp), 


where I”’(s) denotes the derivative of the gamma function. 


6.4.2 Nonlattice Strings 


As was recalled in Remark 6.12, according to the nonlattice case of Theo- 
rem 2.16, there is only one complex dimension with real part > D, namely D 
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itself. Further, D is always simple. Consequently, by estimate (5.64) of 
Theorem 5.30, if there exists a screen passing between Res = D and the 
complex dimensions to the left of this line (for the general case, see Re- 
mark 6.16 below), we have for k > 1, 


gPtk-1 
(Dk 


In particular, for k = 1, we have, again provided a suitable screen exists, 


NI (e) = res (Cc(s); D) 


+o(x?t*!), asa—+oo. (6.48) 


D 
Ne (a) = res (6c(s);D) + o(2?), as Z— 00. (6.49) 

With the same restriction, we find for the partition function that 
Oc(t) = res (Cc(s);D)T (D)t-? + 0(t-”), ast+0r. (6.50) 


Similarly, nonlattice strings are Minkowski measurable, since (as will follow 
from Theorem 8.36 below), 


(Qay? 


Da —D) ase 0T. (6.51) 


V(e) = res (Cc(s); D) 
Remark 6.15. We point out that the exponents of ¢ in the estimates 
in (6.48)—(6.51) are the best possible, since by the nonlattice case of Theo- 
rem 2.16, there always exist complex dimensions of £ arbitrarily close to, 
but strictly to the left of, the vertical line Res = D. However, the results 
of Section 3.6 allow us to improve these estimates with a factor of lower 
order, depending on the size of the dimension-free region for L. 


Remark 6.16. Recall that we cannot always choose a screen passing be- 
tween the line Res = D and all complex dimensions strictly to the left of 
this line; see Example 5.32. Hence the above analysis is valid only for non- 
lattice strings that allow the choice of such a screen. However, if £ does not 
allow such a screen, we apply Theorem 3.25 to write, for all small positive 
numbers 4, 


he pDtk-1 petk-l 
NEG) =1e5(Ge(9D) + Yes Gols)sw) 
D-6/2<Rew<D % 


+o(zP-/4+k-1) as — 00, (6.52) 


1—-D 1l-w 
V(e) = res (¢e(s);D) Pres (Ce (s);u) ME 


D-6/2<Rew<D w(1—w) 
+ o(e1-P*9/4), ase + 0t. (6.53) 
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The sum in (6.53) converges absolutely, since the residues are bounded, by 
Theorem 3.25. For the same reason, the sum in (6.52) converges absolutely 
provided that k > 2. Then we apply the estimate of Theorem 5.17 to 
deduce (6.48) and (6.51) above. In Section 8.4.4, we give more details of 
this analysis. The same argument also applies to the geometric partition 
function. 


Remark 6.17. The estimate for the volume of the tubular neighborhood 
V (e) will be shown in Section 8.4.4 to hold pointwise. Further, the estimates 
for N i (x) can be understood pointwise for k > 1, except when we are 
in the situation of the previous remark, in which case one needs k > 2. 
In the latter situation, the estimate for N a (x) can still be interpreted 
distributionally. 


6.4.3 The Spectrum of a Self-Similar String 


We now study the spectral asymptotics of lattice and nonlattice self-similar 
strings. 


Lattice Case 


Let £ be a lattice self-similar string with oscillatory period p and multi- 
plicative generator r. Suppose that w is a simple complex dimension and 
that the gaps are integral powers of r, as in Equation (2.40).° In the ex- 
plicit formula for the spectral counting function, the sum over the complex 
dimensions on the line w + inp gives the periodic distribution 


co qutinp 
es : ee J : 6.54 
res (o(9)i) D> 2 cw + inp) (6.54) 

n=—0o 
In contrast to the geometric formula (6.37), there is no nice closed formula 
for this expression, because 0 < Rew < 1 and hence ae j_” does not 
converge. 

Again, in view of Remark 6.12 above, we can apply (6.54) to w = D 
itself. We find that the spectrum of a lattice self-similar string is, as a 

distribution, given by its counting function, 


gDtinp 
N,(@) = voli (L)- «+ res (Cc(s pd) > ¢(D + inp) ———_ 


n=—Co 


+ O(x°(logx)™~") + O(1), (6.55) 


D+inp 


as x — oo, where Res = O is the first line of complex dimensions to the 
left of D, and m is the maximal multiplicity of the complex dimensions 


9 As in Section 6.4.1, we leave the general case to the reader; see Remark 2.18. 
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of £ on this line.‘° Note that voly(£) = ¢c(1) is the one-dimensional total 
length of £, and res (¢c(s);D) is related to the D-dimensional volume of 
the boundary of the string; see Chapter 8, Theorem 8.15. Further note that 
the error term O(1) in (6.55) (or in (6.56) below) is needed if © < 0, as is 
the case, for example, for the Fibonacci string. 

Similarly, the spectral partition function has an asymptotic expansion 


6,,(t) = vol,(L)-t~'+res (C¢(s); D) ys T (D + inp) ¢(D+inp)t7?-”P 


n=—Co 


£ o(re (logt“1)""~") +0(1), (6.56) 


as t > 0*, where © and m are as above. 


Remark 6.18. We note that ¢(D+inp) does not vanish for infinitely many 
values of n, by Theorem 11.1 of Chapter 11. Hence the sum over the line 
of complex dimensions D + inp contains infinitely many oscillatory terms. 
In other words, the spectral counting function and the spectral partition 
function of every lattice string have oscillations of order D. This additional 
information cannot be obtained by means of the Renewal Theorem or by 
means of a Tauberian-type argument. 


For the Cantor string of Section 2.3.1 we obtain 


oo ‘ 
gDtinp 


N,(z) = 80+ 5 S> ¢(D4 iP) mp + O(1) (6.57) 


as x — oo, where D = log; 2 and p = 277/log3, and 


Co 


ok -1 1 - - —D-inp 
6,(t) = 3t-1 + aes S° DPD + inp)¢(D + inp)t + O(1), 


n=—Cco 


(6.58) 


as t > 07. In light of Remark 6.18, the (multiplicatively) periodic func- 
tions represented by the series in (6.57) and (6.58) are both nonconstant. 
The same comment would hold for arbitrary lattice strings not necessarily 
satisfying Equation (2.40). 

A detailed analysis of the spectral counting function N,(x) of the Cantor 
string (and of other integral Cantor strings) is provided in Section 10.2.1 
below. (Set a = 3 and b = 2 in Theorem 10.7 and Corollary 10.8; see 
also [LapPo2, Theorem 4.6, p. 65] for an earlier, although less precise, 
study of this particular case.) 


10Qbserve that in the notation of Theorem 2.16, different u»,’s can have the same real 
part. 
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As was pointed out above, each line of complex dimensions of a lattice 
string yields a corresponding sum in our explicit formulas. For example, 
for the Fibonacci string of Section 2.3.2, we obtain the following expression 
(with D = logy ¢ and p = 27/log2, where ¢ = (1+ /5)/2 is the golden 
ratio): 


OS. gD+inp 1 
N,(2) = ae D + inp)—_—_— + 
D+inp 2 


gy Dt+i(nt+1/2)p 


—D+i(n+1/2)p 


oP PEs ¢(—D + i(n + 1/2)p) + O(a?) (6.59) 


as x — oo, and 


1 
6, (t) = 4t- Te (D + inp) ¢(D +inp)t-?-"P + 5 


Co 


—D + i(n +1/2)p) ¢(—D + i(n + 1/2)p)t? Wr /)P 
; +0(t-?), (6.60) 


as t + 0+, for every p < —D. 


Remark 6.19. We leave it as an exercise for the interested reader to 
write down, possibly with the help of a symbolic computation package, the 
explicit formulas for the spectral counting and partition functions of the 
lattice string with multiple poles introduced in Section 2.3.4. 


Nonlattice Case 


Next, let £ be a nonlattice self-similar string. After separating the term 
corresponding to the dimension of the string, we find 
N, (x) = voli(£) - # — res (¢¢(s); D) (-¢(D))  +0(2?), as «+ 00, 
(6.61) 


interpreted distributionally. Note that by formula (8.25) and since ¢(D) < 0, 
the coefficient of x? is negative. Again, when there is no screen passing be- 
tween Res = D and the complex dimensions to the left of this line, one 
has to apply the technique of Remark 6.16 to derive this formula, still 
interpreted distributionally. 

For the spectral partition function, one obtains, as t > 07, 


6, (t) = vol; (L) - t~* — res (Ce(s); D) (—¢(D)) T(D)t~? + o(t-?). (6.62) 


We leave it as an exercise for the interested reader to apply the formulas 
obtained for the geometric and spectral density of states in Section 6.3.1. 
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Remark 6.20. As in Remark 6.15, we point out that in (6.61) and (6.62), 
the exponent in the error term is the best possible. Indeed, by [Tit, Theo- 
rem 9.19(C), p. 204], the density of the zeros off the critical line Re s = 1/2 
of the Riemann zeta function is less than linear. On the other hand, by 
Theorem 2.16, every nonlattice string has complex dimensions with real 
part arbitrary close to D (from the left) with linear density. Hence these 
complex dimensions cannot all be canceled by zeros of ¢(s). A moment’s 
reflection shows that this argument is valid for any D in (0,1), includ- 
ing D = 1/2. However, using the dimension-free regions obtained in Sec- 
tion 3.6, we can improve the error term by a factor of lower order. 


6.5 Examples of Non-Self-Similar Strings 


Let 7 be a generalized fractal string with geometric zeta function ¢,. In 
general, ¢,(s) does not need to have a continuation as a meromorphic func- 
tion beyond the line Res = D (see Example 1.18), or the meromorphic 
continuation does not need to satisfy L1 and L2 beyond a certain screen. 
Thus, the analysis of ¢, and the choice of a good screen become the key to 
understanding the geometry and the spectrum of a fractal string. We give 
here an example of such an analysis. 


6.5.1 The a-String 


Given a > 0, an arbitrary positive real number, we consider the ordinary 
fractal string £ with lengths 


L=j °-G+l)% g=1,2,.... (6.63) 


This string (which we call the a-string) has already been discussed in a 
related context in [Lap1, Example 5.1, pp. 512-513] and was later on revis- 
ited in [LapPo2, pp. 64-65]. However, thanks to Theorem 6.21 below and 
our explicit formulas, we will be able to obtain much more precise results 
than in these earlier papers. 

Recall from [Lapl, Example 5.1] that £ can be realized as the open 
set Q C R obtained by removing the points 7~* (j = 1,2,...) from the 
interval (0,1); namely, 


Q= U (G+1)~*,97°). (6.64) 


Hence, its boundary is the countable compact subset of R given by 


OOS 45 pd eee IOR (6.65) 
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We begin by determining the possible complex dimensions of £, that is, 
the poles of ¢¢.!! 


Theorem 6.21. Let a > 0 and let £L be the ordinary fractal string with 
lengths 1; given by (6.63). Then ¢c(s) = ye 1/3 has a meromorphic con- 
tinuation to all of C. The poles of Cc are located at sti and at (a subset 
of) the points =) aH real rage and they are all simple. In particu- 
lar, the dimension of Lis D= ae and this is the only pole of Cr with 
positive real part. The residue of Cz at this pole is equal to a? 

Further, for any screen S not passing through a pole, Cc satisfies L1 
and L2 (i.e., £ is languid) with « = 4—(a+1)inf S if inf S < 0 and 
kK = 4 ifinf S > 0. (Here, inf S is defined as in (5.17a).) 


Proof. We compute the first term of an asymptotic expansion of [;: 
j+1 
bape Gaia fede =a + HG), 
Fl 


where H(j) =a f?*" (x-*-1 — j-*-1) dex. It follows that 


1/j 
hear ay) =i] ((1+t)~*"' —1) dt. (6.66) 
0 
Note that h; = O(1/j7), as j + oo. Choose an integer M > 0. Then 


ls = (aj~*"! (1+hy))* 


M 
s-—s(a 8 n Clee 9 ante 
ween (5° (‘Day 0 (LAME), 
n=0 


where we have set 


(=) =e) for sé C. (6.67) 


n! 


I 


I 


We thus obtain 


M ¢ fore) 
Cc(s) = Soa’ (*) So ang sr) + f(s), (6.68) 


n=0 j=l 


where f(s) is defined and holomorphic for Res > mee The first forms of 
this sum, for n = 0, is a*¢((a+1)s). Thus we find the first pole at s = =. 
Note that the first term grows as (|t| + 1)2~7¢+) on vertical lines Re s = 0 


with o < 0. 


11We are grateful to Driss Essouabri [Ess1—2] for providing us with the main idea of 
the proof of Theorem 6.21. 
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It remains to analyze the functions 


Co 


SC Any Fer); (6.69) 


j=l 


for n > 1. We will show uno these functions are meromorphic with simple 


poles at the points 0, — a ; et sats M 
Using the asymptotic expansion (1 + ee le Ole) 
as t > 0, we obtain in view of (6.66) that ee 
1/3 ae 
hy -if Sige ‘en de + (3 ae) 


m=1 


1 Me —a 
es ( Jin sou, as j >. 


By taking the n-th power of this expansion, we find an asymptotic ex- 
pansion for hi’. Substituting this expansion, we write each of the functions 
in (6.69) as a sum of constant multiples of ¢(m-+(a+1)s) (which has a pole 
at s = +="), for n <m< M. In view of Equation KOs 68), we thus deduce 


a 
that Cc ae a meromorphic continuation to Res > — mn with simple poles 
at s = me m = 0, 2, 3, 4,...,M (note that 0 is not a pole of ¢c, due to 


the factor () = s on the right-hand side of (6.68)). Since M is arbitrary, 
it follows that ¢c has a meromorphic continuation to all of C. A direct 
computation shows that the residue of ¢g at D = 1/(a+1) is equal to a”. 

Finally, for m > 1, the growth of ¢(m + (a + 1)s) is superseded by the 
growth of the first term a*°¢((a + 1)s). Thus for any screen Res = inf S 


with inf S < 0, we can choose « = 4 — (a+ 1)inf S. 


It follows from Theorem 6.21 (as well as from Theorems 5.18 and 5.30) 
that the geometric counting function of £ satisfies 


Ne(z) =a? x? +¢c(0)+ O(a”), astro, (6.70) 


while its spectral counting function satisfies 
1 
N, (2) =2+¢(D)aP? 2? — 3$£(9) +O(a~?), astro. (6.71) 


Recall from [Tit] that ¢(D) < 0 since D = aa © (0,1). Also note that 
¢c(0) = —1/2 because the first term in (6.68) is aC((a+1)s ), ¢(0) = -1/2, 
and all other terms vanish at s = 0 since Ga =0Oforn> 1. 

We note that in [LapPo2, Example 4.3], the error term is only o(x?) 
in the counterpart of (6.71) (or of (6.70)). See, in particular, [LapPo2, 
Equation (4.25), p. 65]. 
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Actually, since the poles of ¢¢ are all simple, it follows from Theorem 6.21 
and our explicit formulas that Equations (6.70) and (6.71) can be replaced 
respectively by the much more precise expressions 


M 
Ne(a) = aPa? + ¢¢(0) + S$ res (Cc(s);-mD) 2-™? 


m=1 


+O(2- M40), as z—> 00, (6.70') 


M 
Ny(a) = 2+ ¢(D)aPo? ~ 5¢c(0)-+ > res (¢e(s);—mD) ¢(-mD) a“ 


=1 


i Oe Ore), asa — oo, (6.71’) 


valid for every M =0,1,2,.... 


Remark 6.22. Depending on the arithmetic properties of the parameter a, 
the residue of ¢¢ at s = —mD may vanish for some values of m € N*. This 
is why one cannot in general specify the exact set of complex dimensions 
of the a-string £ in the statement of Theorem 6.21. 


6.5.2 The Spectrum of the Harmonic String 


An interesting example of a non-self-similar fractal string is provided by 
the harmonic string, introduced and studied in [Lap2, Example 5.4(ii), 
pp. 171-172] or [Lap3, Remark 2.5, pp. 144-145]. Recall from Equation 
(4.10) above that it is given by the measure h = yet 643} and hence has 
lengths 1; = F for j = 1,2,... (note that this string has infinite total length 
shes 5 = oo). Thus 


¢n(s) = G(s) (6.72) 

and 
Cu(s) = Cals) -C(8) = (C(s))”- (6.73) 
It follows from (6.73) that at the geometric level, s = 1 is the only pole 


of ¢,(s), and that it is simple, while at the spectral level, s = 1 is the only 
pole of ¢,(s) and has multiplicity two. 
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Since we have, as was noted in [Lap2, p. 171] or [Lap3, p. 144],!? 


Ni(z)= 5° 7(k), (6.74) 


1<k<a 


where 7(k) denotes the number of divisors of the integer k, it follows from 
Equation (6.73) above (and our error estimates) that 


N(x) = S- T(k) =alogr + (2y—-1)x4+4+ o(z), (6.75) 


1<k<a 


as x — oo, where y denotes Euler’s constant. This well-known formula 
was recovered in a similar manner in [Lap2-3] and is often referred to 
as the Dirichlet divisor formula. A long standing open problem—called 
the Dirichlet divisor problem in the literature [Tit, §12.1, pp. 312-314]— 
consists of obtaining a much sharper form for the error term on the right- 
hand side of (6.75). 


6.6 Fractal Sprays 


We consider fractal sprays, defined in Section 1.4 (following [LapPo3]) and, 
more generally, in Section 4.3. For simplicity, we assume that 


éa(s) = >) wef, 
r 


the spectral zeta function of the basic shape B, has at most finitely many 
(visible) poles, called the spectral complex dimensions of B.13 Moreover, 
we restrict our attention to those fractal sprays of a (possibly generalized) 
fractal string 7 on B for which no complex dimension of 7 coincides with 
a spectral complex dimension of B. 

The Weyl term at level k associated with the fractal spray of 7 on B is 


wily= SD res (EME) ort.) (6.76) 


u: pole of Cp 


The terms in this sum can be analyzed in the same way as in Section 6.1.1. 
The result depends on the multiplicity of the spectral complex dimensions. 


12Indeed, as is observed in [Lap2-3], the frequencies of the harmonic string consist 
of the sequence of positive integers 1,2,3,..., with multiplicity respectively equal to 
7(1),7(2),7(3),.... With our notation from Section 4.1 and in view of formulas (4.10) 
and (4.19), this can be seen as follows: v = h* h = OP) <1 S¢mn} = ni TCA) OER}. 

13For example, 1 is the only spectral complex dimension of the Bernoulli string, as 
discussed in Section 6.1.3. 
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In particular, if these complex dimensions are simple and avoid the zeros 
0, —1, -2,...,1—k of (u)x, we obtain the formula 


gutk-1 


(u)k 


WH (2)= S2 res(Ca(s);u) Gy(w) (6.77) 


u: pole of CB 


Recall from Equation (4.34) that the spectral zeta function of this fractal 
spray is given by 


G(s) = Gn(s) - Ca(s)- (6.78) 


Therefore, much as was done for fractal strings in Section 6.3.2, we state 
the following definition: 


Definition 6.23. The spectral operator (for fractal sprays) is the operator 
that adds the Weyl term and multiplies each term corresponding to a com- 
plex dimension of 7 (assumed to be simple) by ¢s(w), and also multiplies 
the integrand in the error term by ¢p(s). 


We will focus here on examples of self-similar sprays. However, it should 
be clear to the reader that non-self-similar fractal sprays—such as those 
studied, for example, in [LapPo3]—can be treated as well, once their com- 
plex dimensions have been analyzed. 

Before considering general self-similar sprays in Section 6.6.2, we il- 
lustrate by the following example our methods applied to fractal sprays. 
See also Section 11.6, formulas (11.57), (11.58) and (11.60) for a further 
example of a fractal spray and of the corresponding Weyl term (in a 
case where ¢;(s) has infinitely many poles). Further, see formulas (11.12) 
and (11.13) for the simpler Cantor sprays considered in Section 11.2. 


6.6.1 The Sterpinski Drum 


The Dirichlet Laplacian on the equilateral triangle J with sides 1 has for 
eigenvalue spectrum (see [Pin, Note on p. 820 and footnote 1] or [Bér]), 


- 161? 


Amn 
, 9 


(m? +mn-+n?), m,n =1,2,3,..., 


and (in view of our convention defining the frequencies as \/Am n/7) the 
corresponding spectral zeta function is equal to’ 


ér(s) = (3) a (m? +mn+ ny? ‘ (6.79) 
mn=1 


14Note that the quadratic form m?+mn+n? = (m+n/2)?+3n?/4 is positive definite. 
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Figure 6.1: The Sierpinski gasket, the boundary of the Sierpinski drum. 


We find the poles and the corresponding residues of this function as follows. 
The zeta function of the cyclotomic field Q|p], obtained by adjoining a cubic 
root of unity to the rationals, is given by 


Copi(s) = $2 So (mM? +mntn?)™. (6.80) 


It has a simple pole at s = 1 with residue 7/(3V3); see Appendix A, 
Equation (A.4). Further, it is related to ¢7(s) by the equation 


er(s) = (2) caints/2)- (2) ¢(s) (681) 


Thus ¢7(s) has a simple pole at s = 2, with residue 7V3/8, and one 
at s = 1, with residue —3/4. 

Consider the spray of £ on 7 obtained by scaling the middle triangle in 
Figure 6.1 by the normalized’ lattice string £ with one gap and scaling 


15Meaning that ¢¢(s) = oS 
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ratios 77] = rT = 73 = s. The boundary of this spray is the classical 
Sierpinski gasket; see Figure 6.1. We will call this spray the Sierpinski drum. 
Hence, it corresponds to the Dirichlet Laplacian on the infinitely connected 
bounded open subset of R? with boundary the Sierpinski gasket. 

In light of Equation (6.78), the spectral zeta function of the Sierpinski 
drum is given by 


1 


Tog. gre STs); (6.82) 


G(3)=Gc)Gs) = > 3"2"*Gr(s) = 
n=0 


and its Weyl term is, by (6.77) along with the comment following (6.81), 


3 3 
WH (a) = 2? + 52. (6.83) 
From the explicit formula for the geometric counting function of L (see 


Section 6.4.1), 


Lo gPtinp 1 


~ Geo. Dap ahi 


N(x) (6.84) 


where D = log, 3 and p = 27/ log 2, we deduce the explicit formula for the 
counting function of the frequencies of the Sierpinski drum, 


3 3 1 
Nrc(x) = m5 2 + £?G(log x) + 52 — 567 (0) + (1), (6.85) 
as x — oo. Here, G is the periodic function, of period 27/p = log 2, given 
by the Fourier series 
1 ang inpu 


€ 
~ log 2 ps D+inp 


—co 


G(u) ¢r(D + inp), (6.86) 


where ¢7(s) is given by (6.79) or (6.81). 


Remark 6.24. Note that £ has dimension log, 3, which lies between 1 
and 2. Hence, strictly speaking, it is not a string in the sense of Section 1.1. 
Thus, the triangles constituting the Sierpinski gasket would not fit on a line 
of finite length if they were all aligned, but they do fit inside a bounded 
region in the plane. Note that in Chapter 3, we did not make any restric- 
tive assumptions on the dimension of the generalized self-similar strings 
involved, so that our theory can be applied without any problem. 


Remark 6.25. It is noteworthy that the spectral zeta function ¢,(s) of 
the Sierpinski drum has poles at nonreal values of s. Specifically, according 
to (6.82) and the comment following (6.81), the spectral complex dimen- 
sions of this fractal spray are located at s = 1, s = 2, and at s= D+inp, 
n € Z, with D and p as above. This is in contrast to the spectral zeta 
function of a smooth manifold, which has only real poles; see Theorem B.4 
and Remark B.5 of Appendix B. 


6.6 Fractal Sprays 211 


Theorem 6.26. The Sierpinski drum has oscillations of order D in its 
spectrum, where D = log, 3 is the Minkowski dimension of the Sierpinski 
gasket. 

More precisely, the asymptotic behavior as x — co of the spectral counting 
function of the Sierpinski drum is given by the formula (6.85), with G given 
by (6.86). Further, G is a nonconstant periodic function, with period log 2. 


Proof. The fact that G is nonconstant follows from Theorem 11.12 below, 
according to which the Dirichlet series ¢7(s) does not have an infinite 
vertical sequence of zeros in arithmetic progression. It follows that the 
expansion (6.86), interpreted distributionally (as, for example, in [Schwl, 
Section VII.1]), has infinitely many nonzero terms. 


Remark 6.27. In view of [Pin], an entirely analogous result can be ob- 
tained for Neumann rather than for Dirichlet boundary conditions. More- 
over, in light of [Bér], fractal sprays with more general basic shapes assoc- 
iated with crystallographic groups can be analyzed in the same manner. 
The necessary computations, however, will be significantly more compli- 
cated. 


Remark 6.28. One can also obtain the counterpart of Theorem 6.26 for 
the drum with fractal boundary the Sierpinski carpet, or its higher-dimen- 
sional analogue, the Menger sponge. See, for instance, [Man2, Plate 145, 
pp. 144-145] for a picture of these classical fractals. In particular, the ba- 
sic shape of this fractal spray is the unit square or the unit cube, respec- 
tively. It is also interesting to study similarly the main example of Brossard 
and Carmona [BroCal, revisited and extended by Fleckinger and Vassiliev 
in [FleVa]. Finally, as an exercise, the reader may wish to consider the 
Cantor spray introduced in Section 1.4; see Figure 1.7. We note that more 
general Cantor sprays will be studied in Section 11.2 below. 


The Sierpinski drum, as well as the examples mentioned in Remark 6.28, 
is an example of a lattice self-similar spray, in the sense of Theorem 6.29 
below (its oscillatory period is p = 27/ log 2). Such a self-similar drum has 
been studied, in particular, by the first author in [Lap2; Lap3, Section 4.4.1] 
and, in more detail, by Gerling [Ger] and Gerling and Schmidt [GerScl-2]. 
We note that the fact that the periodic function G in (6.86) is nonconstant 
(and thus that the Sierpinski drum has oscillations of order D in its spec- 
trum, as stated in Theorem 6.26 above) was not established in these refer- 
ences. Within our framework, it is a direct consequence of Theorem 11.12, 
which establishes the nonexistence of infinite arithmetic progressions of 
zeros for a suitable class of Dirichlet series (including the spectral zeta 
function ¢7) and provides us with a very useful tool for proving such re- 
sults. See Remark 6.31 below for further references and extensions, which 
can also be dealt with by our methods. 
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6.6.2. The Spectrum of a Self-Similar Spray 


By entirely analogous methods—based on our explicit formulas and on 
Theorem 11.12 in Section 11.2 below—we can establish the analogue for 
self-similar sprays of the results obtained in Section 6.4 for self-similar 
strings. 


Theorem 6.29. The exact counterpart of the results of Section 6.4 holds 
for self-similar sprays (see Remark 6.380 below for more precision). In par- 
ticular, a self-similar spray S with basic shape B, a connected manifold with 
piecewise smooth boundary (much as in Section 6.6.1), has oscillations of 
order D, the dimension of the self-similar string used to define the spray, if 
and only if S is a lattice spray. In that case, the oscillations are necessarily 
multiplicatively periodic. 

On the other hand, if B has a fractal boundary, then it can have oscil- 
lations of order D in its spectrum, and hence the corresponding spray may 
have such oscillations, even if S is a nonlattice spray. 


This is in agreement with [Lap3, Conjecture 3, p. 163] stated for more 
general self-similar drums. 


Remark 6.30. By definition, a self-similar spray is a fractal spray with ba- 
sic shape B scaled by a self-similar string £.'®° Moreover, in Theorem 6.29, 
we assume that ¢p(s), the spectral zeta function of B, is languid (i.e., sat- 
isfies the growth conditions L1 and L2 along some screen). We further 
suppose that no complex dimension of £ coincides with any of the poles 
of ¢p(s). These growth conditions will be satisfied, for instance, when ¢p(s) 
is the spectral zeta function of the Dirichlet (or Neumann) Laplacian on 
a piecewise smooth bounded domain of R¢@ (and the window W is not all 
of C), provided that the dimension of CL is less than d (in that case, D is 
also the dimension of the boundary of the spray). In particular, it is so for 
all the examples mentioned in Section 6.6.1 and in the next remark. 


Remark 6.31. Theorem 6.29 extends and specifies the corresponding re- 
sults obtained earlier in [Ger, GerScl—-2, Lap3, Section 4.4.1b; LeviVa, vB- 
Le]. In particular, the statement about the presence of oscillations of or- 
der D in the spectrum of lattice sprays seems to be new and cannot be 
established by means of the Renewal Theorem [Fel, Theorem 2, p. 39], 
which is used in [Lap3, LeviVa]. As was noted earlier, to obtain this result, 
we make use of Theorem 11.12 about the nonexistence of infinite arithme- 
tic progressions of zeros for certain zeta functions. See Remark 8.40 for a 
similar comment in a related situation. It has been verified, however, in 
special cases, such as for the main example of [FleVa], extended in [vB-Le]. 


16 which is allowed to have dimension greater than 1, as was the case for the Sierpinski 
drum (see Remark 6.24). 


T 
Periodic Orbits of Self-Similar Flows 


In this chapter, we apply our explicit formulas to obtain an asymptotic 
expansion for the prime orbit counting function of suspended flows. The 
resulting formula involves a sum of oscillatory terms associated with the 
dynamical complex dimensions of the flow. We then focus in Section 7.3 on 
the special case of self-similar flows and deduce from our explicit formulas 
a Prime Orbit Theorem with error term. For a self-similar flow, we define 
the lattice and the nonlattice case in Definition 7.26. In the lattice case, the 
counting function of the prime orbits has oscillatory leading asymptotics. 
The explicit formula for this counting function enables us to give a very 
precise expression for this function in terms of multiplicatively periodic 
functions. In the nonlattice case (which is the generic case), the leading 
term does not have oscillations, and we provide a detailed analysis of the 
error term. The precise order of the error term depends on the dimension- 
free region of the dynamical zeta function, as in the classical Prime Number 
Theorem. Applying the results of Chapter 3, we find that this region, and 
hence the error term, depends on properties of Diophantine approximation 
of the weights of the flow. 

The dynamical complex dimensions of a suspended flow are defined as the 
poles of the logarithmic derivative of the dynamical zeta function. On the 
other hand, the geometric complex dimensions of a fractal string have been 
defined in Section 1.2.1 as the poles of the geometric zeta function itself, 
which coincides with the dynamical zeta function when the string and the 
flow are both self-similar (see Theorem 7.14). Thus the geometric complex 
dimensions of a self-similar flow only depend on the poles of the corres- 
ponding zeta function, and they are counted with a multiplicity, whereas 


M.L. Lapidus and M. van Frankenhuijsen, Fractal Geometry, Complex Dimensions and Zeta 2.13 
Functions: Geometry and Spectra of Fractal Strings, Springer Monographs in Mathematics, 
DOI 10.1007/978-1-4614-2176-4_7, © Springer Science+Business Media New York 2013 
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Figure 7.1: A self-similar flow, N = 5, with the orbit of 17/124 = 0325. 


the dynamical complex dimensions of a flow depend on the zeros and the 
poles of the dynamical zeta function, and they have no multiplicity. Due 
to the fact that the dynamical zeta function of a self-similar flow has no 
zeros, since a self-similar flow always corresponds to a self-similar set with 
a single gap, the two sets of complex dimensions coincide (as sets of points 
without multiplicity) in the case of self-similar flows. 


7.1 Suspended Flows 


Let N > 0 be an integer and let © = {0,...,N —1}% be the space of 
infinite sequences over the alphabet {0,...,N — 1}, called the space of 
infinite words. Let t: © — (0,0o] be a function, called the weight. On ¥, 
we have the left shift o, given on a word (a,) by (ca)n = Gn41. We define 
the suspended flow Fy on the space [0,00) x 4 as the following dynamical 
system (or time evolution, see [ParrPol2, Chapter 6]): 


(7.1) 


fee if 0 <t <w(a), 
Fry(t,a) = a w(a),ca) ift > w(a). 
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We think of it as the path of a particle, starting at the word a = (a,). On 
each word b € &, an interval of length tv(b) is suspended, along which the 
particle moves up, with unit velocity. When it reaches the end of the interval 
suspended at a (at time t = tv(a)), it jumps to oa. Thus the position at 
time t, starting at a, is the value Fiy(t,a). If the series 


to(a) + to(oa) + to(o7a) +... 


converges, then this position is not defined for ¢ larger than its sum. How- 
ever, Fwy (t,@) is always defined on periodic words. 


For the empty alphabet (N = 0), Fi» is the static flow on a point. 
Further, for N = 1, the alphabet has one element 0. Then there is only 
one periodic orbit (0,0,0,...), and Fw is the dynamical system of a point 
moving around a circle of length twior(0) = to(0,0,...) (see (7.2) below). 

The number of words in © is uncountable if N > 2. See Figure 7.1 for 
an example where the length of the interval suspended on a word depends 
only on the first element of the word. This figure is explained in detail in 
Section 7.3. 


Remark 7.1. This formalism is seemingly less general than the one in- 
troduced in [ParrPol2, Chapter 1]. However, defining to(a) = co when the 
word a contains a prohibited word of length 2, and e~°*° = 0, allows us to 
deal with the general case. 


Remark 7.2. In the literature on symbolic dynamics (see, e.g., [ParrPol2] 
and the references therein), © is also referred to as the code space. See 
the notes to the present chapter (Section 7.6) for references on a variety of 
dynamical systems that can be viewed as (possibly more general) suspended 
flows. These include subshifts of finite type and interval maps. 


7.1.1 The Zeta Function of a Dynamical System 


Given a finite word r = a1, a2,..., a, of length | = I(r), we let 


a= Q1,92,.-.-,@],41,02,...,Q],..-. 
be the corresponding periodic word, and we define or = ag,...,aj,a1. The 
total weight of the orbit of o on x is 
Wot (rt) = w(a) + w(ca) +--+ + tw(o!1a). (7.2) 


Definition 7.3 ({[Bowl—2, Rue2] and [ParrPol2, Chapter 5]). The dynam- 
ical zeta function of Fry is defined by 


Cw (s) = exp ( me) : (7.3) 


for Res sufficiently large, where the sum extends over all finite words x of 
positive length. 
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For N = 0, when the alphabet is empty, 


Cro (s) =1, 


and for N = 1, when we have the dynamical system of a point moving 
around a circle, 


1 
Cm (s) “2 1 — eS tot (0) 


In (7.4) below, we introduce the logarithmic derivative of ¢». The ab- 
scissa of convergence of this function will be denoted D, which is also the 
abscissa of convergence of the sum in (7.3). 

The logarithmic derivative of the dynamical zeta function is 


_ Oe one Wrot(E) | —swior (#) 
oe 8) = 2 TG 7 ee 


For N > 1, this series does not converge at s = 0. We assume that (7.4) 
converges for some value of s > 0, and the abscissa of convergence of this 
series will be denoted by D, the dimension of Fy». Clearly, D > 0. Then the 
series on the right-hand side of (7.4) is absolutely convergent for Res > D. 
Moreover, we assume that there exists a screen 


S:trH S(t) + it, 


satisfying S(t) < D for every t € R, such that —¢/, /¢w has a meromorphic 
continuation to an open neighborhood of the corresponding window (see 
Section 1.2.1, Equations (1.22) and (1.23), along with the beginning of 
Section 5.3), 

W ={s=o+it:a0> S(t)}. 


In Section 7.4, we will also assume that —C/,/wp satisfies the growth con- 
ditions L1 and L2, as introduced in Section 5.3. We will then say that Fiy 
is languid, as in Definition 5.2. 


Remark 7.4. The dimension of a suspended flow often coincides with the 
topological entropy of the flow; see [ParrPol2, Chapter 5] and the references 
therein. It would be interesting to be able to interpret the poles of —¢), /Cw 
as “complex entropies” in a way that is meaningful for these dynamical 
systems. 


Definition 7.5. The poles of —¢/,/¢m in W are called the complex di- 
mensions (or dynamical complex dimensions) of the flow Fy. The set of 
complex dimensions of Fy in W is denoted by Dw(W) or Dy» for short. 


The nonreal complex dimensions of a flow come in complex conjugate 
pairs w, @ (provided that W is symmetric about the real axis). If Gy has 
a meromorphic continuation to an open neighborhood of W as well, then 
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the complex dimensions of Fj, are simple and they are located at the zeros 
and poles of Cw, 


Dw (W) = {w © W: Cw»(w) = 0 or oo}. 


The residue at a complex dimension w is then equal to — ord(G;w), where 
ord(Gw;w) is the order of Gy at w: 


Cw (s) = C(s — w)” + O((s —w)”**), C #0 and n = ord(Gp; w). 


In general, the complex dimensions of Fy in W are not simple, and the 
residues are not necessarily integers. We extend the notation, so that we 
write ord(Gw;w) = res(¢h, /Cw;w) if ¢f,/Cw has a meromorphic continuation 
with a simple pole at w, even if the residue is not an integer. In that case, Cp 
is not analytic at w but has a logarithmic singularity. 


7.2. Periodic Orbits, Euler Product 


A periodic word a in » with period 1, a = aj,...,@1,@1,..-,@,---, gives rise 
to the finite orbit {a,ca,...,o'~'a} of the shift o. Clearly, | is a multiple 
of the cardinality #{a,oa,...,a'~!a} of this orbit. 


Definition 7.6. A finite word r is primitive if its length I(r) coincides with 
the length of the corresponding periodic orbit of o. 


We denote by o\» the space of primitive periodic orbits of o. Thus 
o\d = {{o'r: k € N}: x isa finite word} . (7.5) 


We reserve the letter p for elements of o\X. Thus p denotes the set of 
points in a primitive periodic orbit of 0, and we write #p for its length. 
The total weight of a primitive orbit p is 


Wot (p) = )_ w(a). (7.6) 


aep 


Theorem 7.7 (Euler sum). For Res > D, we have the following expres- 
sion for the logarithmic derivative of Cy : 


_S (5) = S- So wus (ples Pee, (7.7) 


peo\Nk=1 


where p runs through all primitive periodic orbits of Fry (t.e., through all 
elements of o\X). 
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Proof. We write the sum in (7.4) over the finite words r as a sum over the 
primitive words and repetitions of these. An orbit p contains #p different 
primitive words of length #p, hence we obtain 


CBee 5 Flom 


rt r:primitive k=1 


= kv tot (p e7 Fst tot (P) 
ye tp) ee ; ae 


peo\h 


The theorem follows after cancelling k and #p. 


Corollary 7.8 (Euler product). The function G(s) has the following ex- 
pansion as a product over all primitive periodic orbits p of Fy: 


1 
Go(s)= J To go) (7.8) 


peo\h 


The product converges for Res > D. 


Proof. In (7.7), we sum over & to obtain 


Cr to oO (p) —steot(P) d —SsWetot 
Os wag So eee). 


peo\d peo\d 


(7.9) 


The theorem then follows upon integrating and taking exponentials. The 
constant of integration is determined by lims_,.6 Gw(s) = 1. 


Since the Euler product converges for Res > D, we also obtain the 
following corollary: 


Corollary 7.9. The dynamical zeta function Gw(s) is holomorphic and 
does not have any zeros for Res > D. 


On the other hand, the meromorphic continuation of Gj» (to an open 
neighborhood of W) may have zeros or poles for Res < D, s € W. 


Definition 7.10. The following function counts the primitive periodic or- 
bits and their multiples by their total weight: 


do(z)= D> wroe(P), (7.10) 


kot (p)<log x 


where & ranges through all positive integers and p through all primitive 
periodic orbits of Fy (i-e., p € o\X). 
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The function w(x) is the counterpart of v(a) = pk<a log p, which 
counts prime powers p* with a weight log p. See also Section 5.5.1. 

In Section 7.4 below, we combine the above Euler sum representation 
of —¢/,/Cw with our explicit formulas of Chapter 5 to derive a Prime Orbit 
Theorem for primitive periodic orbits, using the next corollary. 


Corollary 7.11. We have the following relation between Ci,/Cw and Wr: 


Aen = ie x *dy (x), (7.11) 


for Res > D. 


The integral on the right-hand side of (7.11) is a Riemann-Stieltjes in- 
tegral associated with the monotonic function Wp. 


Remark 7.12. We use tj instead of the more direct counting function 
T(x) = S- 1, 
Wot (p)<log x 


where p € o\X. However, setting O0(x) = > Wrot(p), so that 


Wtot(p)<log x 
ro (@) = Opp (x) + Oro (0/7) + Opp (x/3) +... 


and Oy («) = vw (xz) — O(\/bw(z)), as x + 00, we find that 


no(a)= f° ! dy (t) — 22) ‘fe Ory (t) dt 


log t log x log?t t’ 


from which it is easy to derive the corresponding theorems for 7, from 
those obtained for wp in Sections 7.4 and 7.5 below. 


7.3. Self-Similar Flows 


If to(a) depends only on the first element of the word, then the flow is self- 
similar in the following sense. We count the periodic orbits with a weight 
Wrot(p). Thus, for example, the empty orbit is not counted. If we append 
the element 7 in front of an orbit (7 = 0,...,N — 1), the total weight of 
this orbit becomes larger by t(j), and the exponential weight (7.14) below 
is scaled by the factor rj41. The total collection of periodic orbits is the 
union of these copies with a scaled weight function. Hence, we recover the 
intuitive notion of a self-similar object—in this case, a self-similar flow—as 
the union of N scaled copies of itself. 
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Definition 7.13. A flow Fi is self-similar if N > 2 and the weight func- 
tion tv depends only on the first digit of the word on which it is evaluated. 
We then put 


w; =to(j —1,9-1,7 -1,...) (7.12) 
and 
rj=e “F=r(j—1,j9-1,j-1,...), (7.13) 
for j = 1,...,N, and define 
(Seen, (7.14) 


where Wiot(r) is given by (7.2) for a finite word x. 
The numbers r; and w,; (for 7 = 1,...,N) are called respectively the 
scaling ratios and weights of the self-similar flow Fy. 


Note that 0 <r; <1 for 7 =1,...,N. We will assume that the weights 
w; = log ot are ordered in nondecreasing order, 


O<wi Sue. <--- Sun, 


so that l>ry >7rg >-:->ry > 0. 
When N = 2, the flow is called a Bernoulli flow. Such flows play an 
important role in ergodic theory (see [BedKS, Chapters 2, 6 and 8]). 


A self-similar flow is best viewed as the following dynamics on the region 


of Figure 7.1. A point ¢ = 2,N7~!+a,.N7?+--- =.2,22... on the unit 
interval moves vertically upward with unit speed until it reaches the graph, 
at which moment it jumps to {Na} = Na—[Na] = .wex3..., the fractional 


part of Nx, and continues from there. 
In Figure 7.1, N = 5, and the expansions of A, B and C in base 5 are 


A =17/124 = .032, 
B = 85/124 = 320, and 
C = 53/124 = .203. 


Theorem 7.14. The dynamical zeta function associated with a self-similar 
flow has a meromorphic continuation to the whole complex plane, given by 


Gw(s) = ——y—. (7.15) 


N 
_ pee WiTF 


(7.16) 
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The dimension D > 0 of the flow is the unique real solution of the equation 
al (7.17) 


Proof. The sum over periodic words of fixed length | can be computed as 
follows: 


Hence, for Res > D, the sum over all periodic words is equal to 
= 1 s = 1 s s l aa s 
ED Oa Pott try)! = -toe(1- DO" 9). 
I=1 ( el(p)=l l=1 


The theorem follows upon exponentiation and analytic continuation. Since 
the function 1 — ot r; is holomorphic, ¢y is meromorphic. 


Remark 7.15. Thanks to Theorem 7.14, for a self-similar flow we can take 
the full complex plane for the window: W = C. In that case, there is no 
screen. However, in applying our explicit formulas, we sometimes choose a 
screen to obtain information about the error of an approximation; see, e.g., 
Section 7.5 and the discussion above Remark 6.12. 


Remark 7.16. A self-similar flow corresponds to a self-similar string with 
one gap gi, and with a total length LZ normalized by g,L = 1, or equiv- 
alently, such that the first length of £ is 1. To make the connection, we 
must assume that g; = 1 — ea r; > 0, which corresponds to a lower 
bound on the weights w; = —logr;. Note that a general suspended flow 
does not always satisfy this condition. 

On the other hand, the logarithmic derivative of Cp for the self-similar 
flow Fi is 


gs yi we 7° 


Cw (8) ~ 1— eS e~w5s 


This corresponds to a self-similar string with gaps e~”s, with (in general, 


noninteger) multiplicity w;, as in Chapter 3. 


Remark 7.17. By the previous remark and Corollary 7.8, the geometric 
zeta function of any self-similar string with a single gap has an Euler prod- 
uct. This Euler product does not seem to have a clear geometric interpreta- 
tion in the language of fractal strings. Also, the connection with self-similar 
fractal strings with multiple gaps remains to be clarified. 
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Note that this Euler product is different from that for the spectral op- 
erator, discussed in the previous chapter (within Section 6.3.2), which is 
related to the Euler product for the Riemann zeta function. 


The following result is a counterpart for self-similar flows of Corollary 2.4 
for self-similar strings. It is an immediate consequence of Equation (7.16) 
of Theorem 7.14. 


Corollary 7.18. The set of (dynamical) complex dimensions Dy = D(C) 
of the self-similar flow Fy is the set of solutions of the equation 


N 
Sorat, wet, (7.18) 


j=l 


Moreover, the complex dimensions are simple (that is, the pole of —C),/Cro 
at w is simple). The residue at w equals — ord(Cwp;w). 


Remark 7.19 (Geometric and dynamical complex dimensions). In Chap- 
ter 1, the geometric complex dimensions of a fractal string are defined as 
the poles of its geometric zeta function. Thus the complex dimensions are 
counted with a multiplicity, and the zeros of the geometric zeta function 
are unimportant. On the other hand, the dynamical complex dimensions 
are defined as the poles of the logarithmic derivative of the dynamical zeta 
function. Thus the complex dimensions are simple, and both the zeros and 
the poles of the dynamical zeta function are counted. For self-similar flows, 
the dynamical zeta function and the geometric zeta function of the corres- 
ponding string coincide (up to normalization), and this zeta function has no 
zeros. Hence, as sets (without multiplicity), the geometric and dynamical 
complex dimensions coincide for self-similar flows and self-similar fractal 
strings with a single gap. 


Remark 7.20. It would be interesting to extend the formalism presented 
in this chapter to include self-similar flows corresponding to self-similar 
strings with multiple gaps (rather than with a single gap), as defined in 
Section 2.1. Even in the present deterministic (as opposed to random) set- 
ting, this may possibly be done within the broader context of random 
fractal trees and recursive constructions studied by Ben Hambly and the 
first author in [HamLap]. The latter work is discussed in Section 13.4. 


Remark 7.21 (Higher-dimensional case). It is clear that our results can 
be applied to higher-dimensional self-similar fractals [Fa3, Man2] as well. 
This allows us to obtain information about the symbolic dynamics of self- 
similar fractals. On the other hand, it does not give information about the 
actual geometry of such fractals. 


Remark 7.22. A fractal string £ = l,lo,... with l; < 1 for all j > 1 
can be viewed as a suspended flow on infinitely many circles, where the 
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j-th circle has length —log/;. The position at time t > 0 on the length J,, 
starting at position «# < Pa is 


(0, 7, xe‘) if re’ < ae 


7.19 
Fc(t+log(al;),7,1) otherwise. c28) 


Fe(t,j,£) = 


This construction can be carried out for any fractal string. The resulting 
flow is self-similar in the present sense if and only if the associated fractal 
string is self-similar. Namely, for the self-similar string with lengths 

U(r)-1 
i= Len, (7.20) 


k=0 


the lengths /; correspond to the periodic words r of the flow Fy. 


7.8.1 Examples of Self-Similar Flows 


Example 7.23 (The Cantor flow). This is the self-similar flow on the 
alphabet {0,1}, with two equal weights w, = w2 = log 3. It has 2” periodic 
words? of weight nlog3, for n = 1,2,.... The dynamical zeta function of 
this flow is given by 


1 


Car(s) = [_2.3-5 9.358" (7.21) 
The logarithmic derivative equals 
CoF 3° 
—-(s) = 21 /———___.. 22 
AE (s) = 2log3- Sa (7.22) 


Example 7.24 (The Fibonacci flow). Next we consider a self-similar flow 
with two lines of complex dimensions. The Fibonacci flow is the flow Fib 
on the alphabet {0,1} with weights w, = log2, we = 2log2. Its periodic 
words have weight log 2, 2log2,...,nlog2,..., with multiplicity respec- 
tively 1, 2,...,Fn41,-.-, the Fibonacci numbers defined by (2.19). The 
dynamical zeta function of the Fibonacci flow is 


1 
Crib(s) = [_2-s_ 4-5’ (7.23) 
with logarithmic derivative 
Crip 2-°+2-47% 
_ Fi 2 6e0 62 24 
er a a cree pe (7.24) 


1The number of primitive periodic words of weight nlog3 is much harder to deter- 
mine. 


224 7. Periodic Orbits of Self-Similar Flows 


Example 7.25 (The golden flow). We consider the nonlattice flow GF 
with weights w; = log2 and we = ¢log2, where ¢ = (1+ V5)/2 is the 
golden ratio. We call it the golden flow. Its dynamical zeta function is 


1 


— (7.25) 


Car(s) = 
and its complex dimensions are the solutions of the transcendental equation 
Oe ghee. ane: (7.26) 


A diagram of the dynamical complex dimensions of the golden flow is given 
in Figures 2.12 and 3.9. By Theorem 3.30 and the comment preceding 
it, we even know that the complex dimensions of the corresponding self- 
similar string are all simple, hence the dynamical and geometric complex 
dimensions correspond exactly. 


7.38.2 The Lattice and Nonlattice Case 


Let Fi be a self-similar flow. Recall that to depends only on the first 
symbol and w; = tw(j,j,...) for 7 = 1,...,N. Consider the subgroup A 
of R generated by these weights, 


N 
A= S¢ Zw. 
pis 


As in Chapter 3, we define the lattice and the (generic and nongeneric) 
nonlattice case. 


Definition 7.26. We say that Fip is a nonlattice flow if A is dense in R. 
This is the case when the rank of A is at least 2. The generic nonlattice 
case is when the rank of A equals #{w,: 7 = 1,...,N}, the number of 
different weights of the flow. 

We call Fp a lattice flow if the group A is not dense (and hence discrete) 
in R. In this situation there exists a unique positive real real number w, 
called the generator of the flow, and positive integers k,,...,kn without 
common divisor, such that 1 < ky <---<ky and 


Wi = kjw, (7.27) 


for 7 =1,...,N. 


The generator of a lattice flow generates the flow in the sense that the 
weight of every periodic orbit is an integer multiple of w. 


To determine the number D; as introduced in Section 3.3 (see Equa- 
tion (3.8b)), we need to count the multiplicity of ry. Let m be the number 
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of integers j in {1,...,N} such that r; = ry. Then D; is given as the 
unique real solution of ? 


1+ $0 r7! =mryx. (7.28) 


We then have the counterpart of Theorems 2.16 and 3.6, of which we recall 
the main features in the present context. 


Theorem 7.27. Let Fy be a self-similar flow of dimension D and with 
scaling ratios 1 > ry >--- > ry > 0. Then s = D is the only complex 
dimension of Fy on the real line. All complex dimensions are simple, and 
the residue at a complex dimension (i.e., res(—Cl,/Cw;w)) is a positive in- 
teger. The set of complex dimensions in C (see Remark 7.15) of Fy is 
contained in the bounded strip D; < Res < D, where D; is given in (7.28) 
above: 


Dr = Dw(C) Cc {s € C: D) < Res < D}. (7.29) 
It is symmetric with respect to the real axis and infinite, with density 
# (Dy M{w € C: |Imw| < T}) < “*7T+0(1), (7.30) 
T 


as T > ow. 

In the lattice case, G(s) is a rational function of e~’*, where w is the 
generator of Fy. So, as a function of s, it is periodic with period 27i/w. 
The complex dimensions w are obtained as the complex solutions z of the 
polynomial equation (of degree kn) 


N 
DS zi =1, with eM’ =z. (7.31) 


j= 


The solutions of this equation are described in Theorem 2.16, following 
Equation (2.38). 

In the nonlattice case, D is the unique pole of Cw on the line Res = D. 
Further, there is an infinite sequence of complex dimensions of Fry coming 
arbitrarily close (from the left) to the line Res = D. There exists a screen S 
to the left of the line Res = D, such that —C),/Gw satisfies L1 and L2 with 
k = 0 (see Equations (5.19) and (5.20)), and the residue of —Ci,/Crm at the 
pole w in the associated window W is equal to 1. Finally, the complex 
dimensions of Fr can be approximated (via an explicit procedure, as de- 
scribed in Chapter 3) by the complex dimensions of a sequence of lattice 


?This definition coincides with the one given by formula (3.8b) for D;, since in that 
formula, the numbers r; (j = 1,...,M — 1) are all distinct and counted with multipli- 
city m; = |m;|, and rj corresponds to ry in (7.28). 
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flows, with smaller and smaller generators. Hence the complex dimensions 
of a nonlattice flow have a quasiperiodic structure. 


Corollary 7.28. Every self-similar flow has infinitely many complex di- 
mensions with positive real part. 


Proof of Theorem 7.27. For a proof of most these facts, see Theorems 2.16 
and 3.6. The density estimate (7.30) follows from the fact that, according to 
Theorem 3.6, the right-hand side of (7.30) gives the asymptotic density of 
the number of poles of ¢,, counted with multiplicity, whereas the dynamical 
complex dimensions have multiplicity one (i.e., they are simple). 


7.4 The Prime Orbit Theorem 
for Suspended Flows 


Let Fy be a suspended flow as in Section 7.1. In Corollary 7.11, we have 
written the logarithmic derivative of ¢(s) as the Mellin transform of 
the counting function w, of the weighted periodic orbits of a, as defined 
in (7.10). Put 7 = dy, so that ¢, = —Ch/Cm- The poles of —¢h,/Gp are 
the complex dimensions of Fj, and the residue at w is —ord(¢w;w). By 
Theorems 5.18 and 5.30, applied to the generalized fractal string 7 with 
window W, we obtain the following distributional explicit formula for the 
counting function of the weighted periodic orbits of o. 


Theorem 7.29 (The Prime Orbit Theorem with Error Term). Let Fry 
be a languid suspended flow (i.e., Ch,/Gw satisfies conditions L1 and L2 of 
Definition 5.2). Then we have the following equality between distributions: 


xP aH rCl(s 
bola) =F + Yo ord (Gyiwe) = res (Se). 0) + Rie, 


wEDw\{D,0} svo(s) 
(7.32) 
where ord (Cw;w) <0 denotes the order of Cw» at w,> and 
/ 
d 
R(x) =—- Sw (5)98 ee O(a? *), (7.33) 


s Sw s 


as LZ —> OO. 
If 0 ts not a complez dimension of the flow, then the third term on the 
right-hand side of (7.32) simplifies to —C1,(0)/¢w(0). In general, this term 


is of the form a+ Blogz, for some constants a and (3. 


3See the paragraph following Definition 7.5—or, for more details, the text surrounding 
Equation (3.20)—for the precise definition of the order, ord(¢wp;w). 
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If D is the only complex dimension on the line Res = D, then the error 
term, 


UW sl 
Y= ord (Gusts) + res (LE. 0) + ee), (734) 
wED wy \{D,0} i 56m (5) 

is estimated by o(a?), as 2 + oo. If this is the case, then we obtain a 
Prime Orbit Theorem for Fy as follows: 


Wo (x) = — + o(x”), (7.35) 
as Z —> OO. 


Proof. The first part of the theorem follows from the distributional ex- 
plicit formula with error term (Theorem 5.18) and from the first part of 
Theorem 5.30, while the second part follows from the second part of Theo- 
rem 5.30. See also Theorem 5.17, in case there is no screen such that only D 
is visible. 


Remark 7.30. In exactly the same way, one deduces from Theorem 5.22, 
the distributional explicit formula without error term, that if Cf, /Cw satisfies 
hypotheses L1 and L2’ (ie., if FA» is strongly languid, in the sense of 
Definition 5.3), then we may put R(a) = 0 in Equations (7.32) and (7.34). 


Remark 7.31. Lalley considers in [Lall2—3] the (approximately) self-similar 
case. Using a nonlinear extension of the Renewal Theorem, he shows that 
in the nonlattice case, the leading asymptotics are nonoscillatory. In the 
lattice case, the leading asymptotics are periodic, and it becomes a natural 
question whether they are constant or nontrivially periodic. For self-similar 
flows, this problem is resolved in Section 7.4.2 below. 


Remark 7.32. We can apply our results to obtain explicit formulas for 
the more general dynamical systems considered, for example, in [ParrPol2] 
or [Lall2—3] and the relevant references therein. (See also the notes to this 
chapter.) The precise form of the resulting expressions and error terms, 
however, still remains to be fully worked out; see Remark 7.33. Even in the 
situation of self-similar flows studied in Sections 7.4.1—7.4.3 and 7.5 below, 
our results are significantly more precise than those previously available in 
the literature because the explicit formula (7.32)—combined with our Dio- 
phantine approximation techniques of Chapter 3—not only yields a Prime 
Orbit Theorem with error term (as, e.g., in Section 7.5), but also a full 
expansion of the prime powers counting function in terms of the com- 
plex dimensions of the flow (that is, the poles of the associated dynamical 
zeta function); see, e.g., Equations (7.32), (7.34), and for self-similar flows, 
Equations (7.39)—(7.40) and (7.43). 
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7.4.1 The Prime Orbit Theorem for Self-Similar Flows 


For self-similar flows, the function ¢y does not have any zeros (see (7.15)); 
i.e., such a flow corresponds to a self-similar string with a single gap. Hence 
every contribution to (7.32) comes from a pole of ¢», and each coeffi- 
cient — ord(¢w;w) is positive. Furthermore, 0 is never a complex dimension, 
so the third term on the right-hand side of (7.32) in the explicit formula is 


ae == ioe (7.36) 


We can obtain information about » by choosing a suitable screen. Note 
that the hypotheses L1 and L2 (or L2’ for a distributional formula without 
error term) are satisfied in view of Section 6.4, in particular estimate (6.36), 
and the second part of Remark 7.16. 


7.4.2 Lattice Flows 


In the lattice case, we obtain the Prime Orbit Theorem for lattice self- 
similar flows: 


N 


1 
W(x) = Gi (log x)a? + el eB w; + O(a?-*), (7.37) 


as x — oo. Here, D — a (with a > 0) is the abscissa of the first vertical 
line of complex dimensions next to D, and the periodic function G, of 
period w, is given by 


66 F 
e2tiny/w 


= = ie —wD{y/w} 
Gily) as D+2nin/jw 1-—e-vP i : cC2) 


n=—Co 


By the pointwise explicit formula without error term (Theorem 5.14), we 
can even obtain more precise information about Ww, 


q gwut2rin/w 1 N 
— ord ( hi ; 
cap ord {Crm5 40 ) ds toni * W124 
: 1 x (7.39) 
me — ord (C3 Wu) Gy (log x) x" + W-1 2 W3, 
where for each u = 1,...,q, the function G,, is periodic of period w and is 


given by 


e2riny/w 


>> ee LD (7.40) 
neZ 


Wy +2rin/w 1 —e~weu 
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Here, wi(= D),we,...,wg are given as in the lattice case of Theorem 2.16 
(just after Equation (2.38)), and ord(¢p;w1) = —1. 

For instance, for the Cantor flow of Example 7.23 (with D = log, 2 
and w, = W2 = w = log3), we have 


dor (x) = Gi (log x)x? + 2log3, (7.41) 


with Gi(y) = w2!~{¥/"}. As another example, for the Fibonacci flow* of 
Example 7.24 (with D = log, ¢ and w; = w = log 2, w2 = 2w), we have 

Wrip(x) = Gi (log x)? + Go(log x)x7*/“a-P — 3 log 2, (7.42) 
where Gi(y) = wo? t4/"} and 


2riny/w 


Goly) = a —D + 2ri(n + 1/2)/w 


= woty/w}-2e—mity/w} 


In the second term of Equation (7.42), the product 


emt (log x) /w} gri/w 


combines to give the sign (—1)!(o8*)/~l, 


7.4.8 Nonlattice Flows 


In the nonlattice case, we use Theorem 3.25 according to which there ex- 
ists 6 > 0 and a screen S lying to the left of the vertical line Res = D—6 
such that —¢i,/Cw is bounded on S and all the complex dimensions w to 
the right of S have residue res(—C/,/Cw;w) = 1. Then R(x) = O(a?~°), 
as x — oo. There are no complex dimensions with Rew = D except for D 
itself. Hence, the assumptions of Theorem 7.29 are satisfied. Therefore, in 
view of Theorem 7.29, we deduce by a classical argument (see the proof 
of Theorems 7.36 and 7.40) the Prime Orbit Theorem for nonlattice sus- 
pended flows: 


x aw gP 
Pro(2) = > + So = 4+0(2?~*) = — + 0(x?), (7.43) 


a) 
we Dw \{D} 


as x — oo (see also Theorem 7.40, and when N = 2, Theorem 7.36 below 
for a better estimate of the error). We note that the exponent of x in this 
estimate is best possible, since by the nonlattice case of Theorem 2.16, 
there always exist complex dimensions of tv arbitrarily close to the vertical 
line Res = D. However, the dimension-free regions obtained in Section 3.6 
allow us to improve the error term by a factor of lower order than a power 
of x. See Section 7.5 below. 


4 Also called the golden mean flow in the literature (see, e.g., [BedKS, p. 59]), but not 
to be confused with the golden flow in this book, which is a nonlattice self-similar flow. 
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Remark 7.33. It would be interesting to apply Theorem 7.29 to suspended 
flows that are more general than self-similar flows: For example, (i) the hy- 
perbolic flows associated with subshifts of finite type studied by Parry and 
Pollicott in [ParrPol2]; and (ii) the suspended flows considered by Lalley 
in [Lall2—-3], such as the approximately self-similar flows naturally assoc- 
iated with limit sets of suitable Kleinian groups. This would require a more 
detailed study of the dynamical zeta function of each of these flows. (In 
case (i), some of the required information is already available in [ParrPol2] 
and the relevant references therein.) We note that, in case (ii), the lattice— 
nonlattice dichotomy applies in a suitable extended sense, via the nonlinear 
renewal theory developed in [Lall2-3]. 


7.5 The Error Term in the Nonlattice Case 


In this section, we provide a detailed analysis of the error term in the 
counting function for the periodic orbits in the nonlattice case, using the 
information on the dimension-free region for a nonlattice string obtained 
in Chapter 3, Section 3.6. 


7.5.1 Two Generators 


Definition 7.34. A domain in the complex plane containing the vertical 
line Res = D is a dimension-free region for the flow Fy if the only pole 
of —Ci,/Cw in that region is s = D. 


The following result is the direct analogue of Corollary 3.44, which is a 
corollary of Theorem 3.34. Recall from (7.15) and Sections 3.5.1 and 3.5.2 
that 


where f(s) = 1—m e~“* — mge—“2* and m, and mz are the multiplicities 


(necessarily positive and integral) of the weights w; and wg, respectively. In 
the nonlattice case, we have that wo/w1 = a > 1 is irrational, with contin- 
ued fraction a = [[ao, a1, @2,...]]. Further recall form Section 3.5.1 that we 
denote by gq, the denominators of the convergents of a; see Equations (3.25) 
and (3.26). These numbers gq, grow roughly like (a; +1)(ag+1)... (a, +1), 
and hence exponentially if the partial quotients of a are bounded, and oth- 
erwise faster than exponentially. The dimension of Fy satisfies f(D) = 0, 
and clearly, 


f(D) = mwye"? + mawye7 2”? 


is a positive number. 
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Corollary 7.35. Aes that the partial quotients ap,a1,... of @ are 
bounded by b. Put B = rte (1 t+2)P /(2f"(D)*) (see also Equation (3.44) 
of Section 3.6). Then Fy has a dimension-free region of the form 


{o+itec: a>D-—- aah: (7.44) 
Further, the function —C),/Cw satisfies hypotheses L1 and L2 (i.e., the 
flow Fy is languid) with « =2 on the screen Res = D— Bb-?/(Ims)?. 

More generally, let b: R+ — [1,00) be a function such that the partial 
quotients {ax}?29 of the continued fraction of a satisfy ar+i < b(qx) for 
every k > 0. Then Fry has a dimension-free region of the form 


; B 


If b grows at most polynomially, then —Cl,/Cw satisfies hypotheses L1 
and L2 with « such that t® > t?b? (tw, / 27). 


Proof. This follows from Theorem 3.34, if we note that for t = 27q,/w1, 
we have qj.44 = Qn419, < 2b(a%)q), < 4b(d%)ax. So the complex dimension 
close to D + it is located at D+i(t+ O41) - (w? /n? Baa + OGea)s 
where the big-O terms denote real-valued functions. The real part of this 
complex dimension is less than D — Bt~?b~?(tw1/(27)). 


This has the following consequence for the Prime Orbit Theorem. 


Theorem 7.36 (Prime Orbit Theorem with Error Term, for Bernoulli 
Flows). Let a = w2/w, have bounded partial quotients in its continued 


fraction. Then 
oe p{ loglog« is 


as LO. 

If a is polynomially approzimable, with partial quotients in its continued 
fraction satisfying ap41 < b(qx), for some increasing function b such that 
b(x) = O(2'), as x — 0, then 


ge? log log x a4 
Ww (x) = D + o(- o (wales ieee ) ; (7.47) 
as LO. 


The proof of Theorem 7.36 will be given in the next section, following 
the statement of Theorem 7.40. 


Remark 7.37. The estimates for the error terms in (7.46), (7.47), (7.50) 
and (7.51) are not best possible. Indeed, as is clear from the proof, these 
bounds are obtained by using a Tauberian argument, which makes the 
exponents worse by a factor of two. See also Remark 7.41. 
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7.5.2 More Than Two Generators 


We formulate the following counterpart of Theorem 3.41. The proof is the 
same as that of Theorem 3.41. 

Recall that M denotes the number of different weights w, <---< wy, 
where w; is counted with the positive integral multiplicity m,;. The total 
number of weights is N =m, +---+my. 


Theorem 7.38. Let M > 2 and let wi,...,wyy be weights. Let Q and q be 
as in Lemma 8.16. Then Fy has a complex dimension close to D+2nig/wi 
at a distance of at most O(Q~?) from the line Res = D, as Q > co. On 
the line Res = D, the function |C,/Cw| reaches a maximum of order Q? 
around the point s = D + 2niq/wy. 


Corollary 7.39. The best dimension-free region that Fy can have is of 
SIZE 


{o+it: o> D-o(r 2M), (7.48) 
The implied constant is positive and depends only on wy,...,Wm. 
Let w1,..., wy be b-approximable, where b: [1,00) + Rt is an increas- 


ing function such that for every integer q > 1, 


Wi = 
|qwy — pywi| > gM) 


b(q) 
forj =1,...,M. Then the dimension-free region has the form 


{o +it:0 >D-— O(b (wit / an) 2/(M—D | \ , (7.49) 
The O-terms in (7.48) and (7.49) are positive functions, bounded as 
indicated. 
This has the following consequence for the Prime Orbit Theorem. 


Theorem 7.40 (Prime Orbit Theorem with Error Term). Suppose the 


weights w1,...,wm are badly approximable, in the sense that 
Jqwy — pjur| > Vd 
forj =1,...,M and every gq > 1. Then 
M-1 
we («) = 5 +0(2(**) ; ) (7.50) 
as £ > oO. 
If wi,...,wy is at best polynomially approximable, in the sense that for 


some increasing function b on [1,00) such that b(x) = O(2!) as x > ov, 


Wy _ a 
|qw; — pjwi| => wa)! ye 
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for every j =1,...,M andq > 1, then 
oe p[ loglogz aM 
as & > Oo. 


Proof of Theorems 7.36 and 7.40. We apply the pointwise explicit formula 
at level k = 2 (see Theorem 5.10) to obtain 


D-+1 gett 


w(w + 1) 


[2] a 


(x) = D(D+1) + RPl(2). 


+ 
wEeDw\{D} 


The error term is estimated by R?!(x) = O(a? +1~°) for some positive c. We 
will estimate the sum by using an argument which is classical in the theory 
of the Riemann zeta function and the Prime Number Theorem, under the 
assumptions that the complex dimensions w have a linear density, and that 
every w =o + it satisfies 


Ep =O (7.52) 


for some positive number p. Taking p = 2/(M — 1) + 21, we obtain Theo- 
rem 7.40, and Theorem 7.36 corresponds to the case when M = 2. 

The sum >>. = is absolutely convergent. We split this sum into the 
parts with |Imw| > T and with |Imw] < T. Put 


1 
ie eran 


From the fact that the complex dimensions have a linear density (see Theo- 
rem 3.6), it follows that there exists a positive constant V such that 


1 V 
es < — 
|Imw|>T lw + 1)| 4 

for every T > 0. Then 
41 


where p is the constant introduced in (7.52) above. We now choose T so that 
the two terms on the right-hand side have the same order of magnitude, 
namely, T = (pC log x/ log log x)/?. Thus we find 


log log x \ '/? 
= D+1 
=O (: ( pas ) ; 


D+1 
T 


= x 
< UrPt1-cT ep +V 


w+ 


De w(w + 1) 


Ww 
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We now apply a Tauberian argument to deduce a similar error estimate 
for Ww(a); see [In, p. 64]. Let h = x(log log x/ log x)!/), Thus 


wel (a +h) — wEl(2) 
h 


1 ath 
vw(e) <5 f bolt)ae = 


Observe that 


(x + h)Pt+! — gPt1 
AD(D+1). 


O(a? th) 


ol os 


+ x0 ((log log «/ log tlie) F 
Further, 


O(2?* (og log a / log a)'/*/h) - r?0((log log a / logx)/()), 


from which the desired estimate follows. 


A nice exposition of Diophantine approximation in a related context and, 
in particular, of the notion of well approximable and badly approximable 
irrational numbers, can be found in the article [DodKr]. 


Remark 7.41. Note that by using the Tauberian argument, we lose a 
factor two in the exponent. Indeed, the estimate 


M-1 
a) l ] 21(M—1)+2 
ss = + R(2)=0( 2° (“E26) 
W log x 
wEDw\{D} 


holds distributionally (instead of pointwise). 


Remark 7.42. If b(q) grows faster than polynomially, we obtain a bound 
of the form «?/b'™’(logz) for the error in the Prime Orbit Theorem, 
where bY is the inverse function of b. 


Remark 7.43. If] > 0 in the exponent (M — 1)/(41(M — 1) + 4) of loga 
in the error term of Theorems 7.36 and 7.40, then the error term does not 
depend much on M, and is essentially of order x? (log x)~!/*! (ignoring the 
factor log log x). Thus, if the weights are well approximable, the error term 
is never better than x” divided by a fixed power of the logarithm of x. On 
the other hand, when / = 0—that is, roughly speaking, when the weights 
are never close to rational numbers—the error term is essentially of order 
x? (log z)~(“@—/4, Hence, the larger M, the smaller the error term in that 
case. 

We may compare this—somewhat superficially in view of the Riemann 
hypothesis—with the situation of the Riemann zeta function. In view of 
Section 5.5.1, the weights are w, = ttot(p) = logp, for each prime num- 
ber p, and there are infinitely many of them. Since it is expected that the 
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infinite sequence {log p}>: prime is badly approximable, one expects an error 
term of order “a? (log x)~~°”. Indeed, in (5.85), e~°V!°8" = O ((logx)~”) 
for every n > 0. The corresponding pole-free region has width of or- 
der O(1/logt) at height t (see [In, Theorem 19]), which is “t~!/”. This 
lends credibility to the conjecture that {log p}p:prime is badly approximable 
by rational numbers. 


7.6 Notes 


Definition 7.3: the dynamical zeta function (with weight) is often called 
in the literature the Ruelle (or Bowen-Ruelle) zeta function of the sus- 
pended flow. In the present form, it was introduced by Ruelle in [Ruel, 2]. 
Motivations for the study of such objects included number theory [Ar- 
Mazu], dynamical systems [Sma, Bow1l—2] and statistical physics [Rue3]. 
(See [Lag2] for a much more detailed discussion.) We refer the interested 
reader to the monographs by Parry and Pollicott [ParrPol2] and by Ru- 
elle [Rue4], as well as to the research expository articles by Baladi [Ball—2] 
and Lagarias [Lag2], for a number of references on this subject and a de- 
tailed account of the theory of such zeta functions from several different 
points of view. See also, for example, [Bal3, BalKel, BedKS, Gou, Lall2-3] 
and the relevant references therein. 

Theorem 7.29 was first published in [Lap-vF6]. In [ParrPol1], Parry and 
Pollicott obtain a Prime Orbit Theorem (without error term) for suspended 
flows (see also [ParrPol2, Chapter 6]). The first results of this kind were 
obtained in special cases by Huber [Hub], Sinai [Sin], and Margulis [Marg], 
among others (see [ParrPoll, 2] and the relevant references therein, as well 
as the historical note in [BedKS, p. 154]). Parry and Pollicott derive the 
first term in the asymptotic expansion of the counting function of prime 
orbits, by applying the Wiener—Ikehara Tauberian Theorem to the loga- 
rithmic derivative of the dynamical zeta function. An alternate approach, 
based on a suitable nonlinear extension of the Renewal Theorem obtained 
in [Lall3], is taken by Lalley in [Lall2—3] for a class of approximately self- 
similar flows. See also Remarks 7.31—7.33. In our setting, thanks to the 
explicit formulas developed in Chapter 5, we obtain a full expansion over 
the complex dimensions of the flow, and using the Diophantine approxima- 
tion techniques of Chapter 3, a Prime Orbit Theorem with error term. 
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Fractal Tube Formulas 


In this chapter, we obtain (in Section 8.1) a distributional formula for the 
volume of the tubular neighborhoods of the boundary of a fractal string, 
called a tube formula. In Section 8.1.1, under more restrictive assumptions, 
we also derive a tube formula that holds pointwise. In Section 8.3, we then 
deduce from these formulas a new criterion for the Minkowski measurabil- 
ity of a fractal string, in terms of its complex dimensions. Namely, under 
suitable assumptions, we show that a fractal string is Minkowski measur- 
able if and only if it does not have any nonreal complex dimensions of real 
part D, its Minkowski dimension. This completes and extends the earlier 
criterion obtained in [LapPol-2]. 

In Section 8.4, we illustrate our results by extensively discussing the class 
of self-similar strings. In particular, we obtain specific tube formulas in the 
lattice case and carefully study the error term in the nonlattice case. 

The results obtained in this chapter provide further insight into the geo- 
metric meaning of the notion of complex dimension and suggest new analo- 
gies between aspects of fractal and Riemannian geometry. See, in particular, 
Section 8.2. 

This chapter makes use of the notions of Minkowski dimension and mea- 
surability, which are introduced at the beginning of Chapter 1 in Sec- 
tion 1.1. Also, in Sections 1.1.2 and 2.3.2 we directly computed the vol- 
ume of the tubular neighborhood of the Cantor string and the Fibonacci 
string. We recover the resulting tube formulas from our general results in 
Sections 8.4.1 and 8.4.2. 
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8.1 Explicit Formulas for the Volume 
of Tubular Neighborhoods 


CO 


Let £ be a standard fractal string given by the sequence of lengths (5) ja4 
and of Minkowski dimension D € (0,1). Let 7 = eet Oesty be the assoc- 
iated measure, as explained in Chapter 4. 

Given ¢ > 0, let V(e) denote the volume of the ¢-neighborhood of the 
boundary of £, as defined by (1.3). By formula (1.9), the volume is given 


by 
Ve)= So 2+ YL (8.1) 


ji lje2e j: lj<2e 


(see also [LapPol], [LapPo2, Eq. (3.2)|). This formula defines the volume 
in a very straightforward manner, and can be directly used to obtain a 
closed form for V(e) in such simple examples as the Cantor string and 
the Fibonacci string, as we did in Sections 1.1.2 and 2.3.2, respectively. In 
general, however, this formula does not reveal oscillations in the tubular 
neighborhoods of a fractal string as ¢ varies. Such oscillations are revealed 
by the explicit formulas for V(e) to be obtained in this chapter. Therefore, 
we rewrite (8.1) as 


V(c) = [° 2entacy+ [Lacy 


2 (8.2) 
= (PI), 
where u-() is the function defined on (0,00) by 
Qe for x < (2e)-1, 
= = 8.3 
ueX) We for x > (2e)7!. oe 


We assume that ¢- has a meromorphic continuation to some neighbor- 
hood of the closed half-plane {s: Res > D} and that the resulting function 
satisfies L1 and L2 for some real exponent x; i.e., the fractal string L is 
languid, in the sense of Definition 5.2. Our extended distributional formula 
(Theorem 5.26) does not directly apply to the present situation since the 
test function v, is not sufficiently differentiable. Indeed, in view of (8.3), 
the function v- is clearly continuous but not differentiable. Therefore we 
interpret V(e) itself as a distribution. However, a more careful analysis in 
Section 8.1.1 allows us to derive an explicit formula for V(e) that holds 
pointwise (under somewhat stronger hypotheses, see Theorem 8.7). 

Recall that a fractal string is languid if its geometric zeta function satis- 
fies certain growth conditions along a screen S. Thus a screen will not pass 
through any of the complex dimensions of the string. To be useful, S has 
to lie to the left of the line Res = D. For the next theorem, it must also 
avoid the point s = 0. 
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Theorem 8.1 (The distributional tube formula). Let £L be languid for 
some real exponent & and a screen that does not pass through 0. Then the 
volume of the (one-sided) tubular neighborhood of radius € of the bound- 
ary of the fractal string £L is given by the following distributional explicit 
formula, on test functions in D(0,0o): * 


V(e)= S- reo( SeGNCe =) + {2e¢c(0)} + Rie), (8.4) 
Ww) 


eae s(1—s) 


where the term in braces is only included if 0 € W\Dc(W), and Rie) is 
the distributional error term, given by 


Rle) = 55 f (28) *Cels) TES. (85) 


Oni 
It is estimated, in the sense of Definition 5.29 of Section 5.4.2, by 
Re) = O(c PF), (8.6) 


as € + 0 (here, sup S is given by Equation (5.17b)). 

Moreover, if L is strongly languid? then we may choose W = C and then 
we have no error term (i.e., R(e) =0), provided we apply this formula to 
a test function supported on a compact subset of [0,1/(2A)). Again, the 
term 2eCc(0) is included if 0 belongs to W and is not a complex dimension 


of L£. 


Proof. Let y(e) be asmooth, compactly supported test function on (0,00); 
ie., y € D(0, 00). Then, by (8.3), 


i, p(e)ve(x) de = 2ey(e) de + 1 iA ple) de (8.7) 


= ¥1(x) + Y2(2), 
where y, and 2 are smooth (but not compactly supported) test functions, 
given by 


1 


pi(x) = I 2ep(e) de (8.8a) 


and 


payee i lela (8.8b) 


1D(0,00) is the space of C°® functions with compact support contained in (0, 00); 
see also Remark 5.21. 

2i.e., it satisfies (for some real exponent «) the stronger hypotheses L1 and L2’ of 
Definition 5.3 with W = C and some constant A > 0 in Equation (5.21), rather than L1 


and L2. 
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Thus, in light of (8.2) and (8.7), 


= (PMI, yp + v2). 


Since y is compactly supported, the function y is constant near 0 (with 
value tine 2ey(e) de), and it vanishes for x >> 0. Similarly, the function yo 
vanishes near 0 and is equal to + des y(e)de for x > 0.° Therefore, the 
asymptotic expansions (5.53a) and (5.53b) are satisfied, with k = 0 and for 
any fixed integer g > K+1 (e.g., ¢ = [kK + 2]). Hence the explicit formula of 
Theorem 5.26, the extended distributional formula with error term, applies 
to v1 and yo, with k = 0 and gq > &+1. (See, in particular, Remark 5.28 for 
the much simpler form taken by the explicit formula (5.54) in the present 
case when k = 0.) 

Using definition (5.43) of the Mellin transform, we find for Res > 0 that 


~~ Dee ee 

gi(s) = p(2 — s) (8.9a) 
and for Res < 1, 

~~ ON PY e. 

Fa(s) = — FR - 8). (8.9) 


Thus we obtain a priori for 0 < Res < 1, 


—~—_ gis 


(41 + ¥2)(s) = Fils) + Bl) = FH 


G(2 —s). (8.10) 


After analytic continuation, formulas (8.9) and (8.10) are valid for all s € C. 
Since the function ¢(z) is entire (because y is compactly supported), the 
Mellin transform of y; + y2 is meromorphic on C with simple poles at 0 
and 1. Also ¢; and ¢3 are meromorphic on C, with simple poles at 0 and 1, 
respectively. 

In particular, by formula (8.9a), i(s) has a pole at s = 0, and no other 
poles. If 0 is not a complex dimension, this pole gives the term 2¢¢,(0), 
to be included if 0 € W. Applying the distribution Pe =n to y1 + Ye in 
Equation (5.54a), we deduce from Theorem 5.26 (applied at level k = 0, 


3Indeed, if the support of y is contained in the compact interval [a,b], with a > 0, 
then yi(x) = 0 and yo(x) = + fF? y(e) de for « > 1/2a, and yi (x) = fF° 2ey(e) de 
and y2(x) = 0 for x € (0, 1/ 2b). 
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see Remark 5.28), 
(V(e),~)= YD res(Ce(s)(er + ¢2)(8);w) 
weDc(W)\{0} 
+ {res(Cc(s)(¢ + 2)(8):0) } + RM G1 + v2) 


=f re8( colo) PO iw) oleae (8.11) 


weEDz (W)\{0} 


i { i (cei) PO. 0) v(e\de} + [° Re\olede 


where the second equality follows from (8.10) and the linearity of the 
residue. Finally, observe that (in view of (8.3) and (5.43)) 


(2e)'-§, (8.12) 


_ 1 
s(1—s) 


a priori for 0 < Res < 1, but after meromorphic continuation for all s € C. 
Comparing (5.45a) and (5.45b) of Theorem 5.18, using formula (5.44), we 
see that Equation (8.11) is equivalent to the equality of distributions (8.4), 
as desired. This completes the proof of the distributional tube formula, with 
the error term R(e) given by (8.5). The error estimate (8.6) follows from the 
first part of Theorem 5.30 (applied with k = 0 and the variable x = 1/e). 
Finally, the fact that R(e) vanishes identically when C is strongly lan- 
guid (i.e., £ satisfies the stronger hypothesis L2’) follows in an entirely 
analogous fashion from the corresponding extended distributional explicit 
formula without error term given in Theorem 5.27 (and applied with k = 0 
and q > max{1,«}). This concludes the proof of Theorem 8.1. 


Remark 8.2. Theorem 8.1 is valid without change for a generalized fractal 
string 7 (rather than just an ordinary fractal string £), in which case V (ce) 
is defined by formula (8.2),+ which was the starting point of the proof of the 
theorem. In formulating the counterpart of Theorem 8.1 and Corollary 8.3, 
one must then take into account the fact that 1 may also be a complex 
dimension. 


If the complex dimension w (and hence also @) is simple and different 
from 0,° then the associated local term in formula (8.4) is equal to 
(2e)*> 


res (¢r(s); w) nau) (8.13) 


We thus obtain the following corollary of Theorem 8.1. 


4This is used, in particular, to study the truncated Cantor string in Section 10.3. 
5Note that w #1 since Rew < D <1 for an ordinary fractal string. 
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Corollary 8.3 (Distributional fractal tube formula). If in Theorem 8.1, we 
assume in addition that all the visible complex dimensions of L are simple, 
then the distributional tube formula (8.4) for a fractal string becomes 


(eh # 


Viey= > res (Cc(s);w) wl —w) 


weDe(W)\{0} 
+ {2e(1 — log(2e)) res (Cc(s);0) + 2eCcO)Foew + RlE), (8-14) 


where the distributional error term R(e), in case L is languid, is given 
by formula (8.5) and estimated by (8.6). Here, in case Cc has a (simple) 
pole at s =0, the notation ¢¢(0) means the constant term in the Laurent 
expansion of Cc around s = 0, and if Cc does not have a pole at s =0, 
then res(Cc(s);0) = 0. The braces indicate that these terms are only in- 
cluded if 0 is visible (i.e., if O0€ W). (See Remark 8.11 for further discus- 
sion.) 

Moreover if Lis assumed to be strongly languid rather than languid, then 
we may take W =C, and the error term Rie) vanishes identically. As in 
the statement of the second part of Theorem 8.1, this formula applies to 
test functions supported on a compact subset of [0,1/ 2A). 


For example, this corollary applies to (lattice and nonlattice) self-similar 
strings, choosing a suitable screen close enough to the line Res = D, since 
by Theorem 2.16, all complex dimensions on or sufficiently close to this line 
are simple. In view of Theorem 3.30, it also applies to all nonlattice self- 
similar strings with exactly two distinct scaling ratios (with multiplicities). 
Indeed, in that case, all the complex dimensions of the string are simple. 


Remark 8.4. Note that the sum over the complex dimensions in (8.14) 
can be written as 


eae oy (Qe) 
D2 res (Ce(s);¥) = + Stes (Ce(s);w) 
wED .(W)\{0} weEDe(W)\ {0} 


Both these sums must be interpreted distributionally because they are usu- 
ally pointwise divergent. 


Remark 8.5. In view of (5.17b) and (5.24), we have sup S' < D, and so es- 
timate (8.6) implies that R(e) = O(e'~?), as e > 07, both in Theorem 8.1 
and Corollary 8.3. We point out that under the stronger assumptions of 
Theorem 8.15 below, we actually have the better estimate R(e) = o(e!~?), 
as € + 0*. This follows from Theorem 5.31 and from the second part of 
Theorem 5.30. 


Remark 8.6. Since a self-similar string satisfies hypothesis L2’, we can 
let W =C, as was seen at the beginning of Section 6.4. We refer to Sec- 
tions 8.4.2 and 8.4.4 below for the precise form of the corresponding tube 
formula (8.4) in the lattice and nonlattice cases. 
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8.1.1. The Pointwise Tube Formula 


In this section, we obtain a formula for the volume of the tubular neighbor- 
hood of a fractal string that holds pointwise. This pointwise formula holds 
under somewhat more restrictive assumptions than those for Theorem 8.1, 
the distributional formula for the volume of the tubular neighborhood. 


Theorem 8.7 (The pointwise tube formula). Let £L be a languid fractal 
string of dimension D < 1 and with exponent k < 1 in hypotheses L1 
and L2, for a screen that does not pass through 0. Then, for every € > 0, the 
volume of the (one-sided) tubular neighborhood of radius € of the boundary 
of the fractal string L is given by the pointwise explicit formula with error 
term 


Ve= res( SENOS) 4 (2ece(0)} + RE), (8.15) 
weEDr(W) 


where the term in braces is only included if 0€ W\Dc(W). The pointwise 
error term, R(e), is given by the following absolutely convergent contour 
integral: 


1 ds 
= — | (2e)/-* ——.. l 
Reo) = 5 f 26) "el Gs (8.16) 
It is estimated pointwise by 
R(e) = O(e"-™P 8), (8.17) 


as € > 0* (here, sup S' is given by Equation (5.17b)). 

Moreover, if L is strongly languid® with K < 2, then we can take W = C 
and the explicit formula (8.15) holds for all positive « < 1/2A, and it is 
exact (i.e., R(e) = 0). Further, the term 2e¢c(0) is included if 0 is not a 
complex dimension of L. 


Proof. Our starting point is Lemma 5.1 with k = 1, ie., the identity 


ctiT d 
eye? = (8.18) 


lim = 
T3000 Joa? 271s 


HU @—y)= 


for c > 0. Recall from the defining formula (5.10) that the Heaviside func- 
tion is given by 


0 ifa<y, 
HUl(a@—y)= 41/2 ifa=y, (8.19) 
1 ifa>y. 


Sie., Cc satisfies L1 of Definition 5.2 and L2’ of Definition 5.3, for some con- 
stant A > 0 and real exponent xk. 


244 8. Fractal Tube Formulas 


Let the fractal string £ be given by £ = {lj}5",. Then, by (8.19), we 
have that HUM(1; — 2e) equals 1 for 1; > 2e and 1/2 for 1; = 2e. Like- 
wise, H'J(2e—1;) equals 1 for 1; < 2e and 1/2 for 1; = 2e. By formula (8.1) 
and Equation (8.18), we obtain for 0 < c < 1 that 


Co 


vie= >> (2eHt (1; — 2) +1,H! (2 — i;)) 


j=l 
ctiT ds 1l-—c+iT dt 
li Ger? i ay ; 
ee (2 ge) Qris 2 ae J ca nit 


In the second integral, we substitute t = 1 — s and then combine the two 
integrals into one that converges absolutely to obtain 


Mi 


CO 


V(e) = se 18(2e)'-2__ 4 ___ 
lee J 2ris(1—s)) 


For c > D, the integrand is bounded by a constant multiple of 


fore) oO a 
De flee SG = weelaey 
jai? —& 


Therefore, we can interchange the sum and the integral. For D < c < 1, we 
thus obtain the following expression for V(e) as an absolutely convergent 
integral, 


via fo” celsyae 

ais sees ENS Qnis(1—s) 

Using the sequence {Tn}nez of (5.18) and of hypothesis L1 in (5.19), we 
truncate this integral to obtain 


ctiT, : ds 
Vi(e)= li Qe)" * —_____. 
(¢) oe c-iT_, Gc(s)(26) 2ris(1— s) 
By the Residue Theorem, with the notation of Lemma 5.9 (the truncated 
pointwise formula), we obtain, after moving the line of integration to the 
truncated screen Sj,,, that the integral equals 


ss res carn “) + {2e¢c(0)} + Rin(€) + Un + Ln, 


weEDc (Win) 


where Rj,,(€) is given by the integral over the truncated screen S},,, and Un 
and L,, are given by integrals over the upper and lower parts of Sj, (see 
Figure 5.1). Note that as in formula (8.15), the term between braces is 
included only if 0€ W\Dc¢(W). 
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If L2 is satisfied with « < 1, then Rj, (€) converges as n — 00 to R(e), 
the integral over the screen. Moreover, since k < 2, the upper and lower 
terms U,, and L, vanish as n > oo. 

Finally, if L2’ is satisfied with x < 2, then we first take the limit 
as m —> oo over the truncated screens S,,),, keeping n fixed. Here, {Smhro=1 
is the sequence of screens occurring in the statement of hypothesis L2’ (see 
Definition 5.3), and Sip), is the screen S,,, truncated between T_, and Ty, 
as in Lemma 5.9. Provided that ¢ < 1/(2A), the limit as m — oo of the in- 
tegrals over S,,), vanishes. Then the limit as n — oo of U,;, and L,, vanishes 
since Kk < 2. 


Remark 8.8. Recall from Remark 5.4 that if £ is strongly languid for 
some value of «, then it is strongly languid for every larger value of «, 
but not necessarily for any smaller value. Consequently, the assumptions of 
the second part of Theorem 8.7 (the pointwise tube formula without error 
term) do not imply those of the first part (i-e., its counterpart with error 
term). 

This is related to the fact that for the geometric counting function NU! (a) 
or for V(e) itself, we cannot apply the pointwise explicit formula with error 
term to the Cantor string (since the Cantor string is languid with « = 0, 
the conditions of Theorem 5.10 are not satisfied for k =1), but we do 
have a pointwise formula without error term (because the conditions of 
Theorem 5.14 are satisfied for k = 1 and k = 0; see Sections 1.11.2, 6.4.1 
and 8.4.1). Indeed, to prove the second part of Theorem 8.7, we first take 
the limit for m — oo; i.e., we push the truncated screens away to the left, 
which works provided & < 2, and we then take the limit for n — oo; that 
is, we remove the truncation. Since the truncation at this stage of the proof 
only applies to the complex dimensions and not to the screen, the condition 
that the integral over the screen converges, k < 1, is not needed. 


Remark 8.9. Theorem 8.1 holds without any condition on «. Therefore, 
the conditions of (the first or second part of) Theorem 8.7 imply the re- 
spective conditions of Theorem 8.1. 


In view of (8.13) and the sentence preceding it, we can deduce from 
Theorem 8.7 the following exact pointwise counterpart of Corollary 8.3 
(which is itself a consequence of Theorem 8.1). 


Corollary 8.10 (Pointwise fractal tube formula). If in Theorem 8.7, we 
assume in addition that all the visible complex dimensions of L are sim- 
ple, then the sum over the complex dimensions in the pointwise tube for- 
mula (8.15) for a fractal string becomes 


(2e)1-¥ 


Vie)= ye res(Ge()) a a) 


wEeDc(W)\{0} 
+ {2e(1 — log(2e)) res(¢c(s);0) + 2€¢c(0)}oew + Re), (8-20) 
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where the pointwise error term R(e), in case L is languid, is given by for- 
mula (8.16) and is estimated by (8.17). As in Corollary 8.3, the term in 
braces is included only if O is visible. Here, if Ce has a pole at s = 0, 
the notation ¢-(0) denotes the constant term in the Laurent expansion 
around s = 0. 

Moreover, if £ is assumed to be strongly languid with K < 2 rather than 
languid, as in the second part of Theorem 8.7, then we may take W = C, 
and the error term R(e) vanishes identically in formula (8.20). 


Remark 8.11. Note that in Corollaries 8.3 and 8.10, the condition for the 
inclusion of the term in braces is different from the one in Theorems 8.1 
and 8.7: it is included if 0 is visible (that is, if 0 € W). The reason is 
that by assumption, the pole of ¢¢(s)/s at s = 0 is at most of the second 
order, and the expression between the braces {...}oew gives an explicit 
determination of the contribution of this pole to the explicit formula, if 0 
is visible. On the other hand, in the formulas (8.4) and (8.15), the pole 
of Cr(s)/s at s = 0 could be of any order, and we only include the explicit 
determination of this term in the explicit formula in case this pole is simple; 
i.e., in case 0 is visible but not a complex dimension. 


8.1.2 Example: The a-String 


Let £ be the a-string studied in perton 6.5.1. Recall from Theorem 6.21 
that £ has Minkowski dimension D = ot and that its complex dimensions 
are all simple, real, and located at D and possibly at —D,—2D,.... Also, 
the residue of ¢¢ at D is equal to a?. Hence, by Corollary 8.3, we have the 


distributional formula, for every fixed integer J > 0, 


Qe)1-D J (2c) 14+jD 
vO= pe ry Lp gpy resbe —jD)+O(et FP), 


(8.21) 


as ¢ + 0+. (For J = 0, the sum is interpreted as 0.) Using Corollary 8.10, 
but only for J = 0, we derive the same formula interpreted pointwise, and 
with an error term O(<!+?/?-°) for every 6 > 0, since & < 1 is satisfied 
only for screens to the right of the line Res = =2 = 5G 
In particular, it follows that £ is Minkowski measurable (this will be 
shown in Section 8.3 below) with Minkowski content 
91-D 5 
M = ——~. a”. 8.22 
Dia D) ee?) 
Since D is simple and is the only pole of ¢¢ above D, this is in agreement 
with Theorem 8.15 below. We stress, however, that our tube formula (8.21) 
gives much more precise information about V(e). 
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8.2. Analogy with Riemannian Geometry 


There is an interesting analogy between formula (8.4) (or (8.15)) and 
H. Weyl’s formula [Wey3] for the volume of the tubular e-neighborhood of 
a compact, n-dimensional Riemannian submanifold of Euclidean space R?. 
Indeed, by [BergGo, Theorem 6.9.9, p. 235], this volume is given by the 
formula 


Vue) = age” +aye tt + + ane! (8.23) 

When Vy, (e) is the volume of the two-sided e-neighborhood, the odd-num- 

bered coefficients a,,a3,... all vanish, and for 7 = 0,1,2,..., the even 
numbered coefficient a2; is given by 
1 

; = ——— ] Ko;6 8.24 

a2; rarer 299) ( ) 


where Ko; is a universal j-th degree polynomial in the curvature tensor 
of M, and 6 is the canonical density on M (see [BergGo, Proposition 6.6.1, 
p. 214]). Thus, formula (8.23) is a polynomial in ¢ whose coefficients (8.24) 
are expressed in terms of the Weyl curvatures in different (integer) dimen- 
sions. 

If Vais(e) is the volume of the one-sided ¢-neighborhood (which cor- 
responds more closely to our definition of V(e)), then the counterpart 
of (8.23) still holds. In that case, the odd coefficients do not necessarily 
vanish. We refer to [BergGo], Sections 6.6-6.9, and especially Section 6.9.8 
and Theorem 6.9.9, and also to [Gra], for a much more detailed discus- 
sion and various helpful examples. For additional references, see also the 
endnotes in Section 8.5. 

In the explicit formula (8.4) (or (8.15)), the volume V(e) is expressed 
as a sum of terms e!~”, where w ranges over the visible complex dimen- 
sions. This suggests that the complex dimensions of fractal strings and 
the associated residues’ could have a direct geometric interpretation. The 
work [Pe2] and [LapPe2—4, LapPeWil-3] indicates a close relationship to 
some aspects of geometric measure theory [Fed1, 2] and a possible new 
notion of fractal curvature measures indexed by the underlying complex 
dimensions, both in the present one-dimensional context of fractal strings 
and in higher dimensions. See Section 13.1 for a discussion of the above 
work. 


Remark 8.12. The Wey] curvatures occurring in Weyl’s tube formula were 
shown in [Wey3] to be intrinsic to the submanifold. One of them is closely 
tied to the notion of Euler characteristic and hence to the Gauss—Bonnet 
formula (or its higher-dimensional counterpart, due to Chern). 


7Or, more generally, the Laurent expansions at these poles, when they have higher 
multiplicities. 
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8.3 Minkowski Measurability 
and Complex Dimensions 


In Theorem 8.15 of this section, we obtain a new criterion for the Minkow- 
ski measurability of the boundary of a fractal string 2, expressed in terms 
of the complex dimensions of £. This completes and extends (under our 
present assumptions) the earlier criterion obtained by the first author and 
C. Pomerance in [LapPol-2]. In Remarks 8.19 and 8.20, we will also com- 
ment on the relationship between our new criterion and the one obtained 
previously in [LapPol—2]. 


Before stating and proving our main result, Theorem 8.15, we need to 
establish a technical lemma, which is an extension of Theorem 1.17 of 
Chapter 1. 


Lemma 8.13. Let L be a generalized fractal string, given by a (local) 
positive measure n. If the pole of Cc at D is of order m > 1, then any pole 
at D+ it (with t € R) is of order at most m. 


Proof. Let Res = o > D. Since |¢c¢(s)| < ¢c(o), we deduce that the 
function (o — D)" ¢c(s) is bounded as o + D*. 


Remark 8.14. It follows from the m = 1 case of Lemma 8.13 that if D 
is a simple complex dimension of £, then every other complex dimension 
of £ on the vertical line Res = D is also simple. For example, this is 
consistent with the fact—established in Theorem 2.16—that for a lattice 
self-similar string £, its dimension D, together with all the complex dimen- 
sions above D—namely, D + inp, with n € Z, where p is the oscillatory 
period of £—are simple. 


The next result—which follows in particular from the tube formula given 
in Theorem 8.1 (in conjunction with Theorem 5.31)—extends and puts in 
a more conceptual framework the criterion for Minkowski measurability of 
fractal strings obtained by M. L. Lapidus and C. Pomerance in [LapPol] 
and [LapPo2, Theorem 2.2, p. 46]. Note that statement (i) of Theorem 8.15 
does not appear in [LapPo2].3 We refer to Remarks 8.18-8.21 below for 
further comments about our Minkowski measurability criterion and about 
its relationship with earlier work, in particular [LapPol—2]. 

Recall from Section 1.1 that £ is Minkowski measurable if the limit 


lim V(e)e?—} 
e>ot 


exists and lies in (0, co). Then, necessarily, D coincides with the Minkowski 


dimension of £. 


80On the other hand, the hypotheses about ¢¢ made here are not assumed in [LapPo?2]. 
See Remark 8.19. 
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Theorem 8.15 (Criterion for Minkowski measurability). Let £ be an or- 
dinary fractal string that is languid for a screen passing between the vertical 
line Res = D and all the compler dimensions of L with real part strictly 
less than D, and not passing through 0. Then the following statements are 
equivalent: 


(i) D is the only complex dimension with real part D, and it is simple. 
(ii) Nc(x) = E- x? + 0(x”) for some positive constant E. 
(iii) The boundary of L is Minkowski measurable. 


Moreover, if any of these conditions is satisfied, then 


M = 21°? . = een (8.25) 


is the Minkowski content of the boundary of L. 


Proof. Assume (i) and choose a screen such that only D is visible. By 
Theorem 5.18, the distributional explicit formula with error term, applied 


to £, and using Theorems 5.30 and 5.31, we obtain for pl (x) = Ne(a), 


Ge gP 
Pltl(a) = res(Ce(s)-;D) + REl(a) = — res(¢e(s);D) + ox”), 


as z — oo. Hence, (ii) holds with E = D~'res(¢c(s);D). Since D is 
assumed to be a simple pole of ¢;(s) (by (i)) and ¢-(¢) is positive for ¢ > D, 
the number E, given by D~'lim,_,p+(o — D)¢¢(c), is positive. Similarly, 
we deduce (iii) using Theorem 8.1. 

Assume (ii). Then ¢¢ has only simple poles on the line Res = D, by 
Theorem 1.17 and Lemma 8.13. Let {D + i7,} be the (finite or infinite) 
sequence of these poles. By Theorem 5.18, we have that 


Ne(x) = as +o(x?), as «oo, 


n 


where a, = res (s~'Cc(s); D + yn). Hence 


y a,c? tt — F.¢? +0, asa oo. 


n 


By the Uniqueness Theorem for almost periodic functions (see [Schw1, Sec- 
tion VI.9.6, p. 208]), we conclude that a, = 0 for y, 4 0. This implies (i). 

To deduce (i) from (iii), we reason similarly, using V(e) instead of N(x), 
and letting a, = res ((s(1 — s))~¢c(s); D + in). This concludes the proof 
of the Minkowski measurability criterion, Theorem 8.15. 
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Figure 8.1: The structure of the proof of Theorem 8.15. 


We refer the reader to Figure 8.1 for a diagrammatic illustration? of 
both the structure of the proof of Theorem 8.15 and the interdependence 
of many results obtained in Chapter 5 (on explicit formulas) and so far in 
this chapter on tube formulas. 


In the following comment, we discuss a subtle point in the proof of Theo- 
rem 8.15. It explains, in particular, how the preliminary results of this 
section are used to circumvent an apparent difficulty (for example, in de- 
riving (ii) from (i)). 


Remark 8.16. Proposition 1.1, Theorem 1.17 and Lemma 8.13 above are 
needed to ensure (under the hypotheses of Theorem 8.15) that 


Ne(x) =a? -G(x)+0(x?), asx—+oo, 


or 
V(e) =e! PGi(e)+0(e"”), ase 0", 


where G and G; are multiplicatively almost periodic functions. The proof 
would be simpler if we could split the sum 


S> res (ee .) (8.26) 


Rew=D 


°We thank Erin Pearse for providing us with this figure. 
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into the different subsums of the type 


(log x)” y ingens 
Rew=D 


for fixed n, which would arise when £ has multiple complex dimensions. 
Then we would simply apply the Uniqueness Theorem for almost periodic 
functions to each of these sums. Even though we think that such a decom- 
position of the sum in the explicit formula is possible, we have not been 
able to prove this, since the series (8.26) is only conditionally convergent. 


Remark 8.17. As was pointed out in Example 5.32 (see also Remark 6.16), 
for certain fractal strings, and in particular, for certain nonlattice strings, 
we cannot choose a screen as in Theorem 8.15, and the above proof of 
our criterion for Minkowski measurability does not apply to such strings. 
However, by the work of M. L. Lapidus and K. J. Falconer ([Lap3, Sec- 
tion 4.4.1b] and [Fa4]), nonlattice strings are always Minkowski measurable 
(see Remark 8.40 below). We show in Section 8.4.4 how we can also recover 
this result within our framework. Actually, the results of that section imply 
significantly more. It follows, in particular, from Theorems 8.23 and 8.36 
that a self-similar string is Minkowski measurable if and only if it is nonlat- 
tice and that, in view of Theorem 2.16 or 3.6, for any (lattice or nonlattice 
string), the main conclusion of Theorem 8.15 (namely, the equivalence of 
conditions (i)—(iii)) still holds. Moreover, we will show in Section 8.4.3, 
Theorem 8.30, that even in the lattice case, formula (8.25) remains valid 
provided M is replaced by the average Minkowski content Ma,, as defined 
by (8.55). See formula (8.56). 


Remark 8.18. Let {l; yet denote the sequence of lengths of the fractal 
string £. Condition (ii) of Theorem 8.15 is then equivalent to the following 
condition: 


(i) lj ~ M-j7*/? (ie, 71/P1, 4 M) as j — 0, for some positive 
constant M > 0. 


Further, the constants EF in (ii) and M in (ii’) are connected by E = M”. 


Our next remark explains the connections and the differences between 
our present Minkowski measurability criterion (Theorem 8.15) and the cri- 
terion previously obtained in [LapPo2]. 


Remark 8.19. The criterion for Minkowski measurability that was ob- 
tained in [LapPo2, Theorem 2.2, p. 46] is the following: 


Let £={1, Bea be an (arbitrary) ordinary fractal string of Min- 
kowski dimension D € (0,1). Then the boundary of £ is Min- 
kowski measurable if and only if (ii) above holds for some E' > 0 
(or, equivalently, if and only if condition (ii’) from Remark 8.18 
holds for some M > 0). 
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Further, in that case, the Minkowski content of £ is given by 


(api 1-p MP 

M=2 i-p =? [-D' (8.27) 
Note that in [LapPol—2], ¢¢ is not required to admit a meromorphic exten- 
sion to a neighborhood of Res = D or to satisfy suitable growth conditions. 
On the other hand, under the hypotheses of Theorem 8.15, our present 
theory enables us to introduce the new criterion (i), expressed in terms of 
the notion of complex dimension. The latter criterion gives a rather clear 
and intuitive geometric meaning to the notion of Minkowski measurability 
in the present context of fractal strings. It also provides one more geometric 
interpretation of the notion of complex dimension. 


The following comment may help the reader, as it did the authors, to 
develop further intuition for the notion of complex dimension and the as- 
sociated oscillatory phenomena (in the geometry). It will also be very useful 
in Chapter 9, when we reformulate and extend the inverse spectral problem 
for fractal strings studied in [LapMal-2]. 


Remark 8.20 (Dimensions above D and geometric oscillations). The Min- 
kowski measurability of £, condition (iii) in Theorem 8.15, means heuris- 
tically that the leading term of the volume of small tubular neighborhoods 
does not oscillate. Similarly, condition (ii) (or, equivalently, (ii), by Re- 
mark 8.18) says that the sequence of lengths of £ does not oscillate (asymp- 
totically) either. That is, (ii) and (iii) can be interpreted as corresponding 
to the absence of oscillations of order D in the geometry of £. Therefore, 
in some sense (provided that D is simple), Theorem 8.15 says that the ab- 
sence of geometric oscillations of order D in CL is equivalent to the absence 
of nonreal complex dimensions of £ above D. Note that £ could still have 
oscillations of lower order. 

As will be discussed in more detail in Sections 8.4.2 and 8.4.4 below, for 
a self-similar string £, this fact is illustrated rather clearly by the lattice 
vs. nonlattice dichotomy which corresponds precisely to the existence vs. 
the absence of (nonreal) complex dimensions above D and hence, by Theo- 
rems 8.23 and 8.36, to the non-Minkowski measurability vs. the Minkowski 
measurability of L. 


Remark 8.21. Our present approach enables us to analyze in more detail 
the effect on the geometry (or the spectrum) of fractal strings due to certain 
of the gauge functions (other than the usual power functions) involved in 
the definition of the generalized Minkowski content studied by C. Q. He and 
the first author in [HeLap1-2]. It also enables us to deal with, for example, 
gauge functions of the form of a power function times a multiplicatively 
periodic function, as for lattice self-similar strings, which are not within the 
scope of the theory developed in [HeLap2], where all the gauge functions 
were assumed to be monotonic. This is worked out in Section 8.4.2. (See 
also the notes to this chapter for further discussion.) 
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8.4 Tube Formulas for Self-Similar Strings 


In this section, we discuss three classes of examples of self-similar strings, 
namely, the generalized Cantor strings and lattice strings (in Sections 8.4.1 
and 8.4.2-8.4.3), and the nonlattice strings (in Section 8.4.4), in order to 
illustrate and complete our results of Sections 8.1 and 8.3. 


8.4.1 Generalized Cantor Strings 


A generalized Cantor string is a generalized fractal string (i.e., a measure) 
with a single line of complex dimensions, of the form {D+inp}nez. Such a 
string has lengths 1, a~', a~?,..., with multiplicities given by 1, b, b?,..., 
where b = a? and a = e€?”/P is the reciprocal of the multiplicative genera- 
tor r. We assume p > 0 so that a > 1. Such a string is lattice, except that 
we allow D to be an arbitrary complex number. Thus, a = r~! is real and 
positive, and b is a complex number. The parameters a and 0 are related 
to D and p by 


2 
a=r! = e?7/P, p=, 

og a (8.28) 
baa", D =\og, b. 


Thus, for example, we allow D = 0 and D = 1, corresponding to b = 1 and 
b =a, respectively. 

The geometric zeta function of the generalized Cantor string of dimen- 
sion D and oscillatory period p is given by 


1 
Cp,p(s) =. 1— b . a-s’ 
with residue 1/loga at s = D. We denote this string by Lp, (see also 
Definition 10.1). Clearly, £p,p has a single line of complex dimensions, 


D={D+inp:neéZ}, 


with the oscillatory period p = 27/loga as in (8.28), and the residue at 
each complex dimension is equal to 1/log a. 

Ifa > b> 1 and 6 is an integer, then this string is an ordinary fractal 
string, and V(e) = Vp p(e) has its standard geometric meaning. However, 
our computation is formally valid without these hypotheses, and it fits both 
in the framework of generalized fractal strings of Chapter 4 and of Dirichlet 
polynomials of Chapter 3. See also Chapter 10 for an extensive study of 
generalized Cantor strings. 


We next compute the volume of the tubular neighborhood of Lp py. In 
view of the second part of Corollary 8.10, we have that (provided D 4 0, 
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ie, b #1), 


1 (Qe) Pee Qe 
— 2 
Vo.p(é) log a me (D+inp)(1—-D-—inp) 6-1 (8.29) 


as a pointwise equality between functions, for 0 < « < a/2. In case D = 0, 
this formula needs to be replaced by 


Vo.p(e) | 3 - Qe (5 + 1oe,(2e))) (8.30) 


log a ea inp(1 — inp 


since then, 0 is a visible pole of Co,p. 
We can also obtain these formulas by a direct computation, starting with 
formula (1.9) and taking Definition 10.1 into account, 


log, x] oo 


Vople)= DS) 2e-bF+ S°  bear®. (8.31) 
k=0 


k=1+[log, 3] 


The second sum only converges if Re D < 1, which we assume in the fol- 
lowing. Using formula (1.13), we obtain (for D # 0) 


Qe 
b—1? 


Vp,p(€) = (2e)'-? G(log, (2e)~") — (8.32) 


for 0 < € < a/2, where G is the periodic function (of period 1) given for 
all x > —1 by 


1 e2ting 


a (D + inp)(1 — D — inp) (8.33) 
P(x} (D-1){o} . 
~ Yard * pD-1_]’ 


C= log a 


thus recovering (8.29). (Formula (8.30) is recovered in a similar manner, us- 
ing in addition the Fourier series for {u}.) Clearly, for D 4 0, the function G 
is nonconstant since all its Fourier coefficients are nonzero. Further, G is a 
positive function that is bounded away from zero and infinity. In fact, G(x) 
attains its maximum 


pP-l D 


ae (8.34a) 
=r =a ws 
at the endpoints x = 0 and x = 1, and its minimum 
1—D D-1 1 D)\D-1 
UO oe (8.34b) 


DP(rP-1 — 1)P 
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at the point x > 0 such that 

ota Dole fad 

~~  D rD-ly 

In view of (8.32) and Definitions (1.6a) and (1.6b), it follows from (8.34a) 


and (8.34b) that the upper and lower Minkowski contents of 2p, are given 
by 


re 


* _ ol pP-1_7P ole b(a — 1) 
sts Gry 7 "G_bb_D (8.35a) 


and 
(1 = Dye AG as (oye 


DP(rD-1 — 1)P 

~a—p) (= 1)?? 
(a—b)P ° 

respectively, where r = 1/a and D = log,b (so that r? = 1/b and 

hence r?~1 = a/b). Note that 0 <M, < M* < oo since G is noncon- 

stant and bounded away from zero and infinity. It follows that £ is not 


Minkowski measurable. By contrast, in case D = 0, both the upper and 
lower Minkowski dimension of £o,p are infinite. 


Meroe 


(8.35b) 
=2)-Pp-P(1-D) 


Example 8.22 (The Cantor string). The Cantor string is a special case 
of the generalized Cantor string, with parameters a = 3 and b = 2. This 
lattice string was studied in Chapter 1 and in Section 2.3.1. Note that 
the first length of the Cantor string equals 3 in Chapter 1 (so that the 
Cantor string fits in the unit interval), whereas in Section 2.3.1 and in this 
example, we adopt the usual convention that the first length is normalized 
to be unity, so that the total length of the Cantor string equals three. Thus 
formula (1.12) and the infinite sum in formula (1.14) of Chapter 1 need to 
be multiplied by 3? = 2 to obtain respectively (8.37) and (8.36) below. 
In view of (8.32) and the discussion in Section 1.1.2, we have 


1 _ = 
V(e) = jog 22)" ?G(log3(2e)~*) — 2e, (8.36) 
where D = log; 2, r = 1/3, and G is the (nonconstant) periodic function 
given by (8.33), with p = 27/log3. Further, G is bounded away from zero 
and infinity, as explained in (8.34a) and (8.34b). Moreover, by specializ- 
ing (8.35) to a = 3 and b = 2, we have 


M*=22-2 and = =M, = 2?-PD-P(1— D)-4-P), (8.37) 


in agreement with the result of [LapPo2, Theorem 4.6, p. 65], recalled in 
Section 1.1.2. In particular, we recover the fact that the Cantor string is 
not Minkowski measurable. 
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8.4.2 Lattice Self-Similar Strings 


Let £ be a self-similar string, with boundary OL of Minkowski dimension D, 
as studied in Chapter 2. Thus, £ has scaling ratios r,,...,7y (with N > 2) 
and gaps scaled by gi,...,gK (with K > 1). Furthermore, recall from 
Section 2.1 thatO <ry <--- <7 <1,0<9K <---<g < 1, and that 
Equation (2.4) holds: 


N K 
er +30 % =1. (8.38) 


In addition, 
L = ¢¢(1) = voli (ZL) (8.39) 


denotes the total length of L. 

Recall that the geometric zeta function of £ is given by Equation (2.10) 
of Theorem 2.3. In particular, 0 is not a pole of ¢¢. Also, £ is called a 
lattice string if there exist a multiplicative generator r € (0,1) and posi- 
tive integers k,,...,ky without common factor such that r; = r*i for ev- 
ery 7 =1,...,N. Otherwise, £ is said to be a nonlattice string. 

If £ is a lattice string, then the complex dimensions located on the ver- 
tical line Res = D are all simple and of the form D + inp (for n € Z), 
where p = 27/logr~! is the oscillatory period of £ and r = e~?7/P is its 
multiplicative generator. (See Theorem 2.16 and Definition 2.13.) The gen- 
eralized Cantor string is an example of a lattice self-similar string with a 
single line of complex dimensions. 

In this section, we will prove the following theorem, along with additional 
more precise results (see Theorem 8.25 and Corollary 8.27). 


Theorem 8.23. A lattice string is never Minkowski measurable and always 
has multiplicatively periodic oscillations of order D, its dimension, in its 
geometry. 


Proof (in the case of a single gap). Let £ be a self-similar lattice string 
with a single gap, normalized as in Remark 2.5.1° Choose a number 0 
with 0 < O < D such that the first line of complex dimensions to the left 
of D lies to the left of the line Res = O (if there is no such line, then we 
take 0 = 0). Singling out the complex dimension with real part D, we find, 
by the computation for the generalized Cantor string in Section 8.4.1, 


V(e) = (2e)'~?G(log,.-1(2e)"*) + O(e""), ase 3 0", (8.40) 


10The general case of a lattice string with multiple gaps will be treated in Theorem 8.25 
and Corollary 8.27. 
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where the function O(e1-®) is the error term caused by the complex di- 
mensions to the left of 0, 


> res (oe «) + 2eCc(0) = O(e'®), 


Rew<D 
and the main contribution comes from the complex dimensions with real 


part D. This contribution has the periodic factor 


e2t ing 


(D +inp)(1— D— inp)’ 


G(x) = res (Cc(s);D) 5° 


neZ 


(8.41) 


where res (¢c(s); D) is given by (2.43) (with K = 1 and g;L =1):" 


1 1 
res (Ce (s);D) = : 8.42 
ee) ee 17} Plogr;" © Togr-t SN, kyrkyP en 


Recall that as in Chapter 2, the positive integers k,,...,ky are defined 
by rj = r*i for j =1,...,.N. Since the periodic function G is nonconstant 
(because it has nonzero Fourier coefficients for n 4 0), it follows that L 
is not Minkowski measurable, in agreement with Theorems 8.15 and 2.16. 
Moreover, the geometric oscillations are multiplicatively periodic since G 
is periodic. 


Note that formula (8.40) converges pointwise since there are only finitely 
many lines of complex dimensions, the complex dimensions have bounded 
residues, and the denominators of the terms are quadratic in w. 


Given the special structure of the complex dimensions of a lattice string 
(see Theorem 2.16), we can rewrite the first equality of Equation (8.40) 
in a much more explicit manner. Indeed, continue to assume for simplic- 
ity that £ has a single gap and is normalized as in Remark 2.5, so that 
it has first length 1, and the last statement of the lattice case of Theo- 
rem 2.16 applies (see Remark 8.24 below for the general case). Then, in 
the notation of Theorem 2.16 and in the case where the complex dimen- 
sions w,, are all simple (as in Examples 8.22 above and 8.32 below), we 
have for 0 < e < 1/(2ry) (see Theorem 8.25 below) 


q 
ms 2e)'~*"G, (log, 1 (2e)~") + 2e¢c(0), (8.43) 


11Note that for the generalized Cantor string of Section 8.4.1, we have 
1 a 


res (6e(9)D) = > = ggg 


so that formula (8.41) reduces to (8.33) in that case. 
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where w,; = D, G; = G, as defined in (8.41), and for u = 1,...,q, the 
function G, is periodic (of period 1) given by’? 
27ine 


e 
(Wu + inp)(1 — Wy — inp) 


Gu(a) = res (Cc(s);0u) >) 


neZ 


(8.44) 


Clearly, G,, is nonconstant and, as above, it is bounded away from zero and 
from infinity. Further, according to Remark 2.18, res (¢c(s); wy) is given 
by (2.50) with n = 0. 


Remark 8.24. If the lattice string £ has one gap but is not normal- 
ized, then an additional phase factor is introduced. More precisely, V (e) 
is still given by (8.43), with G, as in (8.44) (and, in particular, G = G 
as in (8.41)), except with res(¢c(s);w,) multiplied by (gi L)'"P (inside the 
sum), where giL is the first length of £. Therefore, res (¢c(s); wy) is given 
by (2.50) with K = 1 and n = 0, for u = 1,...,q¢. (Recall that w; = D.) See 
the comment following Equation (2.49), along with Remark 2.18. (Also, see 
Theorem 8.25 below according to which the counterpart of (8.43) is valid 
for allO <e < $Lgiry'-) 


The following result—which completes Theorem 8.23 in the case of mul- 
tiple gaps—is really a corollary of the method of proof of that theorem. See 
also Corollary 8.27 below for the case when £ may have complex dimensions 
of higher multiplicity. 


Theorem 8.25 (Lattice strings with multiple gaps). Let L be a lattice 
self-similar string with multiplicative generator r. Assume that the complex 
dimensions of £ are all simple. Then for all ¢ withO<e< $LgKTy the 
volume V(e) is given by the following pointwise tube formula: 


q 
V(e) = § (2c)! %"G, (log,.-1(2e)~") +2 8.45 
(©) = 2a Gallas, 12) #26 (B48) 
where for each u=1,...,q, the function Gy, is the nonconstant, real-valued 


periodic function of period 1 on R corresponding to the line of complex 
dimensions through wy, (wi = D > Rew, > --: > Rewg), and given by the 
absolutely convergent Fourier series 


= res(Cr(s); Wu + inp) 2Qring 


Recall from formula (2.39) that D = {wy + inp: n € Z,u = 1,...,q} and from the 
last statement of the lattice case of Theorem 2.16 that for each fixed u = 1,...,q, we 
have res (¢c(s); wy, + inp) = res(Cc(s);wu), for all n € Z. Since £ is normalized, this 
common value is given in Equation (2.50), with the numerator on the right-hand side of 
this equation set equal to one. 
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where 


K Wy tin 
Pie (guL) 


: 8.47 
logr-! ae Kegp hice ey 


res(Cc(s); Wy + inp) = 


In particular, since w, := D, we have that G, = G is given by (8.52) of 
Corollary 8.27 below. 

Furthermore, if £L has a single gap and is normalized (i.e, K = 1 
and g,L =1), then (8.45) reduces to, and specifies, formula (8.43) (which 
is therefore valid pointwise for all 0 <é¢<1/2rn), while (8.46) and (8.47) 
together yield (8.44). 


Proof. The theorem follows from the second part of Theorem 8.7 (the point- 
wise tube formula with error term). In light of the comment at the be- 
ginning of Section 6.4 (just above Remark 6.12), according to which CL is 
strongly languid with A = L~1g;'ry and & = 0 (thus also with any « > 0), 
and since 0 is not a complex dimension of £, the latter theorem can be ap- 
plied to yield for all positive ¢ < sLoxty’: 


= res Cy s);w 
v= ym ($2 Celshiw) + 22Ce(0) 
= a S- res (er Cc(s)3 Wu + inp) + 2e7 — (8.48) 


u=1neZ 
Here, the second equality results from the periodic structure of the complex 


dimensions in the lattice case (see Theorem 2.16). 
If wy (and hence, w, + inp, for all n € Z) is simple, then 


(2e)'~§ 2 in = 1-—w,—-inp res(Cc (s); Wu + inp) 
pe (= —s) 6c(8);Wu + p) ree) (wy + inp)(1 — wy, — inp)’ 


and according to formula (2.50) of Remark 2.18, 


kK Wy tin 
pai (9uL) pees 
logr—* Djs kyr bie 


res(Cc; Wy, + inp) = (8.49) 


Remark 8.26. Assume, in addition, that the gap sizes g,,L are also in- 
tegral powers of the multiplicative generator r of £L; ie., g,L = ru for 
certain integers ky, w= 1,..., (as in (2.40) of Theorem 2.16). Then for 
each u = 1,...,q, the residue res (€c(s);w., + inp) is independent of n € Z, 
as was observed in Remark 2.18. More precisely, since then (g,,L)'"P = 1, 
formula (8.49) simplifies to (as in Equation (2.51)) 


res (Cc; wy, + inp) = , forn eZ. (8.50) 
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A similar comment applies to formula (8.53) in Corollary 8.27 below. 


The next corollary (of the proof of the foregoing theorem) applies to an 
arbitrary lattice string and establishes in particular Theorem 8.23 in full 
generality. It also completes the proof of Theorems 2.16 and 3.6 in the 
lattice case. 


Corollary 8.27. Let £ be a lattice self-similar string, with scaling ra- 
tios r1,...,7n (N > 2) and gaps m,...,gK (K > 1), as in Section 2.1. 
Let Res = O be the rightmost vertical line to the left of Res = D contain- 
ing complex dimensions of £L,!° and let m > 1 be the maximal multiplicity 
of a complex dimension on this line. Then 


V(e) = (2e)' PG (log,-1 (2e)~') + Ele), (8.51) 


where G = G, is the nonconstant, real-valued periodic function of period 1 
on R given by the absolutely convergent Fourier expansion 


= res(¢c(s); D + inp) rere 
G(a) = az (D + inp)(1— D — inp) e , (8.52) 


where the residues of the geometric zeta function of L are given by 


K in 
ae (g.L)?* - 


res(Cr(s); D+ inp) = ; 
(<c(s) = ert e®, beh 


(8.53) 


infinitely many of which are nonvanishing. 
In formula (8.51), the error E(e) is estimated as follows, as e + 07: 
(i) If O > 0 (ue., there are complex dimensions with real part strictly 
between 0 and D) or if O = 0 and 0 is a complex dimension of L of 
multiplicity at most m—1, then 


E(e) = O(e1-® |loge|™~"). (8.54a) 

(ii) If © <0, then 
E(e) = O(e). (8.54b) 
(iii) Jf O = 0 and 0 is a complex dimension of L of multiplicity m, then 
E(e) = O(e |loge|™). (8.54c) 


It follows that Lis not Minkowski measurable. In other words, a lattice 
string does not have a Minkowski content. 


13Note that the meaning of © is slightly different from that in the proof of Theo- 
rem 8.23, where O > 0. 
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Proof. We deduce formula (8.51)—with G = Gj and the coefficients of G 
given by (8.52) and (8.53)—from the first part of the pointwise formula for 
the volume of the tubular neighborhoods, Theorem 8.7. To obtain the error 
estimate as given, we choose for the screen a vertical line Res = 0 < O 
if O > 0, or a vertical line Res =o, where 0 < o < 0, if O < 0. With 
this choice of screen, the poles of ¢(s)/s that contribute to the explicit 
formula for V(e) lie only on the two lines Res = D and either on Res = 0 
or on Res = O, whichever of these lines lies furthest to the right. By the 
choice of screen, ¢¢ is bounded on the screen, hence L1 and L2 are satisfied 
with « = 0. Therefore, we can apply the pointwise tube formula (8.15) of 
the first part of Theorem 8.7. 

From the computation of the local terms in Section 6.1.1, we deduce that 
the resulting terms in the explicit formula are of the given order. Note that 
the resulting periodic function G(x) is nonconstant because as was noted 
in the course of the proof of Theorem 2.16, above Equation (2.49), not 
all'* of the (genuinely complex) dimensions D + inp (n € Z, n # 0) are 
canceled by the zeros of the numerator of ¢¢ in formula (2.10). It follows 
that £ always has multiplicatively periodic oscillations of leading order D 
and hence is not Minkowski measurable. 


Remark 8.28. In the above corollary, we only used the sum over the 
complex dimensions on the line Res = D in the explicit formula for V(e), 
choosing a screen that shields all the other complex dimensions. This way 
we avoided having to determine the terms in the explicit formula corres- 
ponding to complex dimensions of higher multiplicity. We leave it as an 
exercise for the interested reader to work out the general explicit formula 
for V(e), with a complete determination of all the terms, corresponding to 
complex dimensions of any multiplicity. (As a guide, see the computation 
of the local terms in Section 6.1, along with Example 8.34 below.) 


8.4.3 The Average Minkowski Content 


We supplement our study of lattice self-similar strings (Section 8.4.2, where 
it was established that lattice strings do not have a Minkowski content) by 
considering the notion of average Minkowski content. 


Definition 8.29. Let £ be a fractal string of dimension D. The average 
Minkowski content, May, is defined by the logarithmic Cesaro average 


May _ 


lim 
T3000 log T 


A. 
d 
| e-A-P)y(e) = (8.55) 
1/T E 


provided this limit exists and is a finite positive real number. 


14Indeed, infinitely many of these complex dimensions are not canceled. 
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Theorem 8.30. Let L be a lattice self-similar string of total length L, 
with scaling ratios ry = r™,...,rn = r®N and gaps gi,...,gK. Then the 
average Minkowski content of L exists and is given by the finite positive 
number 


ieee Dakar Bal gi-D 
May = b=1 ad = e D ie 
D(1— D)logr-1 7, kyrtsP = D(L— D) res(Cc(s);D). (8.56) 


Proof. The existence and the computation of the average Minkowski con- 
tent results from an application of Corollary 8.27. More precisely, according 
to (8.51) and (8.54), we have for all 0 < e < 1 and some 9 < D, 


e~O-P)V(e) = 2'- 9G (log,-1(2e)~") + O(e?-®), 


where G is the (nonconstant) real-valued periodic function of period 1 given 
by (8.52) and (8.53). 
After making the change of variable x = log,-1(2¢)~!, we obtain 


<a [ e-O-D)y(e) & _gi-p__1 _ pe ) de + 0(1) 
—=—. = x XL 0) 
logT Jiyr E log,.-1 T Jo 


1 
sae | G(a) dx 
0 


as T — oo. Hence, in view of (8.55), May exists and we have 


1 
_91-D — 51-pTes (Gc(s); D) 
May — 2! | G(a) dx = 21 i © > 0. 


By formula (8.53) in Corollary 8.27 (applied with n = 0), this yields the 
(finite and positive) expression (8.56) for May, as desired. 


Remark 8.31. Both the non-Minkowski measurability and the existence as 
well as the value (8.56) of the average Minkowski content hold for arbitrary 
lattice self-similar strings with multiple gaps. Indeed, the non-Minkowski 
measurability follows from Theorem 8.15, since we know from Theorem 2.16 
that D is simple and that there are always nonreal complex dimensions 
with real part equal to D. It can also be verified directly by working with 
our general pointwise tube formula without error term (the second part 
of Theorem 8.7) which also yields the existence of M,,. Indeed, the main 
point is that the term in our tube formula corresponding to the pole at s,, := 
D+inp (with n € Z, n 4 0) is an oscillatory function with (logarithmic 
Cesaro) average zero (since s,, is asimple pole of ¢-). On the other hand, for 
n= 0 (ie., for s = so = D), the resulting function is constant, and hence its 
average is equal to res (Ce(s);.D), which (by Theorem 2.16, Equation (2.43)) 
is equal to the right-hand side of (8.56), up to a positive multiplicative 
factor. 
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Example 8.32 (The Fibonacci string). Recall from Section 2.3.2 that this 
is a lattice string with two lines of complex dimensions (see Figure 2.5 
on page 44). Since all these complex dimensions are simple, the tube for- 
mula (8.40) gives 

2+¢@ Qe ae 
~ Blog 2 4 2 (D + inp)(1 — D — inp) 


3 - d (Qe)1+D-i(n+ 3)P 
v5 5 =a lp) 
Slog? 2« (—D+ in + Hp) +D—an+)p) 


(8.57) 


where D = log, ¢, p = 27/log2 and 0 < e < 1. In particular, we deduce 
from Theorem 8.30 that the average Minkowski content of the Fibonacci 
string is given by 


21-P(2+ 4) 
5(1— D)logd 


Note that formula (8.57) is in agreement with the result (2.25) of the 
direct computation of V(e) carried out in Section 2.3.2. Indeed, the two 
formulas are equivalent, since the golden ratio satisfies (2 + ¢)/5 = ¢/V5 


and (3 — $)/5 = (¢—1)/Vv5. 


Remark 8.33. The volume of the tubular neighborhood of the modified 
Cantor and Fibonacci strings, introduced in Section 2.3.3, is given by the 
same explicit formulas as in Examples 8.22 of Section 8.4.1 and Exam- 
ple 8.32 above, since their geometric zeta functions are the same as those 
of their nonmodified counterparts. 


May = (8.58) 


Example 8.34 (A lattice string with multiple poles). An example of 
a lattice string £ with multiple poles was considered in Section 2.3.4. 
Recall that £ has one (discrete) line of complex dimensions above D, 
namely, w = D+inp (with n € Z, D = logs2 and p = 2m/log3), and 
another line of double poles, namely, w = sip + inp (with n € Z); see Fig- 
ure 2.9 on page 48. Thus, the tube formula (8.40) becomes 


4 (2e)1 D-inp € 
V = 
(e) 9log3 4 d “(D+inp)(i—D-—inp) 2 
oh 1-i(n+4)p 


ioc j? Bre i(n + 4)p) 


2 
1 (2 1)p—-1 
fait ee IE T ) 
i(n+ Fp —i(n + 5p) 
phir Better Poss 264 
Slog 3 4 i(n + $)p(1—i(n + $)p)’ 


(8.59) 
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as € —> 07. In view of Equation (8.56) of Theorem 8.30, its average Min- 
kowski content is given by 


8 


Mav 27(1 — D) log 2” 


(8.60) 


Remark 8.35. It also follows from Theorem 8.30 that the average Min- 
kowski content of the Cantor string (as defined in Section 2.3.1 and Exam- 
ple 8.22) is given by 

91-D 


Meso (1 — D) log 2’ 


(8.61) 


where D = log; 2. 


8.4.4. Nonlattice Self-Similar Strings 


A self-similar string, lattice or nonlattice, is always strongly languid. More 
precisely, as is explained at the beginning of Section 6.4, ¢¢(s) satisfies L1 
and L2’ with « = 0 and A = L~'gz'ry. Hence, by the second part of 
Theorem 8.7, V(e) is given by a pointwise formula without error term, 


Veh= res (EOE) + 2eC¢c (0), (8.62) 


weEDc(C) s( s) 


forO<e< SLgKT Note that neither 0 nor 1 is a complex dimension of 
a self-similar string. Also, if w is a simple complex dimension of £, then 


res (oe) = res(¢r(s);w) ae. 


This is the case, for example, of all the complex dimensions of a nonlat- 
tice string with two scaling ratios and positive multiplicities. (See Theo- 
rem 3.30.) 

For a nonlattice string we sometimes need an explicit formula with error 
term to obtain information about V(e). We then use a suitable screen 
and the resulting formula only involves the corresponding visible complex 
dimensions. By Theorem 2.16, D is the only complex dimension located on 
the line Res = D and it is simple. Therefore, by Corollary 8.10, we have 


1-D 
Say elo) D) + S- res 


Rew<D 
+ {2eCc (0)} + RE) 
=M-e'? +o(e'-?), (8.64) 


Vee ae 
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as € + 0+, where w ranges in D¢(W) and, as usual, the term in braces is 
included if 0 € W. It follows that £ is Minkowski measurable (in agreement 
with Theorem 8.15), with Minkowski content M given by (8.25): 


91-D 


M = res (¢c(s); D) Das): 


(8.65) 

For instance, if £ is the golden string defined in Section 2.3.5, then (8.65) 
holds with D = .77921. 

By Remark 6.16, this analysis is not valid if, as in Example 5.32, there is 
no screen passing between Res = D and the complex dimensions strictly 
to the left of this line for which the nonlattice string £ is languid. In that 
case, we apply formula (6.53) of Section 6.4.2, along with Theorem 3.25. It 
remains to estimate 


(2e)5—# 


S res (Cc (s); w) w(l —w) 


D-—6/2<Rew<D 


(8.66) 


for small positive 6, and this is done in Theorem 5.17. The latter result im- 
plies that this sum is oer?) as € — 0, from which we deduce that (8.63) 
holds pointwise for an arbitrary nonlattice string. 

Note that the hypotheses of Theorem 5.17 are satisfied because the 
sum (8.66) is absolutely convergent. Indeed, by Theorem 3.25, res (¢c(s); w) 
is uniformly bounded for all visible complex dimensions w, so that (8.66) 
can be compared to 

1 
72? 
D-—6/2<Rew<D 
which converges by the density estimate (2.37). 
We summarize this discussion in the following theorem: 


Theorem 8.36. Every nonlattice string is Minkowski measurable. Further, 
the volume V(e) of the tubular neighborhoods of L is given by the formulas 
in (8.63) (which hold pointwise for every © > 0), where the Minkowski 
content M of L is given by (8.65)—or, more precisely, by (8.69) below. 


Using the dimension-free regions of Section 3.6, we also obtain the fol- 
lowing estimate of the error of the approximation to V(e). 


Theorem 8.37. The volume V(e) of the tubular neighborhoods of the non- 
lattice string L is estimated by 


] l -1 1/p 
V(e) = Mel? 4 o(er” Gaon , ase >0t, (8.67) 


where p= wo +21 and M and I are as in Theorems 7.36 and 7.40. 
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Proof. The proof is similar to that of Theorems 7.36 and 7.40 on page 233. 
Note that for Theorem 8.37, the Tauberian argument of the last step of that 
proof is not needed, because Theorem 8.7 already gives V (e) as a pointwise 
formula. Consequently, the exponent in the error term is best possible in 
case M = 2, and may be best possible in case M > 3. 


Remark 8.38. The residue of ¢¢ at D can be computed explicitly. If £ 


is a nonlattice self-similar string with scaling ratios r1,...,ry and gaps 
gi,---,9K, we have (see Equation (2.43)), 
D 
L ae 1 oF 


res (¢¢(s); D) = (8.68) 


ae Tj Pilogr;? 


(as was shown in the proof of Theorem 2.16). Hence, in light of (8.65), the 
nonlattice string £ has for Minkowski content 


-D7DY* .D 
iM (8.69) 
DA-D) iL 175 Plogr5* 


in agreement with Equation (2.44) of Theorem 2.16, for which we have now 
completed the proof. 


Remark 8.39. Theorem 8.36 above and Theorem 8.23 of Section 8.4.2 
establish completely the geometric part of [Lap3, Conjecture 3, p. 163] in 
the one-dimensional case (that is, for self-similar strings rather than for 
self-similar drums). When specialized to one dimension (d = 1), the lat- 
ter stated, in particular, that nonlattice self-similar strings are Minkowski 
measurable whereas lattice strings are not (because they have oscillations 
of order D in their geometry). See especially the Minkowski measurability 
criterion in [LapPol-—2], recalled in Remark 8.19 above, and the example 
of the Cantor set studied in [LapPo2, Example 4.5]. See also the main ex- 
ample of [BroCa], revisited in [FleVa]. We note, however, that our results 
significantly supplement the geometric aspects of [Lap3, Conjecture 3], as 
is explained in the next remark. 


Remark 8.40. The fact that nonlattice strings are Minkowski measurable, 
as stated in Theorem 8.36, was already known in the literature (at least 
in the case of a single gap). See the notes to this chapter. As was alluded 
to at the end of the previous remark, our present results go further (than 
in either [Lap3] or [Fa4]) in several directions (besides the extension to 
multiple gaps): 

(i) We provide an explicit formula for the volume of the tubular neigh- 
borhoods, V(e), valid pointwise and expressed in terms of the complex 
dimensions of £. In the lattice case, this formula shows particularly well 
the role of the finitely many lines of complex dimensions. (For the case of 
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a single gap, see formula (8.40) and, when £ has simple complex dimen- 
sions, formula (8.43). For more general lattice strings, see Corollary 8.27 
and Theorem 8.25, along with Remark 8.28.) 

(ii) In the lattice case, we show that the periodic function G is non- 
constant and hence that a lattice string is never Minkowski measurable. 
We also obtain the Fourier series expansion of G. (See formula (8.41) for 
a single gap, and formula (8.52) for multiple gaps.) More generally, un- 
der suitable hypotheses, we obtain one periodic function for each line of 
complex dimensions (see Theorem 8.25). 

(iii) Our results provide a new intuitive understanding of the dichotomy 
lattice vs. nonlattice and of its consequence for the Minkowski measurabil- 
ity of self-similar strings. Namely, the presence of nonreal complex dimen- 
sions of real part D characterizes lattice strings and explains the fact that 
such strings are not Minkowski measurable (since they have oscillations of 
order D in their geometry). Analogously, nonlattice strings are Minkowski 
measurable because they do not have nonreal complex dimensions above D. 
See Theorems 2.16, 8.1 and 8.15 above, along with the related discussion 
in Section 12.2 below. 


The Error Term in the Volume of the Tubular Neighborhoods 


The results of Chapter 3 allow us to obtain a considerable strengthening of 
formula (8.63) above. Recall from Section 3.6 that a dimension-free region 
is a subset of the complex plane such that its intersection with the set of 
complex dimensions is only D. If there exist positive numbers C' and p such 
that 


{we C: Rew > D—C(1+|Imw)~?} (8.70) 


is a dimension-free region, then the pointwise explicit formula (8.20) allows 
us to deduce that for every 6 > 0, 


V(c) =Mel-? (1 + O(|loge|*"/))), (8.71) 


as € + 0*. Here, M = go res (Cr; D) is the Minkowski content of the 
boundary of £, as in formulas (8.65) and (8.69). 

From the results of Sections 3.6 and 3.5, we know that a nonlattice string 
has a dimension-free region, which is of the form (8.70) if the nonlattice 
string is badly approximable by lattice strings. In general, the dimension- 
free region is much thinner, with a corresponding weaker form of (8.71). 


Remark 8.41. For nonlattice strings with two scaling ratios, where the 
(irrational) ratio of the weights w2/w; = a > 1, the continued fraction 
expansion of a enables us to carry this analysis further. In particular, the 
error term depends on a function b(q) with the property that an41 < b(n), 
where a@ = [[ao,@1,@2,...]] is the continued fraction of a, and gy is the 
denominator of the n-th convergent of a. 
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The case when a is badly approximable by rationals corresponds to in- 
creasing functions b of polynomial growth. If b(q) grows faster than poly- 
nomially, we obtain a bound of the form e'~? /b™Y(— loge) for the error in 
the explicit formula for V(e). Here, bY is the inverse function of b, which 
in this case grows slower than any positive power function. 


8.5 Notes 


The distributional tube formula, Theorem 8.1, was extended to the higher- 
dimensional case in [LapPe2], and the pointwise formula, Theorem 8.7, was 
extended in [LapPeWil]; see Section 13.1. 

Section 8.1.1: the pointwise tube formula first appeared in [Lap-vF 11]. 
In particular, it was not contained in [Lap-vF5]. 

Section 8.1.2: the fact that the a-string is Minkowski measurable and its 
Minkowski content is given by formula (8.22) was first established in [Lap1]. 
See [Lapl, Example 5.1, pp. 512-513], along with [Lapl, Appendix C, 
pp. 523-524], where it is proved by a direct computation. It was later 
reproved more conceptually in [LapPo2, Example 4.3, pp. 64-65] and then 
in [HeLap2]. 

Section 8.2: it is pointed out in [BergGo, 6.9.8, p. 235] that Chern’s clas- 
sical work on a higher-dimensional analogue of the Gauss—Bonnet formula 
and on characteristic classes, [Chernl—2], was influenced by the geometric 
interpretation of Weyl’s tube formula given in [Wey3].!° Additional refer- 
ences can be found in [CheeMiS1, Kow]. 

Further references closely related to or extending in various directions 
Weyl’s tube formula (or the earlier Steiner’s formula [Stein] for convex 
bodies in Euclidean space [Fed2, Theorem 3.2.35]) include [Mink, Bl, Fed1— 
2, Ban, CheeMiiS2, Gra, Ful-2, Mil,Schn2], where a more detailed history 
and description of this formula can be found. We point out, in particular, 
the book by Gray [Gra], as well as the extension in the context of geo- 
metric measure theory [Fed2] of the notion of Weyl’s curvatures obtained 
by Federer in his paper on curvature measures [Fed1]. The more recent pa- 
per [Fu2], and the relevant references therein, gives a further generalization 
and interpretation of [Fed1]. 

Section 8.3: a different proof of the Minkowski measurability criterion 
of [LapPol-2] (recalled in Remark 8.19 above) was later obtained by Fal- 
coner in [Fa4]. Rather than being of a purely analytical nature, this proof 
is partly based on dynamical systems. Moreover, as is discussed in Re- 


15The fact that Weyl’s tube formula influenced this aspect of his work in [Chern1-2] 
was confirmed by S.-S. Chern during a conversation with the first author on the occasion 
of the symposium given in his honor at the University of California, Berkeley (and at the 
Mathematical Sciences Research Institute (MSRI), September 2000). See also [Chern3]. 
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mark 8.21 in relationship with our present work, the Minkowski measura- 
bility criterion of [LapPol-—2] (together with the notion of Minkowski mea- 
surability) was extended to a large class of gauge functions (going beyond 
the traditional power functions) in [HeLap1; HeLap2, Theorem 2.5 and 
Section 4.1]. 

The idea that lattice strings are not Minkowski measurable and nonlat- 
tice strings are was motivated in part by the work of Lalley in [Lall1—3] on 
various geometric counting functions associated with self-similar sets and 
by works of the first author in [Lap1—2] as well as of Lapidus and Pomerance 
in [LapPol-2]. It was formulated as a conjecture in [Lap3, Conjecture 3] in 
the more general context of self-similar drums, as is discussed elsewhere in 
these notes and this book. 

Section 8.4.3: we refer to the interesting papers by Tim Bedford and Al- 
bert Fisher [BedFi], as well as of Richard Stone [Sto-r], for more information 
on Cesaro averaging in various contexts. 

In [Fral, 2]—following [BedFi, Man3,Gat] and motivated in part by [Lap- 
Po2,Lap3,Fa4] and the results in [Lap-vF5] for self-similar strings (with one 
gap)—the elusive notion of lacunarity (briefly discussed in Section 12.1.3; 
see also [Man2]) is defined as the reciprocal of the average Minkowski con- 
tent. Hence, the lacunarity of any lattice self-similar string (with gaps) is 
well defined and is given by the reciprocal of formula (8.56),!° in agreement 
with [Fra2, Theorem 2.1]. According to Remark 8.38, this is also true for 
nonlattice self-similar strings, in which case the average Minkowski content 
coincides with the Minkowski content, given by (8.69)—or, equivalently, by 
the last expression in (8.56). Motivated in part by [BedFi, KiLap1, Con], 
a similar type of averaging was used in [Lap5, 6] to study (in the lattice 
case) the average spectral volume in the counterpart of Weyl’s asymptotic 
formula for drums with self-similar fractal membrane. See also the later 
paper [KiLap2] where this spectral volume is further studied. 

Section 8.4.4: it was first observed by Lapidus in [Lap3, Section 4.4. 1b] 
and later recovered independently by Falconer in [Fa4] that nonlattice 
strings are Minkowski measurable. The main goal of [Fa4] was to ob- 
tain an alternative proof of the Minkowski measurability criterion of [Lap- 
Po2, Theorem 2.1] for fractal strings. The method used in both [Lap3] 
and [Fa4] relies on a suitable use of the Renewal Theorem from probability 
theory!” [Fel, Theorem 2, p. 39], much as was done earlier by Lalley [Lall1] 
in a related context. Shortly after the preliminary version of [Lap3] was 
written, a similar method—based on the Renewal Theorem—was used by 


16Tn [Fra2], the expression involving the residue of ¢¢(s) is not given since the approach 
used there is along the lines of [Lap3] and [Fa4] rather than of [Lap-vF5] or the present 
book. 

17A more general version of the Renewal Theorem that is well suited for this or re- 
lated situations was later obtained in [LeviVa]. Other references concerning the Renewal 
Theorem include [Sto-c], [Ki2, Appendix B, §B.4], and [HamLap, §3]. 
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Kigami and the first author in [KiLap1] to obtain a Weyl-type formula for 
the eigenvalue distribution of Laplacians on finitely ramified self-similar 
fractals, thereby proving (and specifying) for this class of fractals Con- 
jecture 5 of [Lap3, p. 190] for self-similar drums with fractal membrane— 
rather than with fractal boundary, as in [Lap3, Conjecture 3]. (None of these 
references considered the case of multiple gaps.) In the lattice case, the re- 
sults of [Lap3] and of [Fa4]—also based on the Renewal Theorem—yield 
the existence of a multiplicatively periodic function G in the leading term 
of e~7-P)V(e) as « — 0+. However, as was noted in [Lap3], one cannot 
expect to deduce from the Renewal Theorem alone (or from a Tauberian- 
type argument) that G is nonconstant (as was conjectured in [Lap3]) and 
hence that a lattice string is not Minkowski measurable. 

Several results of this chapter can be extended to fractal sprays, in the 
sense of [LapPo3] and Section 1.4. The main difficulty consists in finding a 
formula for the volume of the (inner) tubular neighborhood of the under- 
lying basic shape B C R¢ and in suitably adapting the techniques of the 
proof of Theorem 8.1. (See [LapPe2—4, LapPeWil-2] where a corresponding 
tube formula is obtained, applicable to self-similar systems and the assoc- 
iated tilings. In that work, briefly discussed in Section 13.1 below, finitely 
many basic shapes or generators are allowed.) We refer to formulas (8.23) 
and (8.24) for the case of smooth manifolds B, and to (12.2) and (12.3) for 
two examples of a fractal basic shape. 

In the important special case of self-similar fractal sprays (in the sense 
of Section 6.6), under suitable assumptions a counterpart of Theorems 8.36 
and 8.23 can also be obtained in the nonlattice and lattice case, respec- 
tively. For example, as was stated in [Lap2-3], the Sierpinski gasket (see 
Figure 6.1 on page 209) is not Minkowski measurable because it is a lattice 
spray, whereas (suitable) nonlattice self-similar sprays are always Minkow- 
ski measurable, as was shown in [Lap3] by means of the Renewal Theorem 
(see also [LeviVa] and, in a significantly more general context, [LapPe?2, 4]). 


9 


Riemann Hypothesis and 
Inverse Spectral Problems 


In this chapter, we provide an alternative formulation of the Riemann hy- 
pothesis in terms of a natural inverse spectral problem for fractal strings. 
After stating this inverse problem in Section 9.1, we show in Section 9.2 
that its solution is equivalent to the nonexistence of critical zeros of the 
Riemann zeta function on a given vertical line. This modifies and extends 
the earlier work of [LapMal-2], but now we use the point of view of complex 
dimensions and the explicit formulas of Chapter 5. In Section 9.3, we then 
extend this characterization to a large class of zeta functions, including 
all the number-theoretic zeta functions for which the extended Riemann 
hypothesis is expected to hold. 


The reformulation of the Riemann hypothesis as an inverse spectral prob- 
lem was obtained when the first author (and his collaborators, particularly 
Helmut Maier) considered the question of whether one can deduce geo- 
metric information about a fractal string from information about its spec- 
trum. In other words, they considered the question 


Can one hear the shape of a fractal drum? 


In Section 6.3.2, we introduced the spectral operator, which allows us to 
formalize questions of this type as the question of the invertibility of this 
operator. 

We give here two examples of such inverse spectral problems. Namely, 


Can one hear the dimension of a fractal string? 


and 
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Can one hear if a fractal string is Minkowski measurable? 


In [LapPo2, Theorem 2.4, p. 47], the first question is answered in the 
affirmative, and in [LapMa2] (announced in [LapMal]) it is shown that 
a positive answer to the second inverse problem is equivalent to the fact 
that ¢(s) has no zeros on the line Res = D. Thus, Lapidus and Maier 
obtained a reformulation of the Riemann hypothesis in terms of a natural 
inverse spectral problem for (standard) fractal strings. See Figure 9.1 on 
the opposite page. 


9.1 The Inverse Spectral Problem 


The inverse spectral problem studied in [LapMa2] is the following: 


Let a standard fractal string with Minkowski dimension 

(S) D € (0,1) be given. If this string has no oscillations of or- 
der D in its spectrum, does it follow that it is Minkowski 
measurable? 


See [LapMa2] and below for a precise formulation. In [LapMa2], condi- 
tion (ii) of Theorem 8.15 was used to characterize the Minkowski measur- 
ability of a fractal string. In our present situation, we use the equivalent 
condition (i) of Theorem 8.15 involving the complex dimensions above D. 


Remark 9.1. Intuitively, the inverse spectral problem (S) can be inter- 
preted as follows (see Remark 8.20): If an ordinary fractal string £ of 
Minkowski dimension D has no oscillations of order D in its frequency 
spectrum, does it follow that it has no oscillations of order D in its geo- 
metry (i.e., by Theorem 8.15, that D is simple and £ has no other complex 
dimensions on the vertical line Res = D)? By contraposition, we obtain 
the equivalent formulation: If £ has oscillations of order D in its geometry, 
does it follow that it has oscillations of order D in its spectrum? 


The inverse spectral problem is in the spirit of questions raised in the 
spectral theory of smooth manifolds; see Appendix B. Let 2 be a bounded 
open subset of R, with boundary 00 of Minkowski dimension D € (0, 1]. 
That is, 2 is an ordinary fractal string £ = (ane Then a counterpart 
of estimate (B.12) was obtained in [LapPol-2], where the first connections 
between the vibrations of fractal strings and the Riemann zeta function ¢(s) 
were established. This provided, in particular, a resolution of the (modified) 
Weyl-Berry Conjecture for fractal strings (as formulated in [Lap1]). More 
precisely, [LapPo2, Corollary 2.3, p. 46] states that if OQ is Minkowski 
measurable in dimension D € (0,1) with Minkowski content M(D;0Q), 
then an analogue of (B.12) holds for the Dirichlet Laplacian on 2, with 
d = 1 and d—1 replaced by D. Namely, we have the following pointwise 
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: w=D+ity 
To a2. 2D ft 
sw=D-iZy 
nonfractal case midfractal case most fractal case 
(D = 0) (D = 1/2) (D = 1) 


Figure 9.1: The critical strip for ¢(s): 0 < Res < 1. 
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asymptotic formula: 
N,(a) = W(2) — epM(D;9Q)x? + 0(x”), (9.1) 


as x — oo, where 
W (a) = voli (Q)x 


is the Weyl term and 
cp = 2-9 )(1 — D) (-¢(D)) 


(since ¢(D) < 0 for D in the critical interval (0,1), we have cp > 0). 
Note that (9.1) implies that N(x) admits a monotonic asymptotic second 
term.! The converse of this result (namely, the corresponding inverse spec- 
tral problem for fractal strings), was shown in [LapMa1-2] to be closely con- 
nected with the Riemann hypothesis. More precisely, Theorems 2.3 and 2.4 
in [LapMa2, p. 20] show, in particular, that for a fixed D € (0,1), the exis- 
tence of a monotonic asymptotic second term for N,(2) (with the pointwise 
error term oe) replaced by O(a? log +#) x), for some € > 0) always 
implies that OQ is Minkowski measurable if and only if the Riemann zeta 
function does not vanish on the vertical line Res = D. 


Remark 9.2. For fractal strings, the following conditions were shown to 
be equivalent in [LapPo2, Theorem 2.4, p. 47]: 


(i) 0< M,(D;0Q) < M*(D; dQ) < co; 


(ii) 0 < liminfj.00jj1/? < limsup;_,.. jj/? < 00; 


(iii) 0 < 6, < 6* < ~w, 


where 6, (respectively, 6*) denotes the lower (respectively, upper) limit 
of a~? (W(x) — N,(a)) as x > oo.? In conjunction with the aforemen- 
tioned results [LapPo2, Theorems 2.1 and 2.2], this shows that the exis- 
tence of an oscillatory second term of order D for N,(x) (i.e., by defin- 
ition, 0 < 6, <6* < oo) implies that (i) and (ii) hold with strict inequali- 
ties, and hence that 00 is not Minkowski measurable.* On the other hand, 


1The characterization of Minkowski measurability obtained in [LapPo2, Theorem 2.2, 
p. 46] played a key role in deriving this result. Recall that the criterion of [LapPol—2] 
(namely, lL; ~ Lj, for some L > 0) was extended in Chapter 8 and interpreted in 
terms of the notion of complex dimension; see especially Theorem 8.15 and Remark 8.19 
above. 

?Observe that by the Minkowski measurability criterion of [LapPo2, Theorem 2.2], 
condition (i) holds with strict inequalities if and only if (ii) does. Further observe that 
condition (i) (or, equivalently, (ii)) holds with strict inequalities exactly when the geo- 
metry of the boundary 02 (i.e., of the fractal string £) has oscillations of order D. 

3For the easier part of the equivalence of (i) and (ii), namely, 


M7*(D;0Q) < co <=> lim sup l; JP < oo, 
joo 
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the results of [LapMal—2] (specifically, [LapMa2, Theorem 3.16, p. 28]) 
show that the converse is not true; namely, OQ may not be Minkowski 
measurable (with strict inequalities in (i) and (ii)) whereas N,(x) admits 
a monotonic asymptotic second term of order D (i.e., 0 < 6, = 6* < oo). 
The fact that for Cantor-type sets (or strings), the spectral operator is in- 
vertible (in the terminology of Section 6.3.2) and hence this phenomenon 
cannot occur, is established in Chapter 10 and is used in Chapter 11 below. 
In turn, the results of Chapter 11 can be used to show that a lattice string 
always has oscillations of order D in its spectrum, and hence satisfies (iii) 
as well as conditions (i) and (ii) with strict inequalities; see Remark 6.18 
in Section 6.4.3. Further, by using the results of Section 11.2, an entirely 
analogous statement can be shown to hold for a large class of (generalized) 
lattice self-similar sprays (as in Section 6.6). 


9.2 Complex Dimensions 
and the Riemann Hypothesis 


Our explicit formulas shed new light on the results and methods of 
M. L. Lapidus and H. Maier in [LapMa2]. We will use condition (i) of Theo- 
rem 8.15 to characterize the Minkowski measurability of a fractal string in 
order to recover (and extend) the results of [LapMa2] by focusing on the 
fractal string 7 introduced below and in [LapMa2, §3.3], as well as on its 
continuous analogue [. 


Consider the generalized fractal string 
p(dx) = Ge fgg aay a bor) Le co3 (2) dx, (9.2) 


where y € R, D € (0,1) and 8 € C, |6| < 1/2, so that p is a positive 
measure (here, 1(1,..) denotes the indicator function of the interval (1, 00)). 
The geometric zeta function of pu is 


= 1 | B | B 
Cu(s) = q . i ae) 
s—-D s—-D-i s—-D+17y 


(9.3) 


and the complex dimensions of yp are D, D+ iy and D — iy. By Theo- 
rem 8.15, this string is not Minkowski measurable. By Theorem 5.14, 


compare also Proposition 1.1 and Theorem 1.17 of Chapter 1. On the other hand, 
by [LapPo2, Theorem 3.11, p. 55], only the implication 


lim inf 1; -j!/P > 0 = M,(D; AQ) > 0 
jroo 
holds, whereas the converse is not true, by [LapPo2, Example 3.13, p. 56]. 


4Theorem 8.15 is formulated for ordinary fractal strings, but it clearly applies to this 
situation as well. 
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applied for k = 1, we have the following pointwise equality, for all x > 1: 
D gPrty = gP- 7 


+ 
D+iy aay 


+ ¢,(0). (9.4) 


This formula can also be obtained by a direct computation. 

For the frequency counting function, we cannot apply Theorem 5.14 to 
obtain a pointwise formula at level 1, hence we have to interpret N,(x) asa 
distribution. Thus, by Theorems 5.18 and 5.30, we have, in a distributional 
sense, 


gP 
N, (a) = Gn (Aja + (D) > 
Pry gP-i7 
+ BUD +i) = + BUD - in) F— +000), (0.5) 


as L — OO. 
Now, if ¢(D +77), and hence also ¢(D — iy), vanishes, then 


D 
x 
Ni) = Gu(l)e + (D) 5 + 0). (9.6) 
We conclude that N,(x) has no oscillatory terms. Therefore, 4. provides a 
counterexample to problem (S). 


Remark 9.3. Instead of using the distributional explicit formula, we could 
apply the pointwise formula, Theorem 5.10, at level k = 2. Then we obtain 
an integrated version of N,(a) (with (s)2 = s(s+1), as in Equation (5.12)): 


2) rm a gPtl | gDtl+iy 
Ne TB) ASCO pyy OGD EY) rea 
gPtl-iy 


+ Bi a gite A 
+ BCD — Ey, tOl2"**), 7) 


as x — oo, for all e¢ > 0. In this formula, O(z"**) has the usual pointwise 
meaning, as opposed to O(1) in formulas (9.5) and (9.6), which must be in- 
terpreted distributionally as in Section 6.3.1. Consequently, if ¢(s) vanishes 
at s = D+74, the spectrum has no oscillations of order D+ 1 at level 2. 


Since the function (9.4) is strictly increasing, we can define an ordinary 
fractal string 7 by the property 


N, (x) = [N,(x)], for every x > 0. (9.8) 


Thus 7) is the ordinary fractal string n = 77", d¢,-1}, with 1; > 0 defined 
uniquely by Nu(G*) = j, for each j = 1,2,.... Then we have 


Cn(s) = Cu(s) + Cn—u (8). 
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The function ¢,—,,(s) is holomorphic for Res > 0. Hence, 7 and pw have 
the same complex dimensions, namely D, D+ iy and D — iy, each of 
which is simple. Since 7 has nonreal complex dimensions above D, it follows 
from the above Minkowski measurability criterion (Theorem 8.15) that 7 
is not Minkowski measurable: it has oscillations of order D in its geometry. 
Thus we recover the counterexample of [LapMa2] to the inverse spectral 
problem (S). 


We now consider the converse of the above question. That is, we want 
to show that if the Riemann zeta function does not vanish on the verti- 
cal line Res = D, then the inverse spectral problem (S) in dimension D 
always has an affirmative answer for a suitable class of generalized fractal 
strings. Indeed, if 7 is an arbitrary languid® generalized fractal string of 
dimension D € (0,1), its oscillations in dimension D are described by its 
complex dimensions with real part D. We choose a screen S to the left 
of Res = D so that only the complex dimensions with real part D are visi- 
ble. Hence we need to assume that 7 allows such a screen (see Examples 5.32 
and 5.33). Then, by Theorems 5.18 and 5.30, 


N,(z) = S res (22,0) +0(x?) (9.9) 


Ss 
Ss 
Rew=D 


and 


N, (2) =¢,(a+ 5° res (GER) + o(x”), (9.10) 


Ss 
Rew=D 


as « — oo (these formulas have to be interpreted distributionally). If ¢ 
has no zeros on the line Res = D, all terms in the second series (which 
represents an almost periodic function, in an extended sense) remain, and 
we obtain a positive answer to the inverse spectral problem considered 
in [LapMa2]. 


Remark 9.4. In [LapMa1-—2], the converse was established by using the 
Wiener—Ikehara(—Landau) Tauberian Theorem [Pos, Section 27, pp. 109- 
112] rather than an explicit formula. Accordingly, the argument is based 
on the assumption of a suitable error term beyond the asymptotic second 
term in the spectral counting function N,(x), rather than on the existence 
of a suitable screen. See [LapMa2, Theorem 2.3 and 3.2, pp. 20 and 23] and 
the discussion in Section 9.1. 


We summarize the above discussion in the following theorem: 


Theorem 9.5. For a given D in the critical interval (0,1), the inverse 
spectral problem (S) in dimension D—suitably interpreted as above—has a 


5That is, 7 satisfies L1 and L2. 
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positive answer if and only if ¢(s) does not have any zero on the vertical 
line Res = D. 


Since ¢(s) has zeros on the critical line Res = 1/2, we also obtain the 
following corollary. 


Corollary 9.6. The inverse spectral problem (S) is not true in the mid- 
fractal case (i.e., when D = 1/2, see Figure 9.1). 

On the other hand, it is true for every D € (0,1), D4 1/2, if and only 
if the Riemann hypothesis holds. In the terminology of Section 6.3.2, the 
spectral operator is invertible for all fractal strings of dimension D # 1/2 if 
and only if the Riemann hypothesis holds. In that case, the inverse spectral 
operator is given as in Section 6.8.2, Remark 6.10. 


Remark 9.7. The first part of the above corollary, stating that (S) is not 
true in the midfractal case, does not necessarily have a counterpart for the 
general zeta functions ¢g(s) considered in Section 9.3 below. 


Remark 9.8. The reformulation of the Riemann hypothesis in Theo- 
rem 9.5 raises the question of determining what is different about fractal 
strings of dimension 1/2. The authors have introduced the notion of the 
dual of a fractal string to be able to take into account the functional equa- 
tion of the Riemann zeta function. The only strings that can be self-dual 
are those of dimension 1/2. 

One could also ask to characterize the basic shapes B for which the 
associated zeta function has an Euler product and satisfies a functional 
equation. The authors do not know such a characterization other than in 
terms of Cp. 


9.3 Fractal Sprays and the 
Generalized Riemann Hypothesis 


Instead of considering fractal strings, we consider other fractal sprays on 
the basic shape B, as defined in Section 1.4. The spectral zeta function of 
the fractal spray of £ on B is 


Gu(s) = Ce(s) - Ca(s), (9.11) 


where 


Gay (9.12) 
Xr 


Here, \ runs over the normalized eigenvalues of the positive Laplacian on B, 
with Dirichlet boundary conditions (and hence, the frequencies of B are the 
numbers f = V). 
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Example 9.9. The frequencies of the fundamental domain of the lat- 
tice Z™ in R™ (m € N*), with identification of opposite sides, are described 
by the classical Epstein zeta functions 


Gm(s)=  S) [loll™*, 


vEZ™\ {0} 


where ||v]|| is the Euclidean norm. These functions satisfy a functional equa- 
tion, relating ¢m(s) and Gm(m—s); see [Ter, Theorem 1, p. 59] or Section A.4 
of Appendix A. Note that ¢1(s) = 2¢(s). 


In general, we do not need to assume the existence of B as a subset 
of R™. In other words, we consider virtual basic shapes and the associated 
generalized fractal sprays. Indeed, for our theory to apply, we only need to 
assume that ¢a(s) = )), wef * is a zeta function that satisfies L1 and L2 
for some suitable screen S, as in Section 9.2. If the coefficients ws—to 
be thought of as the (complex) multiplicities of f—are real, we use the 
above generalized fractal string (with complex dimensions D, D + iy 
and D—iy) to test whether ¢g has zeros at D+iy, by applying the analogue 
of formula (9.5). If the coefficients wy are not real—such as for a Dirichlet 
L-series associated with a complex, nonreal character (see, e.g., [Lan] or 
Appendix A.2 below)—we cannot assume that the zeros come in complex 
conjugate pairs. However, if the window of ¢g is symmetric with respect to 
the real axis (and w is not a zero when W is a pole of ¢z), we replace p(s) 
by the symmetrized Dirichlet series ¢p(s)¢p (3), the zeros of which come 
in complex conjugate pairs. We can then go through exactly the same 
reasoning as above to characterize the absence of zeros of ¢p(s) on the 
line Re s = D in terms of an inverse spectral problem for fractal sprays. 


We summarize the above discussion in the following theorem: 


Theorem 9.10. Let ¢p(s) be a languid® Dirichlet series (or Dirichlet 
integral) with associated window W. Let DE WOR. Then, if ¢p(s) has 
real coefficients (or is associated with a real measure), the exact counterpart 
of the inverse spectral problem (S) for the corresponding generalized fractal 
spray is true for this value of D if and only if ¢p(s) does not have any 
zero on the vertical line Res = D. 

Furthermore, in the general case when ¢p(s) is not real-valued on the 
real axis, then, provided that W is symmetric with respect to the real axis, 
and w is not a zero when @ is a pole of p(s), the same criterion as above 


holds. 


Remark 9.11. We note that, in the above theorem, ¢s(s) need not satisfy 
a functional equation or an Euler product. 


®That is, Cp(s) satisfies hypotheses L1 and L2 for a suitable screen S. 
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We thus obtain a criterion for the absence of zeros on vertical lines 
within the critical strip for all Epstein zeta functions [Ter], and for all 
the number-theoretic zeta functions for which the generalized Riemann hy- 
pothesis is expected to hold: for example, for the Dedekind zeta functions 
and, more generally, for the Hecke L-series associated with an algebraic 
number field [Lan, ParsSh1-2], and also for the zeta functions of algebraic 
varieties over a finite field [ParsShl, Chapter 4, §1]. In all these cases, we 
may choose the window W to be all of C. (We refer to Appendix A for a 
brief introduction to the aforementioned zeta functions. ) 


Remark 9.12. In the case of the zeta function of a variety over a finite 
field, the Weyl term takes a special form. Consequently, the inverse spectral 
problem must be suitably interpreted. We refer to Section 11.6 below for a 
detailed discussion of the one-dimensional case of a curve over a finite field. 


9.4 Notes 


Figure 9.1: for related comments, see the figures in [Lap2, Figure 3.1, p. 165] 
and [Lap3, Figure 2.1, p. 143], along with the text surrounding them. 

On the basis of [LapPo2, Theorem 2.1] and its proof, the authors of that 
paper have raised the question of finding a suitable notion of complex di- 
mension that would extend, in particular, the usual notion of real fractal 
(i.e., Minkowski) dimension and would provide (when d = 1) a new inter- 
pretation for the critical strip 0 < Res < 1 of the Riemann zeta function. 
See [LapPol, p. 347] and [LapPo2, Section 4.4.b, p. 67], along with, for 
example, [Lap2, Remark 2.2 and Figure 3.1, pp. 142-143] and Figure 9.1. 
The later work in [LapMal-2] used this intuition and also began to corrob- 
orate it (see, e.g., [LapMa2, Section 3.3 and Remark 3.21(c), (d), p. 32]), 
while [Lap-vF5] and the present work provides a rigorous theory for the 
notion of complex dimension. 

A natural question raised in [LapPo2] (and further motivated by the 
results of [LapMa2]) consists in interpreting in terms of fractal strings and 
their (then hypothetical) complex dimensions the key symmetry of the 
Riemann zeta function with respect to the critical line Res = 1/2, which 
comes from the functional equation for ¢. (See also Remark 9.8 above.) 
Various aspects of this intriguing problem are discussed at some length 
in [Lap10], both from a physical and a mathematical point of view, for 
fractal strings and their quantization (fractal membranes, see Section 13.5 
below). It is fair to say, however, that on a rigorous level, the question 
remains largely open at this point. 

Remark 9.8: the authors’ initial hope and expectation is that the coupling 
of a suitable (noncritical, i.e., of dimension D #4 1/2) fractal string and of 
its dual string would help make the spectral oscillations of the resulting 
string manifest, by a phenomenon akin to the resonance phenomenon in 
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the standard theory of vibrations, thereby showing (in view of Theorem 9.5 
or 9.10 and the construction of Section 9.2, modified as suggested here) 
that ¢(s) cannot have any critical zeros such that Res £ 1/2. Of course, if 
a fractal string is self-dual (i-e., critical or, equivalently, of dimension 1/2), 
then such a resonance phenomenon cannot occur, so that this idea would 
not preclude the existence of zeros on the line Res = 1/2. Although, intui- 
tively, these expectations are very natural, they have proved so far to be 
very difficult to establish rigorously. A deeper understanding of the open 
problem mentioned in the previous paragraph seems to be necessary before 
any significant progress can be made in this direction. We note that in view 
of the methods and results of Chapter 11 (especially, in Section 11.1), a 
closely related comment can be made about a possible way to approach the 
main conjectures discussed in Section 11.5. 

Section 9.3: we refer to [Ter, §1.4] for information about Epstein zeta 
functions, and to [ParsSh1] for Hecke L-series associated with an algebraic 
number field. Information on zeta functions associated with algebraic vari- 
eties over a finite field can be found in [ParsSh1, Chapter 4, §1]. 


10 


Generalized Cantor Strings 
and their Oscillations 


In this chapter, we analyze the oscillations in the geometry and the spec- 
trum of the simplest type of generalized self-similar fractal strings. The 
complex dimensions of these generalized Cantor strings form a vertical 
arithmetic sequence D + inp (n € Z). We construct such a generalized 
Cantor string for any real-valued choice of D and positive p. We also con- 
struct for each positive integer A the so-called truncated Cantor strings, 
which have a finite arithmetic progression D + inp of complex dimensions, 
where n is restricted by -A<n< A. 

In Chapter 11, we shall apply the results of the present chapter and 
our explicit formulas from Chapter 5 to prove that suitable Dirichlet series 
with positive coefficients have no infinite vertical sequence of critical zeros 
in arithmetic progression. Using the truncated Cantor strings, we shall 
also obtain an upper bound for the possible length of such a progression of 
critical zeros. 


10.1 The Geometry of a 
Generalized Cantor String 


We begin by recalling the definition of the generalized Cantor string intro- 
duced in Section 8.4.1: 
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Definition 10.1. For real numbers a > 1 and b > 0, the generalized Cantor 
string (with parameters a and 6) is the string 


Lig= > P bigwy (10.1) 
n=0 


2 


That is, it is the string with lengths 1,a~',a~?,..., repeated with (possibly 


noninteger) multiplicity 1,b,b?,.... 


In Section 8.4.1, we allowed 6} to be an arbitrary complex number, but in 
this chapter, we assume that 0 is real. This corresponds to the requirement 
that the Minkowski dimension D of Lp py is real. Moreover, 0 < D < 1 
corresponds to 1 <b<a. 

The geometric zeta function of this string is 


1 


Cp,p(8) 
Its dimension is D = log, b and p = 277/ loga is its oscillatory period. 

One deduces from (10.2) that the complex dimensions are located at 
the points w = D+ inp, with n ©€ Z. Hence, they lie on a single verti- 
cal line, Res = D, and their imaginary parts form a doubly infinite arith- 
metic progression (see Figure 10.1). Further, the poles are simple, with 
residue 1/ log a. 

Remark also that the pairs (D,p) and (a,b) determine each other: D 
and p are given above in terms of a and b, and conversely, a = e?7/P 
and b = a”. (See also Section 8.4.1, Equation (8.28).) Note that ifa > b > 1, 
then D € (0,1) as in our usual framework. However, we need to consider 
here for later use in Chapter 11 the more general case when D is an arbi- 
trary positive or negative real number. 

The geometric counting function is easy to compute. There are 


L+b+07+---+08" 
lengths less than x, with n = [log, x]. Thus 


peta Bb stor « 1 
Npp(£) = had ead Sa ae eS 


(10.3) 


Much as in Section 6.4.1, and using the Fourier series of the periodic func- 
tion ut b-{“} (see formula (1.13)), we obtain 


gP inp 1 


“bed Dane b-1 


Np p(x) (10.4) 


Indeed, this coincides with the expression given by the explicit formula of 
Theorem 5.14. 
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Figure 10.1: The complex dimensions of the generalized Cantor string with pa- 
rameters a and b. Here, D = log, b and p = 27/ loga. 


More generally, for the k-th integrated counting function, the pointwise 
explicit formula without error term, Theorem 5.14, yields for every k > 1 
(with (s), given by Equation (5.12)): 


nial (a) — gPtk-l girP 
Dip log a (D + inp); 
k-1 
1 k-1 ia 
1)’ 10.5 
+g ( j ir Fiabe 


This formula could also be derived from (10.4) by repeated integration, 
keeping in mind that the constants of integration are fixed by the condition 
that n¥i,(0) = 0 for k > 1. It is not an easy matter, however, to compute 
the second sum over j in this way. 
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In view of formula (10.3), and since a? = b, we clearly have the following 
result: 


Theorem 10.2. The counting function of the lengths of a generalized Can- 
tor string is monotonic, locally constant, with jumps of b” = x? at the 
points x =a” (n€N). 


10.2. The Spectrum of a Generalized Cantor String 


Theorem 5.10, the pointwise explicit formula with error term, gives us the 
following expansion for the spectral counting function: 


Gis a ae, ghar ot ¢(D + inp) pine 
v,D,p (a — b) k! loga D + inp), 


neZ ( 


Rab age, . his 
tga he (“Fost R@, (000) 


for k > 2. For k = 1, pl is given by the same formula, as a distribution. 
This follows from Theorem 5.18, the distributional formula with error term. 
(See Remark 3.27, in conjunction with Section 6.4, which explains why our 
explicit formulas can be applied in this situation to obtain (10.6).) 


In case k = 1, using the explicit formula (10.4) for Np.p(x), we can even 
derive a closed formula for the error term R,(x), by a device similar to the 
one used in the papers [LapPo2, LapMa2]. For reasons that will become 
clear below, we write the explicit formula for Np p, formula (10.4), as a 
limit, 


1 gDtinp 1 


b 1 
N. = ——_plleea 2] __ _~_ = Jim —— : 
Dpl®) = 55 b—1  N->co loga D+inp b—1 
[n|<N 
At x = 1, the value of the sum is the average of the limits at 1, and 1L_, 
hence we obtain 


Co 


a ee oe ee 
loga D+inp b-1° 2 


Co 


Similarly, the total length of the generalized Cantor string is obtained as 


ie: Al 3 1 ial 
1—b/a° loga 4 1—D—inp 2° 
Since Np p(x) vanishes for 0 < x < 1, we have 


[2] 
Ny,p.p(2) = >_ Np p(2/k). 


k=1 
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We substitute the explicit formula for Np p(a/k) to obtain 


(e/kyP re jee 


N.,p,p(2) = Hy + im oan S- sel (10.7) 


in 
In|<N k=1 2p 


We need the following expression for the truncated sum, 


124 8 x ee . t t 
->>(E) =;1 _ + —¢(s) 4 loge [ {xa'}a-*'dt, (10.8) 


k=1 


where, as before, {x} denotes the fractional part of x. Collecting the terms 
of order x, we deduce from (10.7) and (10.8) that 


£ 1 entre {x} 
Nz = ——— + lim —— —___¢(D +i parcel 
DOT xh ig asee bee | a Daag 
+ Nim ae {xa’} b~* ) EAL 


|n|<N 


Both limits exist, and it is well known that the second limit, 7-7 e777", 
is a sum of unit point masses at each integer. Since the integral starts at 0, 
this point is counted with mass 1/2, which cancels the term —}{x}. Thus 
we obtain 


x 1 gDPtinp - oOo a 
T—6/a loga 3 rere inp) + > {xa } . 


40.9) 


Ny,D,p(x x)= 


In particular, the error term R,(x) in Equation (10.6) with & = 1 satisfies 


¢(0) JN Siiamaon 
ip ee ko”. 


Using the fact that ¢(0) = —1/2, we deduce that 


Sys 


a: (10.10) 


Remark 10.3. There is an interesting alternative way to derive the above 
explicit formula for the spectral counting function. Note that in general 


Se Se oh= Sy ipa: 


BM=11j<a/p ySe 


288 10. Generalized Cantor Strings and their Oscillations 


Since [z] = x — {x}, and [1,2] =0 for 1; < 1/z, we obtain, as in the proof 
of Theorem 1.22, that 


We apply this to the Cantor string, with lengths a” of multiplicity b”, 
to obtain 


Nip p(£) = rear - » O° taar 


The function f(t) = °°... b"-* {a'—"} is clearly periodic with pe- 


n=—Co 


riod 1. Hence it has a Fourier series f(x) = 0°. ¢me?™""™, where 


1 co 
Cm = is fe ae _ if {aly er dt. 
0 —co 


Using Equation (10.8) for « = 1, we can compute this integral to obtain 


Ap Oe ee) for all m € Z. 
D+imp 
Thus we deduce formula (10.9). See also the proof of Theorem 10.16, where 
this method is applied. 


10.2.1 Integral Cantor Strings: a-adic Analysis 
of the Geometric and Spectral Oscillations 


There is an important difference in the spectrum between integral and 
nonintegral values of a. In this section, we study the first case, when a is 
integral, and in Section 10.2.2, we study the case when a is nonintegral. 


Definition 10.4. The generalized Cantor string constructed with the pa- 
rameters a and ), is called integral if a € N, a > 2, and otherwise it is said 
to be nonintegral. 


Remark 10.5. When 6 is integral (i-e., when the multiplicities are positive 
integers, b € N*), and 2 < b < a (so that D = log, 6 lies in (0,1)), then 
the Cantor string is an ordinary fractal string, and we call it geometrically 
realizable, or simply geometric, if no confusion can arise with our usage of 
“seometric” in opposition to “spectral”. 

For example, the (ternary) Cantor string is a generalized Cantor string 
with parameters a = 3 and b = 2. Hence, it is both an integral Cantor 
string (since a = 3 is an integer) and a geometric fractal string (since b = 2 
is an integer). 
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Remark 10.6. It may be helpful to the reader to see the connection be- 
tween our present setting and that of Chapters 2 and 3. First, in Chapter 3, 
we considered Dirichlet polynomials, and generalized Cantor strings corre- 
spond exactly to the linear case of polynomials 1 — mr}. 

In the language of Chapter 2, where we considered arbitrary (geometric) 
self-similar strings, assume that b is an integer greater than 1, and a > b 
is real. Then 7 = >>, b” d¢q-n} is geometrically realizable, and it is an 
(ordinary, lattice) self-similar string with b scaling ratios that are all equal 
to a7: 


Py =r =-+- = 7, =a '. Thus, in particular, its multiplicative 
generator equals r = a~! and kj = --- = ky = 1, in the notation of 
Definition 2.13. The associated polynomial equation (2.38) is of degree 1, 
and takes the form bz = 1, z = a~”. Therefore, we recover the fact that 
the complex dimensions of 7 lie on a single vertical line. Indeed, they are 
the points w = D+ inp, with n € Z, D = log, b and p = 27/loga. 


The following result will enable us to determine very precisely the nature 
of the jumps of the spectral counting function of an integral Cantor string 
(see Corollary 10.8 below, along with its proof). 

Recall from Theorem 1.21 that 


Ny.p.p(t) = Np.p(t) + Np p(x/2) + Np.p(2/3) +... (10.11) 


Thus, by a direct computation, we derive the spectral counterpart of for- 
mula (10.3) for Np p(x). 


Theorem 10.7. Let x be a positive real number and let 
Ol LS xrpa” 
keZ 


be the expansion of x in base a. Then the spectral counting function, N_(«), 
of the integral Cantor string with parameters a and b is given by the fol- 
lowing formula: 


—1 ee) 
a 1 
N, (a) = oe Al S- nth tt). (10.12) 
k=0 


k=—0o 


Proof. Observe that the digits of x form a finite sequence to the left in the 
sense that x, = 0 for k < 0. The expansion of x in base a allows us to 
obtain an expression for the integer part of a~"a: 


[aa] = pe na ‘ 3 mat”, 


Thus we can compute the counting function of the frequencies as follows: 


N,(«) = S- laa *a oe = S- S- rpak—"p”. 


n=0 n=0 k=n 
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Now we interchange the order of summation. The inner sum becomes the 
finite sum par ak—"p” = (ak+1 _ oF+1) /(a — b). Thus 


oo k OO gk+1 _ pk+1 
Ni(a) = te Dah "b" = Ye 
k=0 n=0 k=0 


> 


Next observe that S>,.9 v,a" = @— 0,9 t,a*. Thus we obtain 


This is the desired formula. 


Corollary 10.8. The counting function of the frequencies, N,(x), of an 
integral Cantor string jumps by 


ptt —] 
b-1 
at integral values of x that are divisible by a” and not by a™t+ (n EN). 


Proof. Let x be exactly divisible by a”. Then, there are two ways to rep- 
resent x in base a: 


oo oo n-1 
Cp= S- zpa* and 2 = S- x,a® + (a, — 1a" + S- (a —1)a*. 
k=n k=n+1 k=—0o 


Note that the n-th digit, x,, does not vanish. By the above formula (10.11) 
for N,, we find the two values 


i loc) 
Nv (x4) = 2 ; [ier S- ot") 


k=n+1 
and 
he 1 —1 n-1 
N, = = —l)a* +b — 1)v* 
ej Aled e wero) 


These values are the limit of N,(t) when t approaches x from above and 
from below, respectively. Hence we conclude that, at the point x, N, jumps 
by 
a. = aes ae oe: perk ig 
-1 1)b b” = 
me. eae as: ‘ay 


k=—0oo 


as was to be proved. 
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10.2.2. Nonintegral Cantor Strings: Analysis of the Jumps in 
the Spectral Counting Function 


In this section, we study the oscillations in the spectrum of nonintegral 
Cantor strings. This is the most important case for us, as will be seen in 
Chapter 11. In applications, we need to choose the oscillatory period p to 
be large. Since a = e?7/P, this means that a is a nonintegral real number, 
slightly greater than 1. 


Theorem 10.9. At x =a” (n EN), the spectral counting function N,(x) 
jumps by at least b” = x?. Hence N,(x) has jumps of order D at such 
points. 

More precisely, let m be the smallest positive integer such that a™ is an 
integer, or let m = co if a™ is never an integer for m > 1. Let q= [n/m], 
the integer part of n/m, org =0 if m= oo. Then N, jumps by 


BP Hh BP A Ba, (10.13) 


at x =a”. In other words, the value of the limit 


lim, N,(a" +h) — N,(a"—h 
im, Ny(a" +h) (a” — h) 


is given by (10.13). 


Remark 10.10. The case m = 1 corresponds to integral Cantor strings 
and has been treated in more detail in the previous section. When m = co, 
the sum (10.13) only contains the term b”. 


Proof of Theorem 10.9. The frequencies are the numbers k-a/, with multi- 
plicity b’ (with k € N*, 7 € N). Thus the frequency a” is found for all possi- 
ble choices of k and j such that ka? = a”. We find j =n,n—m,...,n—qm 
as possible choices, and the corresponding multiplicities add up to a positive 
jump of 

pb” 4 pr-m Pts, eh: pram, 


Since for = a”, we have b” = x”, the jump is of order x?. 


Remark 10.11. We see that when passing from the geometry to the spec- 
trum of a generalized Cantor string, the oscillations remain of the same 
order. Thus, in a sense, the spectral operator (defined in Section 6.3.2) is 
invertible when restricted to the class of generalized Cantor strings. This 
observation will play an important role in Chapter 11. 


10.3. The Truncated Cantor String 


In this section, we study the geometry and the spectrum of truncated Can- 
tor strings. This will enable us in Section 11.1.1 to obtain an upper bound 
for the length of finite arithmetic progressions of critical zeros of ¢(s). 
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First, we begin with some technical preliminaries. As before, let 6,, denote 
the distribution 


it) = ff bal @i@) Ge FO) 


Definition 10.12. For an integer A > 0 and x € R, the Fejer kernel is 


the function 
Ky(z)= >> (1 = ) em: 
|n|<A 


This function approximates the sum > dn of delta functions at the 


integers. 


neZ 


Proposition 10.13. The function Ky has most of its mass concentrated 
around the integers: 


(i) Ka(x) > 0 for allx ER, 


(ii) the total mass i Ka(x) dx equals 1, 


ut 


(iii) [o/* Ka(a) da > f} (S224)? at =: Cy > 9/20. 


Proof. It is well known that 


Oe a & a) . 


A\ sinzaz 


see, e.g., [Fol, Section 8.5 and Exercise 33, p. 269]. This proves (i). 
Property (ii) is clear since the constant coefficient of the Fourier series 
of K, equals 1. 
For (iii), we use sin?(12) < (ma)? to obtain 


1/A 1 T/A + A 2 ‘A A t 2 
Rieti’ x/ (= =) ie | (= ) at 
0 A Jo TH 0 mt 


by the substitution Ax = t. Using Maple, we find that the last integral is 
slightly larger than 0.45. 


Let, as usual, a = e?7/P, so that loga = 27/p. We define the trun- 
cated generalized Cantor string T via the explicit formula for its geometric 
counting function, 


n gPtinp = 
Ne(2) = » (1 Ht) - (10.14) 


inzh D+inp 


for > 1, and Nr(x) = 0 for x <1. 
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The function N(x) is differentiable with nonnegative derivative given 
by Ni(2) = ea xz?-1 Ky (log, x). Thus the corresponding measure van- 
ishes on x < 1 and is positive for x > 1. We obtain the direct formula for 


the geometric counting function as the integral of this function, 


1 z dt log, © 
Np(a) = t? Ka (log, t) — = PLR y(t) dt. 10.15 
1(0)= jogg [PK aOoe.t) F=f a Ky(tyat. (10.15) 
Thus Nr(«) is increasing, with slope a™?-A/loga at integral powers 
x=a"™ ofa. 

The ‘volume’ of the truncated Cantor string is given by (see Remark 8.2) 


if |n| 1 Ce 
L(T) = 1 = (P—Dt Ka (t) dt. 
velit?) ace ( Joss i - a(t) 


|n|<A 0 


(10.16) 


Using the following lemma, we can estimate vol; (T). 


Lemma 10.14. For d € (0,1) we have the estimate 


|n| 1 1 2¢(2) / 2 
1 ae 
ys ( A ae iap. od” 


In|<A 


Proof. We combine the terms for positive and negative n to estimate 


ll Ht leon Vi heey 5 2 
A d—inp d+inp d2+ np? ~ n?p?° 


Hence their sum is bounded by 


1 2 1 2¢(2) dL) cpa 9 
n=1 


as claimed. 


Let C2 := e?6(?). We then deduce from Lemma 10.14 applied to d = 1 — D 
that 


1 1/p2 1 

i-p * vol, (T) loga < C,” ToD" (10.17) 

Remark 10.15. Note that Co ~ 26.84. In the applications in Chapter 11, 
1/p? 


we will usually assume that p is large, so that C,’" is only slightly larger 
than 1. Since log a = 27/p, this implies that 


Pp 


vol, (T) = da(1—D) 


for large values of the oscillatory period. 
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10.8.1 The Spectrum of the Truncated Cantor String 


The counting function of the spectrum of T is given by 


Using the direct formula (10.15), we obtain 


N,(a) = a [xa~"] a? Ka(t) dt = vol, (T)a _ if faa" a?* x(t) ae 
(10.18) 


Recall formula (10.16) for vol, (T). 


Theorem 10.16. The function N,(x) = Ny,r(2) is given by the following 
explicit formula: 


N,(a) = voli (T)a + J > (1- Dl) eee ¢(D + inp) 
v(v) =v —— in 
ed log a info A) D+inp B 


+f f{aa'}a~P*K y(t) dt. (10.19) 
Proof. By Equation (10.18) above, 
N,(a) = vol, (T) a+ fo {xa’}a Pid yade, 


where f(x) = f° {xa'}a~?'Ky(t) dt. Observe that f(ax) = a? f(x) so 
that the function z~? f(x) is multiplicatively periodic. Its Fourier series is 


of the form 
xP f(x 2S Ama” 


m>=—Cco 


where p = 27/loga. The coefficients are given by 


1 
Om = | ge ge FGF) dx. 
0 


1 ioe) 
om = ip aa cca | {att} aKa (t) dt dx 
0 —co 
1 fore) 
= = 5 (1- i) | aad | far} q 7 Pte2nint dt dz. 
A 0 —oo 


In|<A 
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We substitute ¢ = u— x to obtain 
|n| : —27ri(m+n)ax = uy ,—Du (27rinu 
am = S- 1-7 € {a“}a-~"e dud. 
|n|<A S — 


Since the inner integral does not depend on z, there is only a contribution 


for n = —m. Using that e?” = aP, we obtain 
Om = ( _ a) ; {a'}q~ timp) dt. 
A} Jc 
Using that 
a t_—(D+imp)t 1 1 
aa dt = . ’ 
ae logal— D—imp 


and formula (10.8) above for x = 1, we obtain that 


ae In| 2Dtine 
We) = agg 2 (1- Ft) Fcc + inp), 


n\|<A 


thus proving (10.19). 


Remark 10.17. As in Remark 10.3, we could also derive this explicit 
formula in a way analogous to Section 10.2. That approach was taken in 
the paper [vF3]. 


10.4. Notes 


Section 10.2.1 greatly improves some of the results of [LapPo2, Example 4.5, 
pp. 65-67], dealing with the (ternary) Cantor string. The Cantor string 
was studied, in particular, in the papers [LapPol], [LapPo2, Example 4.5], 
and [Lap2-3], as well as in Chapter 1 and Sections 2.3.1, 6.4.1 and 8.4.1 of 
this book. 


11 


Critical Zeros of Zeta Functions 


As we saw in Chapter 10, the complex dimensions of a generalized Can- 
tor string form an arithmetic progression {D + inp},,¢z, with 0< D<1 
and p > 0. In this chapter we use this fact to study arithmetic progressions 
of critical zeros of zeta functions. 

By combining our explicit formulas with the analysis of the oscillations 
in the geometry and spectrum of generalized Cantor strings carried out in 
Chapter 10, we show, in Theorems 11.1, 11.12 and 11.16, that the Riemann 
zeta function—and other zeta functions from a large class of Dirichlet series 
not necessarily satisfying a functional equation or an Euler product—does 
not have an infinite sequence of critical zeros forming an (almost) arithmetic 
progression. C. R. Putnam [Pul-2] was the first to obtain such a result in 
the special case of the Riemann zeta function. We have found this result 
independently, first for the Riemann and Epstein zeta functions [Lap-vF 2], 
and then in the generality presented here (see [Lap-vF4] and [Lap-vF5, 
Chapter 9]), which is natural in our framework and for which Putnam’s 
method does not work. 

In Section 11.1, we first present our proof for ¢(s), the Riemann zeta 
function, and then indicate in Sections 11.2 and 11.3 the changes necessary 
to obtain the general theorem, as well as to extend it to almost arithmetic 
progressions. In Section 11.4, we combine a special case of Theorem 11.16 
with results from algebraic number theory to extend some of our results to 
Hecke L-series. 

In Section 11.5, we formulate general conjectures about the zeros of 
Dirichlet series, going beyond our results in this chapter, concerning ze- 
ros in infinite arithmetic progressions. We also give examples showing the 
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necessity of the assumptions which we are led to make in the resulting 
“irrationality conjectures”. 

Finally, in Section 11.6, we discuss a situation where our main line of 
reasoning does not apply, and where the conclusion of Theorem 11.16 does 
not hold, the case of the zeta function of a curve over a finite field. 

These results give rise to the problem of determining how long an arith- 
metic progression of zeros can be. This question is partially answered in 
Sections 11.1.1 and 11.4.1, where we derive an upper bound for the length of 
such a progression of zeros, for the Riemann zeta function (Theorem 11.5) 
and for Dirichlet L-series (Theorem 11.23). These latter results were first 
obtained in [vF3] and [Watk, vFWatk], respectively. 

As will be clear to the reader, the tools developed in Chapter 5—namely, 
our distributional explicit formula (Theorem 5.18) along with the corres- 
ponding distributional error estimate (Theorem 5.30)—once again play an 
essential role in our proof of the main results of this chapter, Theorems 11.1, 
11.12 and 11.16. 


11.1 The Riemann Zeta Function: 
No Critical Zeros in Arithmetic Progression 


Let £Lp,p be the generalized Cantor string of Sections 8.4.1 and 10.1, with 
lengths a~” repeated with multiplicity 6” (1 << b<a,n=0,1,2,...). As 
before, we denote the geometric and spectral counting function by Np p(x) 
and N,(x) = Ny,p,p(2), respectively. In the previous chapter, we computed 
Np,p(x) and N,(«) by a direct calculation. In this chapter, we compute 
them again, but this time by using our explicit formulas in order to obtain 
the desired connection with the zeros of the Riemann zeta function. 
Theorem 5.14, applied to Np p(z), yields 


1 i eee 1 
N = 11.1 
Dp() ea D+inp b-1 a 
where p = eee and D = log, b is determined by a? = b. 


We have to interpret N,(a) as a distribution.’ We choose a screen to the 
left of Res = 0. Theorem 5.18 in conjunction with Theorem 5.30 yields 


gDtinp 


a 1 oe : 
Na) = ott ogg De SD +i Dy tM), (112) 


as x — oo (see Remark 3.27 and Section 6.4.3). 


1 Throughout this section, for simplicity we use the symbol N, (x) instead of the more 
precise notation N,,p,p(«) used in Chapter 10, to refer to the spectral counting function 
of Lp,p. 
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Theorem 11.1. Let 0< D<1 and p> 0 be given. Then there exists an 
integer n #0 such that ¢(D+inp) #4 0. That is, the Riemann zeta function 
does not have an infinite sequence of critical zeros forming an arithmetic 
progression. 


Remark 11.2. Note that the theorem implies that ¢(D + inp) 4 0 for 
infinitely many integers n. Indeed, if ¢(D + inp) were to be nonzero for 
only finitely many n € Z, say for |n| < M, then we would obtain a 
contradiction by applying the theorem to D and Mp instead of to D 
and p. In Section 11.3, we also obtain information about the density of 
the set {n € Z: ¢(D + inp) 4 0} in the set of integers. The same remark 
applies to Theorem 11.12 below. 


Remark 11.3. A priori, our result implies that ¢ does not have a vertical 
doubly infinite sequence of critical zeros in arithmetic progression. However, 
since the Riemann zeta function satisfies a functional equation relating ¢(s) 
and ¢(1 —s), and ¢(s) does not vanish for Res > 1 by the Euler product, 
it follows immediately that every doubly infinite sequence of zeros on one 
line must be vertical, say on the line Res = D, with D € (0,1). On the 
other hand, since ¢(s) vanishes at s = —2, —4, —6,..., the Riemann zeta 
function does have a horizontal arithmetic sequence of zeros that is infinite 
to the left. 

The analogue of this remark applies to all the natural arithmetic zeta 
functions since they also satisfy a functional equation and have a conver- 
gent Euler product to the right of the critical strip. This is the case, for 
example, of the Hecke L-series of number fields, as well as of the more 
general L-series, to which the results of Section 11.2 or 11.4 can be applied. 


Proof of Theorem 11.1. Assume that ¢(D + inp) = 0 for all n 4 0. Let 
a = e?7/P and b = a?. The generalized Cantor string Lp p with these 
parameters has complex dimensions at all the points D + inp (n € Z); see 
Section 10.1 above. Equation (11.2), the explicit formula for the frequencies, 
then becomes very simple. Indeed, all the terms corresponding to x? **”P, 
with n 4 0, disappear since ¢(D+inp) = 0. The resulting formula therefore 
reads 


N,(x) = ——24 SC) reer +o(x?), as x 400, (11.3) 


as a distribution on (0,00). We see that the frequencies of this Cantor 
string do not have oscillations of order D. On the other hand, we have seen 
in Theorem 10.9 that N,(x) jumps by at least b¢ at a?, for each gq € N. 
Since b = a, we see that N,(ax) jumps by at least 2? at x = a’. But this 
means that N, has oscillations of order D. Since this is a contradiction, we 
conclude that ¢(D + inp) 4 0 for some integer n 4 0. 


Second proof of Theorem 11.1. It suffices to prove the theorem for D > 4 
because of the functional equation satisfied by ¢ (see, for example, [Tit, 
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Chapter II]). Now, let D > 1/4 and p > 0 be such that ¢(D + inp) 4 0 for 
at most finitely many values of n. Put a = e?7/P and b = a? and consider 
the same generalized Cantor string £p.p) as above. Instead of applying the 
distributional explicit formula at level 1 to obtain a formula for N,(x), we 
can apply the pointwise explicit formula at level 2, as we now explain. 
We choose some value ao strictly between —4 and 0. Then hypotheses L1 


2 
and L2 are satisfied—meaning that £p.p is languid—with x = 4 — 00 for 
the screen S': o9 + it, t € R (see Section 6.2.2). By Theorem 5.10, applied 
for k = 2, the integrated counting function of the frequencies of Lp,» is 


given by 


2 D+1 ¢(D + inp) ; 
NEI = a xv xv inp 
v() (a—b) 2 loga 4 a 
+= 6(0) + O(e""), (11.4) 
as © — oo. Here, (w)2 = w(w +4 1), as in Equation (5.12). Note that by 
assumption, the sum over n in formula (11.4) has finitely many nonzero 
terms. 


Much as in [In, Theorem C, p. 35], we deduce from Equation (11.4) by 
a Tauberian argument that 


D+inp ((D + inp) oot 
N,(z) = NB (e) = “2 + SOF (2°#*) 
(x) = Ni"(2) e430 ae wae TO 


(11.5) 


as « — oo. Again, the sum over n in formula (11.5) has finitely many 
nonzero terms, and hence defines a continuous function of x. Since we 
assumed that D > 1/4, we can choose o9 > —F such that (09 + 1)/2 < D. 
We deduce that the counting function of the frequencies of this Cantor 
string does not have jumps of order D. But this contradicts Theorem 10.9. 


One remaining problem is to estimate the number of zeros of the Riemann 
zeta function that possibly lie in a vertical arithmetic progression. This 
question is the subject of the next section, where we consider the spectrum 
of truncated generalized Cantor strings. The argument in Section 11.1.1 
depends on a closed expression for the error term in the explicit formula 
for N,(x). It was first published in [vF3]. We present yet another proof of 
Theorem 11.1 to illustrate the advantage of having such a closed expression 
for the error term. 


Third proof of Theorem 11.1. Using formula (10.9), we can even determine 
an explicit value of x for which we obtain a contradiction. If ¢(D+inp) = 0 
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for all integers n 4 0, it then follows from (10.9) that 


x 1 a? 


N, (2) = 
O) = Tebia bee D 


(—¢(D)) + D7 {aa"yor”. 


The last sum is estimated by 


0< 3 {xa} bo" < 3 i — 
n=1 n=1 


Thus the jump N,(x+)—N,(x_) is at most 4. Since b = e?"?/P, we have 


that iH < 525. On the other hand, we have seen that the jump at a” is 
at least 6”. For 

n= [Pog 2 

27D 27D 

this jump is at least 6" > 5P5 > rt This contradiction shows that 

¢(D + inp) cannot vanish for all nonzero integers. Note that this large 


jump occurs at x = a”, which is slightly larger than (p /27D)'/?. 


)+1 


In order to obtain the analogue of this result for a broader class of zeta 
functions, we have to use our distributional explicit formula (Theorems 5.18 
and 5.30) in Section 11.2 below, as in the first proof of Theorem 11.1 pre- 
sented above, rather than our pointwise formula (Theorem 5.10) as in the 
second proof of this theorem. This was one of our main original motivations 
for developing the distributional theory of explicit formulas, as completed 
in Section 5.4.2 and Theorem 5.30. 


As was alluded to in Remark 10.11, the following corollary captures the 
essence of our method of proof in this context (compare Corollary 9.6 above 
and review Section 6.3.2, where we have defined the spectral and inverse 
spectral operators for fractal strings): 


Corollary 11.4. The spectral operator is invertible when restricted to the 
class of generalized Cantor strings. 


11.1.1 Finite Arithmetic Progressions of Zeros 


One generally conjectures that the Riemann zeta function has no zeros off 
the line Res = 1/2 inside the critical strip, and that the zeros on this line 
are never in an arithmetic progression (i.e., 1/2 + ip and 1/2 + 2ip are 
never both zeros of ¢(s)).? This can be verified numerically using a table 
of zeros from Odlyzko [Od3], which lists the first three million zeros, the 


2A much more general conjecture will be discussed in Section 11.5; see Conjec- 
ture 11.24. 
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last one of which has an imaginary part of 1.13 - 10°. Thus Theorem 11.5 
below has been verified numerically for all p < 5.6 - 10°. 
For the 924,280th zero in this table, 


5 + it = § + 558,652. 035 125 5233, 
the number 5 + 2it is very close to the 1,971,817th zero, 
§ + 1,117,304. 070 251 415%, 


but there are still three significant digits to distinguish these points from 
each other. This is the closest approximation to an arithmetic progression 
of zeros found in this table. 

We present here the argument of [vF3] giving an upper bound for the 
length of an arithmetic progression of zeros of ¢(s). 


Theorem 11.5. Let p >0 and D € (0,1) be real numbers and let A > 2. 
Suppose that ¢(D+inp) = 0 for all integers n such that 0 < |n| < A. Then 


py 
A< cotogp(2) . 


Moreover, A <13p if D=1/2 and A < 80(p/2n)'/?-! if D < 0.96. 


In light of the functional equation satisfied by ¢(s), we can assume with- 
out loss of generality that D > 1/2. Thus the length of an arithmetic 
progression is bounded by O(p) for D = 1/2, and by o(p) for D > 1/2. 


To establish the theorem, we use the truncated Cantor string (of dimen- 
sion D) defined by the geometric counting function (10.14) in Section 10.3, 
and with spectral counting function N,(x) (as studied in Section 10.3.1). 
Note that like the generalized Cantor strings used earlier in this section 
(i.e., in Section 11.1), truncated Cantor strings are “virtual fractal strings” 
in the sense that they do not have a geometric realization as an open subset 
of the real line. 


We obtain a bound for A by showing in the next lemma using a direct 
computation that the function N,(x) increases by a large amount as x 
increases from a™ to a™**, and then, using the explicit formula, that N(x) 
does not increase by much if ¢(s) vanishes for many values of s in an 
arithmetic progession (Lemma 11.7). 


Lemma 11.6. Let meN ande=1/A. Then 
N, (ai?t) = Ni (a™) =C\a"”, 


where Cy = i (eee > 9/20 is the absolute constant of Proposi- 
tion 10.13(iii). 
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Proof. As in Section 10.3, let Nr(a) denote the geometric counting function 
of the truncated Cantor string, given by formula (10.14), or equivalently, 
by (10.15). Since N(x) = Be ea Nr(x/), and Nr(x) is nondecreasing 
for « > 1, we have for y > x that 


N,(y) — Ny (0) > Nr(y) — Nr(e) = | at? Ka(t) dt, 


by formula (10.15). For c = a™, y = a™** and « = 1/A, we obtain an 
increase of at least a™? f) Ka(t)dt > Cia™?, by Proposition 10.13(iii). 


Next we assume that ¢(D+inp) = 0 for all n, 0 < |n| < A—1, and show 
that N,(a) does not increase by much. 


Lemma 11.7. Assume that ¢(D + inp) = 0 for 0 < |n| < A-—1. Then, 
with e =1/A and for all integers m > 0, we have 


A 


Ny (a™te) ae Nz (a) ae oP qmte 
Dioga 


mD 1/p? 
+ D)+ 
E i es hie hee 


where Cz = e76) is the absolute constant occurring in Equation (10.17). 
Proof. By Theorem 10.16 we have 


qm? azP —]1 


Ny (at) —N, (a) =q™ (a® = 1) vol, (T) + ea ar 


+ i. (arrer th x Laiereh at ede. (16) 
0 


where vol; (T') denotes the ‘volume’ of the truncated Cantor string, as given 
in formula (10.16). 

Next, we use that {x} < 1 and K,(t) > 0 (by Proposition 10.13(i)) to 
estimate the integral on the right-hand side of (11.6), 


grrrer eh of gett) a? ree) dt|-< a? K q(t) dt. 
({ a(t) dt} < A 

0 0 
This last integral evaluates to 


1 Cn 1/p? 1 
D+in cae a 
<A P 8 


log a ial 
by Lemma 10.14 (recall that c, = 1—|n|/A and C4 is given in Lemma 11.7). 

We also estimate vol, (T’) by (10.17). Then we multiply by A = 1/e and 
estimate (a° —1)/e < a® loga and (a*? —1)/eD > loga by using the Mean 
Value Theorem and the fact that ¢(D) < 0. This completes the proof of 
Lemma 11.7. 
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To complete the proof of Theorem 11.5, we combine the lower bound of 
Lemma 11.6 for the jump of N, at a™ with the upper bound of Lemma 11.7. 
Write 


AZ CA = DCD) D) (11.7) 


and 
B= atch?’ 


Combining Lemmas 11.6 and 11.7, we obtain, since ¢(D) < 0 and using 
that log a = 27/p, that 


AQ —D) Z ci/P° pA 


Aa™? — Ba™ < Ch?” pie eee (11.8) 
The function Av? — Bz attains its maximum at the value 2 = a’ such 
that DAx? = Bz, ie., 
at = 4 = DVOA-P) 4l/A-D) B-1/0-D) | (11.9) 
or equivalently, 
t= i Ss D log,(DA/B). 


Note that a < e”/P since A > 2. Therefore, B < e4/P. If DA < B, we 
obtain 


CLA < 


e4/P 1 1 eel 
+67) = 5+ (cw) >) ' Dad Dy’ 


We now use the following zero-free region of the Riemann zeta function 
(see [vVF3, Theorem 2.4]): 
Lemma 11.8. If ¢(D + ip) = 0, then ss < 18logp. 


We obtain that 


1 1 _ 18(e4/P — 1) logp 


Now ¢(D) — 4, is a bounded function for 1/2 < D < 1. In fact, the 
function on the right is decreasing for 1/2 < D < 1. Since the theorem has 
been verified for all p < 5.6- 10°, we obtain A < 5. 

If, on the other hand, DA > B, then t > 0, and we choose m = [ft]. 


Then 
Aa™P — Ba™ > Aa’? — Ba- at = Aa*?(1— aD). (11.10) 


Lemma 11.9. For p > 10,000, we have 1— aD > (1— D)e7120Ce8 P)/P, 
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39 79 


27 
2.2 


1/2 1 1/2 78 96 


Figure 11.1: (a) The function f(D) = (1 — D)*~/?(C,D)-V/. 


(b) The function ;+, f(D). 


Proof. Use a = e2"/P and e™ —1< 72; to estimate 


1—aD D 2nD 
=a 1 1 
i—D (@— D5 > 1- Brana) 


Estimating D by 1 and 1/(1 — D) by Lemma 11.8, we obtain 


1—aD 1 367 log p 
1-D p—27 


Using Maple, one can verify that for p > 10,000, the function on the right 
is bounded from below by e~!2°!98P/P, 


Combining (11.8), (11.10) and Lemma 11.9, we obtain a bound for a‘”. 
Using (11.9), this yields the following bound for A, and hence for A, 


peel 
A< A < 1 (2) ~ (1 = Dye, pe eee, 
(11.11) 


For D = 1/2 and p > 44,000, we thus obtain A < 13p. 

The function (1 — D)!~'/?(C,D)—'/° is bounded away from 0 and de- 
creasing (see Figure 11.1(a)), whereas (1 — D)~! increases without bound 
as D t 1. The product of these two functions (see Figure 11.1(b)) decreases 
for 1/2 < D < 0.78, and then increases. For D < 0.96, the value of this 
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product is less than the value at D = 1/2. Thus for 1/2 < D < 0.96 and 


large enough p, we obtain 
$-1 
A <80 (2) . 
27 


Close to the minimum at D = 0.78, for 0.69 < D < 0.86, we even obtain 


etal 
p D 
A a : 
< 30 (2) 


And for D > 0.96, we use again the zero-free region of Lemma 11.8 to 


obtain 
en 
p D 
A < 60 (2) log p. 
20 


This completes the proof of Theorem 11.5. 


Remark 11.10. Lemma 11.7 is quite weak. The integrand in (11.6) is 
highly oscillatory, but we only estimate the difference of the fractional parts 
by 1, and therefore the integral by O(p). It may be the case, however, that 
this integral has a fixed bound, and this would imply a uniform bound 
for A, independent of p. This would be a highly significant result, as we 
now explain. 

In (11.11), we estimated C,A(1—D) < A by formula (11.7), ignoring the 
term ¢(D)(1—D). If A could be uniformly bounded, then taking this term 
into account would reduce the bound for A even more, especially for D close 
to 1. This could yield a zero-free region for the Riemann zeta function of 
the form “if ¢(D + ip) = 0 then D < o” for some fixed o < 1. 

Note that a bound A < 2 would exclude any arithmetic progression, 
and A < 1 (which means a contradiction) for D # 1/2 would imply the 
Riemann hypothesis. This last bound is unattainable by these methods 
for D close to 1/2, because it cannot be attained at D = 1/2. However, 
if Lemma 11.7 can be improved to yield a uniform bound for A, then the 
present methods may be applied to the doubled truncated Cantor string, 
defined by 


Nrr(x) = @Na,p,p(x) + Nai—p,p(2), 


where Na p.p(x) = Nr(2) is as in (10.14), and a is a positive parameter. 
Since the nature of this string is different for D = 1/2 than for D ¥ 1/2, 
it might yield a result valid for all D > 1/2.° 


3For closely related reasons, such a “doubling” of suitable fractal strings was used 
by the authors in an unpublished work aimed at improving the results and methods 
of [LapMal, 2] and of [Lap-vF5, Chapter 7] (corresponding to Chapter 9 in the present 
book). 
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Clearly, for D = 1/2, the string TT is a trivial multiple of T, whereas 
for D > 1/2, the increase of Nr at x = a™ is reinforced in Nrr by the extra 
complex dimensions at 1— D+inp. Thus the counterpart of Lemma 11.6 
would be a stronger result. On the other hand, since ¢(D + inp) = 0 
implies ¢(1 — D + inp) = 0, the explicit formula for the spectral counting 
function N,(x) for the generalized fractal string TT still simplifies, and 
the counterpart of Lemma 11.7 remains essentially the same, with an extra 
term containing ¢(1 — D). This term then even improves the subsequent 
counterpart of inequality (11.8). 


Remark 11.11. We refer to Section 11.5 for a discussion of the irrational- 
ity conjecture for the critical zeros of the Riemann and other zeta functions, 
as well as for conjectures regarding the relationship between the number of 
poles of a Dirichlet series and the maximal possible length of an arithmetic 
progression of zeros. 


11.2 Extension to Other Zeta Functions 


The first (distributional) proof of Theorem 11.1 generalizes naturally to 
a large subclass of the class of zeta functions introduced at the end of 
Chapter 9. As was mentioned in the introduction, this subclass includes all 
Epstein zeta functions and all Dedekind zeta functions of algebraic number 
fields (see [Ter] and [Lan], along with Appendix A). By a refinement of 
the argument, we also obtain an estimate for the density of nonzeros in 
arithmetic progressions, in Section 11.3 below. 

We now precisely state the assumptions on the zeta functions Cp for 
which our results apply: 


Given a sequence wy of positive coefficients associated with a 
sequence of positive real numbers f, let Cp(s) = D7, wef * be 

(P) the corresponding (generalized) Dirichlet series. Assume that 
for some screen S, this function is languid and has only finitely 
many poles contained in the associated window W. 


Recall that ¢p is said to be languid if it satisfies the growth hypothe- 
ses L1 and L2 of Definition 5.2. Loosely speaking, this means that the 
meromorphic continuation of ¢g grows polynomially along horizontal lines 
and along the vertical direction of the screen. Under these assumptions, we 
prove 


Theorem 11.12. Let Cp be a zeta function satisfying hypothesis (P) 
above. Let p > 0 be arbitrary and let DE WOR be such that the vertical 
line Res = D les entirely within W. Then there exists an integer n £0 
such that ¢e(D+inp) 4 0. That is, Cp(s) does not have an infinite vertical 
sequence of zeros forming an arithmetic progression within the window W. 
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Before proving Theorem 11.12, we indicate how to associate a generalized 
fractal spray to Cg. First, we view the Dirichlet series ¢g as the spectral 
zeta function of a virtual basic shape B. By definition, the ‘frequency’ f has 
multiplicity wy; see Section 4.3. Then, given D and p as in Theorem 11.12, 
let L = Lp py be the generalized Cantor string of dimension D and oscil- 
latory period p, as defined in Sections 8.4.1 and 10.1. Note that here, in 
contrast to Section 11.1, we do not restrict D to be between 0 and 1. Next, 
consider the generalized Cantor spray of £ with virtual basic shape B. Re- 
call from Section 4.3, Equation (4.34), that the spectral zeta function of 
this spray is given by 


Gv (8) = Ca(s) - Gc(s). 


We have to interpret the corresponding spectral counting function N, (x) 
as a distribution. Theorem 5.18 in conjunction with Theorem 5.30 yields 
the following explicit formula for the frequencies of this spray: 


SS” ¢a(D+ i) inp + O(a? 5), 
- (11.12) 


as x — oo, where sup S is given by (5.17b) and 


WEL(@= So 4 co (Ee s)ocl(s) , ‘u) (11.13) 


u: pole of Cg 


is the Weyl term (see Section 6.6, formula (6.76), along with Remark 3.27 
and Section 6.4). By the assumption in hypothesis (P), the sum over the 
poles of ¢g in (11.13) has only finitely many nonzero terms. 


Proof of Theorem 11.12. Assume that ¢g(D + inp) = 0 for all n 4 0. 
As above, let £ = Lp,» be the generalized Cantor string with a = e27/P 
and b = a?. Then the generalized Cantor spray of £ on B has complex 
dimensions at all the points D+ inp (n € Z), but since ¢p(D + inp) = 0 
for all n € Z\{0}, Equation (11.12) simplifies, just as in the proof of Theo- 
rem 11.1: 


D 


N.(2) = WH, (2) (a) 5igga o(x”), as © — ov, (11.14) 


as a distribution on (0,00). It follows that the frequencies of this Cantor 
spray have no oscillations of order D. 

On the other hand, the counting function of the frequencies of the spray 
is related to the geometric counting function Ne(x) = Np (a) of the 
generalized Cantor string by 


2) HyNe (5). (11.15) 
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Since Nz has jumps (by Theorem 10.2), the positivity of wy guarantees 
that N, has jumps as well, at the points « = f-a”, where f runs through 
the frequencies of B and n = 0,1,.... Thus we obtain the analogue of 
Theorem 10.9: N, has jumps of order D. But this means that N, has 
oscillations of order D. Since this is in contradiction with formula (11.14), 
we conclude that ¢s(D + inp) 4 0 for some integer n 4 0. 


Note that the counterpart of Remark 11.2 applies, so that we deduce 
from Theorem 11.12 that there are infinitely many integers n such that 


¢p(D + inp) £0. 


The following corollary is the exact analogue of Corollary 11.4 in the 
present more general setting. See Definition 6.23 in Section 6.6 for the 
definition of the spectral operator for fractal sprays. 


Corollary 11.13. The spectral operator is invertible when restricted to the 
class of all generalized Cantor sprays, with virtual basic shape B defined by 
a zeta function Cp satisfying hypothesis (P). 


11.3. Density of Nonzeros on Vertical Lines 


Using a refinement of the argument of Section 11.2, we can obtain a lower 
bound for the density of points where ¢g(D + inp) is nonzero. 

Let Cp be a zeta function satisfying the above hypothesis (P). Let p > 0 
be such that 


¢p(D + it) = O(t?), as |t| 4 00. (11.16) 


Theorem 11.14. Let 6 > 0 and assume that p <1, where p is the expo- 
nent of Equation (11.16). Then, for infinitely many values of T, tending 
to infinity, the set 


{n€Z: |n| <T, |¢e(D + inp)| 4 0} (11.17) 
contains more than T!~?~® elements. 


Proof. Suppose that the set defined by (11.17) contains fewer than T!~°~° 
elements, for all sufficiently large T. Let 0 < ni < ng < n3 <... be the 
sequence of positive elements of the set (11.17) for T = oo. Then we have 
that n; > j!/C-P-), except possibly for the first few integers n;. Moreover, 
if n is not in the sequence, then ¢p(D + inp) = 0. Thus, by (11.12), 


D 
Diogas?\) 


1 2 gD+ingp ¢ (D4 : ae ( Py (11 18) 
' loga D+in;p Bi oe eed ET : 


j=l 


N,(x) = WE. (a) + 
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as x — oo. The j-th term in this series is bounded by a constant times ni a 
hence the series is absolutely convergent. Therefore its sum is a continuous 
function of x. By (11.18), so is NL (x). But this is a contradiction, since, by 
the analogue of Theorem 10.9 established in the proof of Theorem 11.12, 
the function N, has jumps of order D, and hence is discontinuous. 


o] 


For the Riemann zeta function ¢(s), we thus obtain, choosing D = 1/2 
and p = 1/6 (see [Tit, Theorems 5.5 and 5.12]),* the following corollary. 


Corollary 11.15. For every p > 0 and 6 >0, 
#{n€Z: |n| <T, ¢($+inp) £0} > 7°/6%, 


for infinitely many values of T, tending to infinity. 


11.8.1 Almost Arithmetic Progressions of Zeros 


By a classical result from Fourier theory, a Fourier series )°,,¢7 ane?” 
does not have jump discontinuities if @, = o(n~') as |n| + ov, see [Zyg, 
Theorem 9.6, p. 108] or [Rul, §5.6.9, p. 118]. Since this result is formulated 
in terms of the derivative of this Fourier series (i.e., for measures), we 
formulate the following argument on level k = 0. 


Theorem 11.16. Let ¢p satisfy hypothesis (P) above. Then there do not 
exist DE WOR and p> 0 such that ¢g(D+ inp) > 0 as |n| > o.° 


Proof. By Theorems 5.18 and 5.30 applied at level & = 0, we obtain the 
analogue of formula ete 


v= WE (a ) dx +7 —— 7s Plime cn (D + inp) dx + o(a ao dx), 
@ EL 
(11.19) 
as x — oo. Here, wl. (2) is the distributional derivative of the Weyl term, 
given by 


While (w) = > res (CB(s)Gy(s)ar81yu) . (11.20) 


u: pole of Cp 


If ¢s(D + inp) > 0 as |n| > oo, then, by the classical result from Fourier 
analysis cited just above, this measure is continuous. That is, it does not 
have any atoms. 

On the other hand, by Equation (11.15) and the argument following 
it, N, has jumps of order D. Since N,(x) = fj v(dx), this shows that v 


4By [Tit, Theorem 5.18, p. 99], one could even take » = 27/164. Further, if the 
Lindeldf hypothesis holds, then one can take p = 0. 
5We assume as in Theorem 11.12 that the line Res = D lies within the window W. 
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has atoms. This contradiction shows that ¢g(D + inp) does not converge 
to 0 as |n| > oo. 


11.4. Extension to L-Series 


Using some well-known results from algebraic number theory [Lan, ParsSh1— 
2], we can also obtain information about the zeros of certain Dirichlet se- 
ries with complex (rather than positive) coefficients. For example, we can 
deduce that given any Hecke L-series (see Appendix A, Section A.2) assoc- 
iated with an algebraic number field (and with a complex-valued character), 
its critical zeros do not form an arithmetic progression. In particular, this 
is true of any Dirichlet L-series.° This statement is a simple consequence 
of the special case of our results for Dedekind zeta functions (which, by 
definition, have positive coefficients) and of class field theory. 

We now precisely state the resulting theorem. Further extensions of Theo- 
rem 11.1 are possible using higher-dimensional representations (as, for ex- 
ample, in [Lan, ParsSh1—2, RudSar]) rather than one-dimensional represen- 
tations (i.e., characters), but we omit this discussion here for simplicity of 
exposition. 


Theorem 11.17. Let K be a number field and xo a character of a gener- 
alized ideal class group of K. Then the associated Hecke L-series, L(s, xo), 
has no infinite sequence of critical zeros forming an arithmetic progression. 


Proof. Let L be the class field associated with this ideal class group, and 
let ¢; be the Dedekind zeta function of L. This is the Hecke L-series as- 
sociated with the trivial character. Let x run over the characters of the 
ideal class group. According to a well-known result from class field theory 
(see Equation (A.10) in Appendix A or, for example, [Lan, Chapter XII, 
Theorem 1, p. 230] and [ParsSh2, Chapter 2, Theorem 2.24, p. 106]), we 


have 
Cx(s) = [[4G.»- (11.21) 


We deduce from (11.21) that if the factor L (s, yo) has an infinite sequence 
of zeros in an arithmetic progression, then so does ¢,,(s). But this Dirichlet 
series has positive coefficients. Hence, by Theorem 11.12, it does not have 
such a sequence of zeros. It follows that L(s,.o) does not have such a 
sequence of zeros either. 


Remark 11.18. The reader unfamiliar with the terminology used in the 
proof of Theorem 11.17 may assume that kK = Q, the field of rational 


®We are grateful to Ofer Gabber for suggesting to us this extension of our re- 
sults [Gab]. 
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numbers. Then L(s, yo) is an ordinary Dirichlet L-series (see [Dav, Lan; Ser, 
§VI.3] or Example A.2 in Appendix A). We note that the corresponding 
special case of formula (11.21) is established in [Dav, Chapter 6] or [Ser, 
§VI.3.4]. 


11.4.1 Finite Arithmetic Progressions of Zeros of L-Series 


After learning about our work in [Lap-vF1—4], Mark Watkins obtained 
an extension of these results to Dirichlet L-series for arithmetic progres- 
sions of zeros of finite length that do not necessarily start on the real line 
(see [Watk, vF Watk]). 


In this section, we present Watkins’ proof of the following theorem:’ 


Theorem 11.19. Let 
L(s,x) = S> x(w)u* 
p=l 


be a Dirichlet L-series with character x. Let w be a complex number with 
real part d > 1/2, and let p > 0. Then® L(w + 2nikp, y) 4 0 for some 
integer k such that 


0<|k| < exp ( Jt plog? p). 


The argument is based on the idea of studying the frequencies of the 
“shifted” generalized Cantor spray with lengths a~” of (possibly nonreal) 
multiplicity b” = a’”, on the virtual basic shape B with frequencies y(k)~ +k 
(k = 1,2,3,...), and hence with spectral zeta function L(s,y). Using the 
pointwise explicit formula, we estimate the jump of the counting function 
of the frequencies. Since for finite progressions, the jumps are not localized, 
we consider the jump around a” over an interval of width about a”/?. 

The argument consists of two steps. First, we show by a direct computa- 
tion that the frequency counting function has large jumps. Then we show, 
using the explicit formula of Theorem 5.10, that this function does not have 
large jumps if L(s,y) has an arithmetic progression of zeros of sufficient 
length. From this we derive the contradiction. 


Lemmas 


We use logx for the natural logarithm, and log, x for the logarithm with 
base a. Also, [x] denotes the integer part of x, {x} denotes its fractional 
part, and ||2|| = min({x},1— {a}) is the distance to the nearest integer. 


‘This result will be restated in more detail in Theorem 11.23 below. 
8We write p = 27p for the oscillatory period of the corresponding generalized Cantor 
string. 
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Lemma 11.20. Let N,M >0,0<r<1landa>1. Then there exists an 
integer n satisfying 


N<i<N+(1—log,r)M 41, (11.22) 
such that if ||a"|| < a"~" then ||a“|| < ra"—” for every u,0< p< M. 


Proof. Order the numbers j1— log, ||a“|| that are greater than N in increas- 
ing order, together with N, to obtain a sequence of values 


N=U9 < v1 < U2 < +++ <<. 
For = 0, and in general if a is an integer, we set ju — log, ||a"|| = oo. 
Let v; be the smallest value such that v,;41 > v; — log, r +1 (since oo is 
the greatest value, such a value exists). Put 
n => [v,] + 1. 
Then p — log, ||a"|| > % implies ps — log, |la“|| > vj41 => r—log, r. In other 


words, if ||a“|| < a4—” then ||a“|| < ra“—". Moreover, 7 < M, hence v; < 
vj-1—loggr +1 <--+-< vo t+j(1—log, r). It follows that 7” satisfies (11.22). 


Lemma 11.21. Let the numbers N,M >0,0<r<1anda>1 be such 
that 
a(1 _ ra") >1 


and w( seiy nei 
a (l+ra ) —(1-ra eee: 


Let n be as in Lemma 11.20. If there do not exist integers u,1<u< M, 
such that |la“|| < a"—”, then we put m = co and a = oo. Otherwise, we 
let m be the smallest such yp, 


m=min{y:1<p<M: |la"|| <a}, 
and let a be the integer nearest to a™. Then 
a> 2, (11.23) 


and for every <M such that ||a“|| < a"—", we have that p is an integer 
multiple of m, and at'/™ is the integer closest to a!. 


Proof. By Lemma 11.20, a = a™(1+ 6a~”) for some real number 6 such 
that |0| <r. If a=1, then a™(1 — ra~”) < 1 and hence a(1 — ra~¥) < 1. 
But this contradicts the first assumption, hence a > 2. Further, for p< M 
such that ||a”|| < a4~", we have, again by Lemma 11.20, 


B=a4(1+6'a), 
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where ( is the integer closest to a“ and |@’| < r. Then 
Jot — | = at |(1 + 80-*)* — (14 60"). 
Since p,m < M and n > N, the second assumption implies a” = 6”. It 
follows that a!/™ is the integer closest to a”. 
Let g = gcd(u,m) be the greatest common divisor of 4 and m, and 


choose integers \ and | such that g = Aw +lm. Then a9/™ = a! is an 
integer, and 


Ila9|| < ja? — 09/™| = a9 F res Ba-*)o/m| 
Since the graph y = (1 + «)9/™ is concave downward, we obtain 


l|a9|| < a? (1 —(1- ra-*y9/*) < ray”, 


By minimality of m, we conclude that g = m and m|y. 


By the Mean Value Theorem, 


ae ((1 tpg Ny! (= rae ys) < a’—-NorM(1 pa yt, 
(11.24) 


The right-hand side of (11.24) is bounded by 1 if 
(M? — N) + log,(2rM) + (M —1)log,(1+ra~¥) <0. 


Moreover, log(1+ 2) < x, hence (M—1)log(1+ra~%) < rMa~%. We will 
choose 


N > M?+log,(4rM). (11,25) 
Then we have, since a > 1, 
N > 4rMa™ > 4rM, (11.26) 
so that (M —1)log(1+ra~%) < 1/4 < log2 and 
log(2rM) + (M — 1)log(1+ra~%) < log(4rM). 


Together with (11.25) and (11.24), this yields the second sssamiplion of 
Lemma 11.21. Further, a(1 — ra~) > 1 is equivalent to aN > —4r. 
Since loga < a—1, this i is implied by (11.26) provided that 4M > 1/ bea 
and M > 1. Hence we will choose 


1 
M > max < 1, —— >. (11.27) 
Aloga 


Then (11.25) and (11.27) imply the two conditions of Lemma 11.21. 
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Lemma 11.22. Let the numbers a,N,M,r and the integers n,m,a be as 
in Lemmas 11.20 and 11.21. Assume that 


aN loga > 1, (11.28) 
N — M > log, (3/2), (11.29) 
r<1/2. (11.30) 


Let we N and put n=n+w. 

If the integers 1>n—M and k > 1 are such that |ka! — a"| < a”, then 
1=n—2m for some integer \ with 0< A < M/m, and the integer nearest 
to a"—! equals k = a. It then follows further that |ka' — a"| < za" 

This conclusion remains valid if there are no integers p,1< p< M, 
such that ||a“|| < a4~” (the case m = 00 in Lemma 11.21). Then l =n, 
k =1 is the only pair of values for which |ka! — a"| < a”. 


Proof. If l>n-+1, then 
ka! — a” > a®*”(a— 1) > a” aN (a — 1) > aa’ loga. 


Hence by (11.28), if |ka’ — a”| < a”, then I < n. Write p = n—1, so 
that 0 <u < M. Then |la“|| < |k-—a"—"| < a¥—! = a4". By Lemma 11.21, 
we have |/a“|| < ra“—" and yp = Am. Further, 


- 3 
Ik 0 | < |b a"| + lla" Sa "(4 r) < Sa 
by (11.30). Hence by (11.29), k = a*. Finally, 


|ka! — a”| = la" lla’ < ra’—"a! = ra” < 


ee 


This completes the proof of Lemma 11.22. 


The Direct Computation 


Let y be a Dirichlet character, 1/2 < d < 1 and w be a complex number 
with real part d. Put b = a”, so that |b| = a¢. Assume that 


a<4. (11.31) 


Define N,(t) = Do, tey X(k)b'. Fix an mice w > 0, which will para- 
metrize the width of the jump. Then for 4 5a” <n <a” and n> w, the 
antiderivative NI? ln ) of N, (2) satisfies 

NPI (a" +n) — NPI (a" — a) — (a” +9), (a" — a") 


_ Die pie Pane — ka! + )x(k)b! + (a” +)A, (11.32a) 


where A is estimated by 


4 2 
A| < v4 ga 11.32b 
Al's (1—d)loga” loga © - 32) 
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Proof of (11.32). The left-hand side of (11.32a) is equal to the integral 


a"+n 
i (N_(t) — N, (a” — a”)) dt = ys; (a” — kal +) x(k)b'. 


aaa —a” <ka!—a" <n 


Since k lies between (—a” + a”)a~! and (a” + a”)a~', there are at most 
2a”a-' +1 possible values for k for each given value of J. Hence the sum 
for |< n—M is bounded by 


n—-M-1 
(a” +n) ye a" (2a”a~' +1) 


. » _ q(@-Y(n-M) qd(n—M) —1 
=(a +n) (2a — = + a ) 
Using log a’ < a¥ — 1 for y= d and 1 — d, we obtain a bound of 


1—d d(n—M) 
(a” +7) (20 (i 2 = ) 


d) log a 3) dloga 


Now d > $ implies that a’~¢ < 2, by (11.31). Hence we find the desired 
bound (11.32b) for |A]. 


The Explicit Formula 


The following information about L-series follows from the functional equa- 
tion (see [Lan, Corollary 3, p. 300]). In the left half-plane Res < —c, we 
have 


L(-o + it,x) =O(t/?*7) for a >0, (11.33) 
and in the critical strip 0 < Res < 1, we have for every ¢ > 0 that 
L(o +it,x) =O(t9-/P**)  for0<o <1. (11.34) 


Let p > 0 and assume that L(w + 2rikp, x) = 0 for all 0 < |k| < K. 
Let a = e!/? and let 0 <a < $ be such that w = (1 —)n/2 is an integer. 
Then 


NEI (a” +n) — NPI (a” — a") 


u res(L(s, x); 1) u L(w,x) w 
=(a" + a” + (a” + 4)——~a"* + B 11.35a 
( ) 1—bd/a ( Velege , ( 38 ) 


where B is bounded by 
|B = C3pa2” a Cyat "(Kp iat, (11.35b) 


Both constants C’3 and C4 are positive and depend on y. Further, C3 also 
depends on o, and may become unbounded as a > 1/2. 
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Proof of (11.35). We apply the pointwise explicit formula with error term, 
Theorem 5.10, to N,7!(x), with screen the vertical line Res = —o. Let 
b= a”. The spectral zeta function of the shifted Cantor spray on the basic 
shape 6 (see the introduction of this section, along with Equations (4.34) 
and (10.2)) is given by 


L(s,x) 


; 11.36 
1 — ba-* ( ) 


The pole at s = 1 (if x is the trivial character) gives the Weyl term. 
There are also poles at w and at w + 277k, for |k| > K, but the poles 
for 0 < |k| < K are canceled by the zeros of L(s,). The contribution of 
w + 2rikp to the explicit formula for ni (x) equals 
getit2nikp l(a) + Irikp, x) 
(w + 2nikp)(w + 1+ 2nikp) loga 


as O(a4*} (kp)O-9/242 4-2-1) : 


The implied constant depends on the values of L(s, vy) on the line Res = d. 
Summing over |k| > K, these contributions add up to 


O(2" 1(Kp) (4+d)/2+e) 


Further, hypothesis L2 (see (5.20)) is satisfied for the spectral zeta func- 
tion (11.36) with « = 1/2+o < 1 and the constant C of L2 estimated by a 
constant multiple of (1 — |b|a”)~' = O(p), by (11.33) and using a¥—1 > y/p 
for y = 0+ d to estimate 1—|b|a’. By inequality (5.36), applied with k = 2, 
the error term in Theorem 5.10, the pointwise explicit formula with error 
term, is estimated by O, (2'~?p). By this explicit formula, we find that? 


res(L(s,x)i 1a? | @®TIL(w,x) , th (0.x). py 


NEI = 
v@) 1—b/a 2 w(w+1)loga 1-6 


where 
B= O(a)-?p +22} (Kp)Oto/2te) | (11.37) 


We substitute 7 = a" +7 and x = a” —a™ and substract. Using Taylor’s 
Theorem (or the binomial formula if e is an integer), we obtain 


(y+) =y? tefy? 1+ eye? 5° oes (11.38) 
m=2 ue 


In particular, applying (11.38) for y = a”, € = 7 and € = —a”, we obtain 
the following identity for e = 2: 


(a” +)” — (a® — a)” = 2(q + a™)a” + (1? — a”). 


°Here, res(L(s, x); 1) = 0 if x is not the trivial character, since in that case L(s, x) is 
an entire function. 
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The second term on the right-hand side is of order a2” = a™@-?) = g!-?, 
which gives a term of the same order as the first error term in Equa- 


tion (11.37). For e =w +1, we obtain 


(a” Layer _ (a” _ ha elie _ (w is 1)(n+ ajar +4 Ofane 2), 


since the sum for m > 2 in the Taylor expansion (11.38) is bounded. Since 
d—1 <0, the error term is of lesser order than the first term of B’ above. 
Also for e = 1, we obtain a contribution of lesser order than the first term 
in B’. Thus we obtain (11.35a). Further, B’ is bounded as in (11.37), with 
x =a”. Since n(1—o) = 2u, the resulting upper bound for |B| is as stated 
in (11.35b). 


Zeros in Arithmetic Progression 


By the functional equation, we may restrict our attention to zeros with real 
part at least 1/2. Moreover, it is well known that there are no zeros on the 
line Res = 1 (see, e.g., [Tit, Chapter IT]]). 


We now state Watkin’s theorem [Watk, vVFWatk]: 


Theorem 11.23. Given a Dirichlet L-series L(s,x), let p > 1/log4, and 
let w have real part d > 1/2. Then there exists an integer k £0 such that 


2, 
@+bD@ + o(t)) plog* p 


log |k| < ( 
and L(w + 2rikp, x) # 0. Here, o(1) denotes a function that tends to 0 
as p— oo. 


Proof. Let K be such that L(w+2ikp, y) = 0 for every k, 0 < |k| < K. Let 
the numbers NV, M,n,r,m,a be as in Lemmas 11.20 and 11.21. Choose w to 
be between 7/3 and 7 and put n = i+w, so that 0< ¢ =1-2w/n < 1/2. 
By (11.32a) and (11.35a), dividing by a” +7, we find that 


res(L(s,x)31) in 4 LX) nw _ ny (a" — a”) 
1—b/a ' wloga ‘ 
1 n l tj 
seer S- (a” — ka’ + )x(k)b' + A— 
-aW <kal—a <n 
i>n—M 


aw +n 


By Lemma 11.22, in this sum, 1 = n — Am, 0 < A < M/m, k = a* and 
the range of the sum does not depend on 7. The left-hand side does not 
depend on 7) either. We take 7 = a” and 7 = a“ /2 and substract, to find, 
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after multiplying by 6a”, 


M 
beeen Ml qa _ g® 4 oda Am) V(a,)>*bP— >] < 12| Ala” + 7|Bl 


< a zn 7C3) pa?” Ae (24pa~¢™ ae 7Cxa™( Kp) (vet) qintw, 
(11.39) 


We split the sum into the difference of two sums 


[M/m] [M/m] 
pb” (« S- aCe) wali > (ada loytor®), 


r=0 A=0 
By (11.23), (11.29) and (11.30), 
a” >a-ra™" >2-Fr>32> (2)”, 


and hence we have a?” > 2. The first sum is smallest if it is alternating 
(i.e., if x(a)b-™ <0), so its value is at least 


[M/m] 24 
1—a @™ 9 
ARAM —dM 
) b > 1 : 
va x(a) —~ L+aq-dm e 16 ( e ) 


The first term (for \ = 0) in the second sum vanishes. Using 
la” _ oar | = ge ea || < raw 


by Lemma 11.20, the second sum is bounded by 


[M/m] 


be 7 
qv at Adm — am i < 5a". 
Hence we obtain 
[M/m] 
ye (a” — ar + aQa"- Amyx(ayreran 
A=0 


9 9 -am_7 dn+w 
> (= 16% arya . (11.40) 


We choose r = 1/56. Combining (11.39) and (11.40), we obtain after di- 
viding by a?” that 


4— 2a < (3,4 7C3)pa”—™ + 24pa-™ + TCga" (Kp) Orme): 
(11.41) 
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Since p > 1/log4 > 3 by hypothesis, we have 24p + 3 < 25p. Choose 


M = ‘ log(8 - 25p), (11.42) 


so that 
(24p + <5) ge re 
Also, we estimate the exponent w — dn < —(2d—1+0)N/(1+<c) in the 


first term on the right of (11.41), using w = nr=2,n =n andn>N. 
We then choose 


log (8p(;45 + 7C3)), (11.43) 


so this term is < 1/8. We now obtain a contradiction for 


Kp = (28C petro log, r)M+1)/(d+1 2e) 


Note that by our choice of M and r, (11.27) and (11.30) are satisfied. 
Further, by (11.25) and (11.42), 


(11.44) 


7 log(200 
N> a log? (200p) + plog (eo BY ; 


14d 


and this implies (11.28) and (11.29). Unless d is close to 1 and p is small,!° 
this is more restrictive than the bound (11.43). Hence the choice of w is 
immaterial, and we choose w to be about n/3, so that o ~ z. We thus 
obtain a contradiction for 


2+ o(1) 


log kK = ~———-+ 
samme CE ap 


plog? p 


as p — oo. This completes the proof of Theorems 11.19 and 11.23. 


11.5 Conjectures about Zeros of Dirichlet Series 


We state and briefly discuss several conjectures that could be tackled, or 
at least receive geometric meaning, within our framework. 

We begin by formulating a natural conjecture regarding the vertical dis- 
tribution of the zeros of the Riemann zeta function ¢ = ¢(s): 


Conjecture 11.24 (Irrationality Conjecture). The imaginary parts of the 
critical zeros of ¢ on one vertical line in the upper half-plane are rationally 
independent. In particular, the critical zeros of ¢ are all simple. 


10Roughly, when 1 — a-M?* <d<l. 


11.5 Conjectures about Zeros of Dirichlet Series 321 


We refer, for example, to the paper by Odlyzko and te Riele [Od-tR] and 
the relevant references therein for numerical and theoretical evidence in 
support of this conjecture. (Concerning the numerical evidence in support 
of the simplicity of the zeros, see also, e.g., [Od1—2] and [vL-tR-W], where 
additional relevant information can be found.) To the knowledge of the 
authors, since then there have not been significant new developments in 
this direction. 


Remark 11.25. (i) Since ¢(s) = )>°°_, n~* is defined by a Dirichlet se- 
ries with real coefficients, its zeros come in complex conjugate pairs. Thus, 
in the statement of Conjecture 11.24, only the zeros of ¢(s) with posi- 
tive imaginary part are considered, say, those on a given vertical half-line 
Res = D, Ims > 0. A similar convention is assumed, most often implicitly, 
in the statement of all the conjectures discussed in the present section. In- 
deed, the more general zeta functions considered below also have complex 
conjugate pairs of zeros because they are defined by Dirichlet series with 
real coefficients. 

(ii) We have formulated Conjecture 11.24 in such a way that it is inde- 
pendent of the truth of the Riemann hypothesis. This will enable us, in 
particular, to extend this conjecture to more general zeta functions, with- 
out undue restrictions from the perspective of our present theory. On the 
other hand, in the literature on this subject, the Riemann hypothesis is 
often assumed. That is, the critical zeros of ¢(s) are assumed to be of the 
form 1/2+ iy, n = 1,2,..., with y, real and positive. Conjecture 11.24 
then asserts that the sequence {7,,}°°., is linearly independent over the 
rationals, or, equivalently, over the ring of rational integers. 

(iii) In the statement of Conjecture 11.24, one could even replace “ratio- 
nal independence” by “algebraic independence”. We prefer not to do so here, 
however, because it is less clear how to interpret the resulting statement in 
the framework of fractal strings. We also point out that Conjecture 11.24 
could be recast in the language of fractal strings as the question of invert- 
ibility of the spectral operator when restricted to a certain class of fractal 
strings (much as was done in Corollary 11.4 in a related context). 

(iv) Conjecture 11.24 implies, in particular, that ¢(s) does not have an 
infinite vertical sequence of critical zeros in arithmetic progression, as was 
first shown by Putnam in [Pul—2] and was reproved by a different method 
in Theorem 11.1 above. It also implies that (nontrivial) finite vertical arith- 
metic progressions of zeros of ¢(s) do not exist. We note that even though it 
is much less general than Conjecture 11.24, the latter statement would pro- 
vide a significant step towards that conjecture. In Sections 11.1.1 and 11.4.1 
we presented partial solutions to this problem. However, to obtain a bound 
on the length of an arithmetic progression of zeros that is independent 
of the period of the sequence, significant additional technical difficulties 
still need to be overcome in order to be able to analyze the nature of the 
oscillations in the frequency spectrum of the resulting fractal strings. 
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We have used above the important example of the Riemann zeta function 
as a motivation for stating and exploring further conjectures regarding a 
broader class of Dirichlet series. The reader will remember that in Chap- 
ter 11 we were able to show that many zeta functions do not have an infinite 
vertical arithmetic progression of critical zeros by considering generalized 
Cantor sprays instead of Cantor strings. However, both the zeros and the 
poles of the zeta function of a curve over a finite field are periodically dis- 
tributed along vertical lines. (See Section 11.6 above.) Hence, it seems that 
some restrictions on the multiplicity or the number of the poles or zeros 
are necessary in order to avoid obvious counterexamples, such as Exam- 
ples 11.30 and 11.32 below. We therefore make the following assumptions. 
(In the following, all the poles and zeros are counted according to their 
multiplicity.) 


We will formulate our next conjectures for a general Dirichlet series ¢z 
associated with a measure. But first we show by means of an example that 
we need to assume positivity and discreteness of the underlying measure. 


Example 11.26. Let ¢ be the Riemann zeta function, and let Ly,..., Lon 
be L-series associated with 2n independent nontrivial real characters (see 
Appendix A, Section A.2).!1 Then, for any choice of real numbers cj, ...,C2n; 
the function 


C(s) + c1L1(s) + +++ + ConLan(s) 


has a simple pole at s = 1. By suitably choosing the coefficients, one can 
arrange for this function to have a sequence of zeros in an arithmetic pro- 
gression of length n. Indeed, choosing any sequence D+ ikp, k = 1,...,n, 
with p > 0, this amounts to solving n linear equations with complex coef- 
ficients in 2n real variables. Note that D—ikp, k = 1,...,n, will automat- 
ically be an arithmetic progression of zeros as well. However, according to 
the following conjectures, the resulting Dirichlet series will not have real 
positive coefficients. 


If one chooses ¢,£1,...,L2, to be completed zeta functions (see Sec- 
tion A.3 of Appendix A), associated with real-valued characters, we can 
choose the coefficients c,,..., Cn to be real and small, so that the resulting 


Dirichlet integral is associated with a positive measure and has a sequence 
of zeros in an arithmetic progression of length n. However, in that case, it 
is no longer a Dirichlet series, associated with a discrete measure. 


Let ¢g(s) be a Dirichlet series with positive coefficients satisfying hy- 
pothesis (P), formulated on page 307 of Section 11.2. At this point, we 
invite the reader to review the statement of this hypothesis, which involves 
the existence of a window W for ¢g(s). Note that according to hypothesis 
(P), ¢p(s) is required neither to satisfy a functional equation nor to have 


11Note that by assumption, only ¢(s) has a pole (at s = 1). 
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an Euler product. Moreover, we recall that we use throughout this section 
the convention described in comment (i) above. Thus, according to this 
convention, only the zeros of ¢g(s) with positive imaginary part should be 
taken into account in the statement of Conjectures 11.27—11.29 and 11.33 
below. 

By analogy with the Riemann zeta function, we formulate the following 
conjectures for ¢p(s): 


Conjecture 11.27. If ¢p has at most one pole in a window, then it does 
not have a vertical arithmetic progression of zeros of length two in this 
window. 

More generally, if Cp has one pole, then it does not have two zeros with 
positive imaginary part on one vertical line in this window, the imaginary 
parts of which are rationally dependent. 


Conjecture 11.28. If Cg has n poles in a window, then it can have a 
vertical arithmetic progression of zeros of length at most n in this window. 

More generally, if Cp has n poles in a window, then it can have at most n 
zeros with positive imaginary part on one vertical line in this window, the 
imaginary parts of which are rationally dependent. 


The next conjecture is the exact counterpart in this context of Conjec- 
ture 11.24 concerning the Riemann zeta function. 


Conjecture 11.29 (General Irrationality Conjecture). If ¢g has one pole 
in a window, then the imaginary parts of the zeros of Cp in the upper half- 
plane on a given vertical line in this window are rationally independent. In 
particular, the zeros of Cp are all simple in this window. 


Note that since ¢(s) is a particular instance of the zeta functions that 
we consider, this conjecture implies Conjecture 11.24. 


Before stating our last conjecture, we provide three examples showing 
that there are some further restrictions on what may be expected to hold. 


Example 11.30. The function 


“ 1 ss 
I<(5+3) 
k=1 


shows that a function with n poles can have n zeros in arithmetic progres- 
sion. Indeed, let 1/2 + iy be a critical zero of ¢(s), with y > 0. Then the 
values s = kiy, for k = 1,...,n, are zeros of the above function in the 
upper half-plane. 


The following example shows that it is necessary to assume hypothe- 
sis (P) in our conjectures. 
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Example 11.31. In the previous example, if instead of the Riemann zeta 
function, we use a Dirichlet L-series L(s,) associated with a character x, 
we obtain a function without poles, 


i 1 Ss 
L{=+2 

II (G+3x). 

k=1 


with a vertical arithmetic progression of zeros of length n, since it is known 
that at least some of the zeros of L(s, x) lie on the critical line Res = 1/2. 
Indeed, as for ¢(s), it is conjectured that all nontrivial zeros lie on this line. 


Example 11.32. Let ¢x(s) be the zeta function of an algebraic number 
field kK. As is well known, this function has zeros with real part 1/2. Then 
the function 
1 1 
(5 + s) - atk(; + os), 

with a suitable choice of the real constant c, and the positive constant co, 
shows that a Dirichlet series with two poles can have a double zero. Indeed, 
if Cx does not have a double zero itself, then one can first choose cz so that 
both functions have a common zero at a point s = iy (here, y is as in 
the previous example). One can then adjust c; so that the derivative also 
vanishes at that point. 


Conjecture 11.33. If ¢p has at most n poles in a window, then its zeros 
have multiplicity at most n in this window. 


11.6 Zeta Functions of Curves Over Finite Fields 


The zeta function of a curve over a finite field is periodic with a purely 
imaginary period. If the curve is not the projective line, then the zeta func- 
tion has zeros, and by periodicity, each zero gives rise to a shifted arithmetic 
progression of zeros. Moreover, depending on the curve, the zeta function 
can have a real zero, and then it has a vertical arithmetic progression of 
zeros starting on the real axis. So the conclusion of Theorem 11.12 does 
not hold in this case. However, this situation is very similar to the one con- 
sidered in Section 11.2. Indeed, the associated measure is positive, and the 
zeta function has an Euler product and satisfies a functional equation. The 
main goal of this section is to explain why our proof does not go through 
in this situation. The key reason for this is that the Weyl term itself has 
large jumps, see the comment following Equation (11.60). 

The interested reader can find additional examples and further informa- 
tion about the theory of curves over a finite field in [vF1,vL-vdG, Wei2], as 
well as, for instance, in [ParsSh1, Chapter 4, §1]. In Appendix A, we define 
a two-variable zeta function of which the zeta functions in this section are 
a special case. 
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Let F, be the finite field with g elements, where q is a power of a prime 
number. Let C' be a curve defined over F,. We denote the function field of C’ 
by F,(C). Thus, F,(C) is the field of algebraic functions from C to P'(F,), 
the projective line over the algebraic closure of Fy. We view C' as embedded 
in projective space, with homogeneous coordinates (vp : ... : &). The affine 
part of C’ is then given as the subset where xp # 0, and this gives rise to 
the affine coordinate ring R = F,[C], the ring of functions that have no 
poles in the affine part of C. Note that the field of fractions of R is F,(C). 

The ring R has ideals. For an ideal a of R, the ring R/a is a finite- 
dimensional vector space over F,, and we denote its dimension by deg a, 
the degree of a. Ideals have a unique factorization into prime ideals, and 
this fact is expressed by the equality 


Sao “Ta (11.45) 
a 


Pp 


where a runs over all ideals and p over all prime ideals of R. This func- 
tion of the complex variable s is the incomplete zeta function associated 
with C’. We complete it with the factors corresponding to the points of C 
with rp = 0. Also, C may have singularities, and the factors corresponding 
to the singular points may have to be modified. 


Example 11.34 (The projective line). If C = P', that is, if the curve has 
genus g = 0, then R = F,[X], the ring of polynomials over F,. In this case, 
every ideal of R is generated by a single polynomial. The number of ideals 
of degree n is equal to the number of monic polynomials of degree n, which 
is q”. Hence 


q 


= 1 
py aa = S- oq = et 
a n=0 


There is only one point at infinity, and the corresponding factor in the 
Euler product is 


1—q-* 
Thus, the zeta function of P! over F, is 


1 
Lge) leg 


Crip, (s) = q * (11.46) 


where the factor q~* has been inserted so that this function satisfies the 
functional equation 


Cp. sp, (1 — 8) = Cpr yp, (8). (11.47) 
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Finally, we note that the logarithmic derivative of this zeta function is the 
generating function of the number of points of P! with values in algebraic 
extensions Fyn of Fy, for nm = 1,2,.... Indeed, P'(F yn) contains q” +1 
points, and 


Cpt /R, a qe qe 
Gye, ae lo a( sina" 1- m=) (11.48) 
= log a(1 + yg + ta) 


This result holds for the logarithmic derivative of the zeta function of an 
arbitrary curve over a finite field, as the reader may check after the sub- 
sequent discussion. We do not need this fact here, but it was the original 
motivation for introducing these functions. (See [Weil-3].) 


Now let C' be a curve over F, of arbitrary genus g. We describe a way to 
obtain the completed zeta function of C' without first having to choose an 
affine part of C’, as we did in Example 11.34 for genus 0. The field F,(C) 
has valuations. Associated with a valuation v, we have a residue class 
field F,, which is a finite extension of F,. The degree of this extension 
is denoted deg v, the degree of v. A formal sum of valuations 


D=S omv, with m, € Z, (11.49) 


with only finitely many nonzero coefficients my, is called a divisor of C. A 
valuation will also be called a prime divisor. Thus, divisors form a group, 
the free group generated by the prime divisors. The degree of a divisor 
is deg D = 5>,, m, deg v. A divisor is positive, D > 0, if m, > 0 for all v. 
Recall that g is the genus of C’. The zeta function of C is defined by 


Go(s) = q9-9 S> qn seee® (11.50) 


Since, by definition, the factorization of a divisor into prime divisors is 
unique, we have the Euler product 


ie 1 
cal gl racer (11.51) 


—s 


It is known that ¢c¢(s) is a rational function of g~*, of the form 


P(x) 


of) = 2°" Ga) = a0) 


C= 9°", (11.52) 


where 
P(x) = po + pix + pox? + +++ + progt9 
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has degree 2g, integer coefficients, and pp = 1. It can be shown that 
P(1) = po + pi + pot+-+++ Pog 


is the class number of C3 i.e., the number of divisor classes up to linear 
equivalence. Note that 


P(1) = —res(¢c;0)(q — 1) logq, 


and that res(¢c¢;0) = — res(¢c; 1). 
The function ¢c¢(s) satisfies the functional equation 


Ca(s) = Go(1— 8), (11.53) 


which, in terms of P, means that 


r()-eer) 


In other words, pog_; = q9~"p; for 0 < j < 2g. 

By (11.52), Gc is periodic with period 27i/logqg. The poles of ¢c are 
simple and located at 1+2k7i/log q and 2k7i/ log q (k € Z). It is also known 
that the zeros of Gc have real part 1/2. In other words, the zeros of P(x) 
have absolute value q~!/?. This is the Riemann hypothesis for curves over 
a finite field, established by André Weil in [Weil-3]. See Remark A.6 and 
also, for example, [Roq, Step, Bom] or [ParsShl, Chapter 4, §1] and the 
relevant references therein. We do not use the Riemann hypothesis in the 
sequel. 

Using the Dirichlet series for Gp: over Fy, 


aa 
(1 — x)( =e = 


k=0 


we find that 


= ee ar = a, 
j=-9 


where 7 = q-*, and 


co g 
gots) = 2 a" YY ping 


n=l1-g  j=rg 


j<n 
g-1 n | gr aa 
=, Ta Sane tee ee 
n=1-—g j=-9 n=g j=-9 
-Sey gq =) PG . as = 
= Pita (1) Soa = C{.54) 
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where in the last equality we have used that ep Bi = P(1) and 
ie g Pita? 7 = 9°P(1/q) = P(1). Note that for g = 0, the first sum is 
to be interpreted as 0. 


We interpret this zeta function as the spectral zeta function of a (virtual) 
basic shape B. Thus, the frequencies of B are 


nm] 
q”, with multiplicity P(1) Z [’ when n> g, (11.55) 
ge 


and the small frequencies are 
gr-4 = 


n 
1 
q”, with multiplicity S- Doar when l1—g<n<g-l. 
j=-9 


(11.56) 


Now, let 7 be a (generalized) fractal string, and consider the fractal spray 
of 7 on B. (See Sections 1.4, 4.3, and 6.6.) Its frequencies are counted by 


ml) Smet o(5) 


n=1—-g jJ=-9 n=g 
(11.57) 


g-l gr 1 


The first term in the asymptotic expansion of N,(a) is the ‘Weyl term’ 
(in the sense of Section 6.6). If 7 = £ is an ordinary fractal string of 
dimension D with lengths /;, we can find the corresponding Wey] term as 
follows: First, we compute 


ei Sten SS log, al] q” 
yue(S)S = -y y! 
n=0 n=0 j:1>*<aq—n 4 Gilg <a “N=O 


from which we deduce 


Dos, wls]+1_y flog, alj] +1 


uN rea = * =i) i1 


qi tek i 1 


=8 Saye + O(x” logz), 


as x — oo. The first sum is multiplicatively periodic with period gq. The 
other terms in formula (11.57), namely 


Ne (z =) y pea ct ~ Pay ™,(4) = 


n=1-g j=-g n=0 


g-1 
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add up to O(a? log tt). Thus, the Weyl term is given by 
oO gi {84 al; } 
Gai); 


where G is the periodic function (of period 1) defined by 


W(x) =a: P(1) 1; =a-G (log, 2), (11.58) 


j=l 


ce 1—{utlog, 1; } 
gd q 


j=l 


(11.59) 


Since 1 < q!~t# < q for any value of t, we deduce from (11.59) that G is 
bounded in terms of the total length L of £L: 


Pa Pa 
pO 2ewen" 2. 
(q-1) (q-1) 
Moreover, we also see that G is discontinuous, so that the Weyl term has 
jumps of order x at the points «= bie ae for m = 0,1,2,.... By our 


explicit formulas, we also immediately find the Fourier expansion of the 
Weyl term, by applying formula (6.77) for k = 1: 


Oni git2nni/ log q 


W (2x) = res (6031) }>¢e(14 (-eomeinee: 


neZ 


11.60 
ee (11.60) 


We apply this to the generalized Cantor string 7 = ae b™ dc qm} with 
parameters a = q and b > 0, so that the oscillatory period is p = 27/ log gq. 
(See Figures 11.2 and 11.3 for a graph of the Weyl term associated with the 
spray of the ordinary Cantor string on the basic shape P!(F3).) We deduce 
that at « = q'™, m=0,1,2,..., the counting function N,(x) jumps by 


Sven g” —1 1 gmt — pmti pmti _ 1 
= q-l q-1 q—b b-1 : 


up to jumps of order 6”, caused by the terms with n < g —1. These latter 
jumps are smaller since b < qg. We see that the jump is of order x, and 
not of order 2”. Since these jumps could be caused by the Weyl term and 
not by the second asymptotic term, we cannot conclude that there must be 
oscillatory terms of order D in the explicit formula for N, (a). Moreover, 
in contrast to the situation in Sections 11.1 and 11.2, we see that the jump 
of N,(a) is caused by the terms for large values of n, and not by the first 
terms in the sum for N(x). 
We illustrate this discussion in two examples (see [vF1]). 


Example 11.35. The curve given by y? = x? — x over F3 has genus 1. Its 
zeta function is 


Laan ans 3” — 1 
fsa 


n=1 
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31 
0 


i3 9 27 40 60 


Figure 11.2: The Weyl term of the ordinary Cantor spray on P'(F3), viewed 
additively. 


243+ 
81+ 


277 


1 3 9 27 81 243 


Figure 11.3: The Weyl term of the ordinary Cantor spray on P'(F3), viewed 
multiplicatively. 
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and the Weyl term associated with a string £ = {lj};", is 
W(a) =a Ss 3 tessety} l;. 
j=l 


Example 11.36. The Klein curve is given by the equation 
gy tyzt2ta =0. 
Over Fp. it has genus 3, with zeta function given by 


ee ae ee 
(1 =2=9)\(1—2!-8) 


2 


= 2543-2 4+7420-2°°446-2°°% 414) 2-8 (2" — 1), 


n=3 


and the Weyl term associated with a string £ = {lj};", is 


W(x) = 14a 5° 2h tesa #3} J, 


j=l 


We close this section with an example of a Dirichlet series that is a 
rational function of q~*, has a functional equation and an Euler product, 
but does not satisfy the analogue of the Riemann hypothesis. 


Example 11.37. Consider the zeta function 


1—5a@ +52? = 
6x8) = Gay 5a): GH bh . 


As a Dirichlet series, 


cant oa | 
¢x(s)=1+ 55 ri ae r=5°. 
n=1 


One checks that this function satisfies the functional equation (11.53). 
Moreover, the numerator factors as 1—5a+5x? = (1—(3—¢)z)(1—(2+¢)z), 
where ¢ is the golden ratio. Since 3— ¢ < /5 < 244, the zeros of Cx(s) 
do not have real part 1/2. The logarithmic derivative of ¢x(s) is given by 


Cx (s) 
Cx (s) 


Let a, = (8 — 6)” + (24 6)", for n = 0,1,2,.... One checks that these 
numbers satisfy the relation an42 = 5(Gn41—@n) and ap = 2, ay = 5. 


= (log5) $7 a” (1+5" — (3— 4)" — (2+ ¢)"). 
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Thus az = 15, a3 = 50, a4 = 175,.... If we want to write ¢x(s) as an Euler 
product of the form 
¢x(s)= [[@-2")™, 
n=1 


where v,, stands for the number of valuations of degree n, then we find the 
following formula for v,: 


So dug =1+5" —(3— 4)" — (24+. ¢)” =145" = ap. 
d|n 


From this, v, can be successively computed: v1 1, v2 5, U3 25, 
va = 110, v5 = 500,.... In particular, v, > 0 for all n > 1. 
The Weyl term associated with an arbitrary string £ = {l, tei is 


sess 51—{log; al; } 
=1 


j= 


just as in the case of a curve C. However, ¢x is not the zeta function of 
a curve, since otherwise it would satisfy the counterpart of the Riemann 
hypothesis. 


12 


Fractality and Complex Dimensions 


In this chapter we discuss some more philosophical aspects of our theory 
of complex dimensions. 

In Section 12.1, we propose a new definition of fractality, involving the 
notion of complex dimension. Namely, we propose to call a given set fractal 
if it has at least one nonreal complex dimension (with positive real part). 
We illustrate this definition by means of two examples, and compare it 
with other definitions of fractality that have previously been suggested in 
the literature. This enables us, in particular, to resolve several paradoxes 
concerning the fractality of certain geometric objects, such as the a-string 
and the Devil’s staircase (i.e., the graph of the Cantor function). 

In Section 12.2, we explore some of the relationships between fractality 
(as defined in Section 12.1) and self-similarity. In particular, we discuss the 
geometric aspects of this relationship for self-similar fractal drums, and pro- 
pose a natural interpretation (expressed in terms of complex dimensions) 
of the lattice-nonlattice dichotomy for higher-dimensional self-similar sets. 
We illustrate our conjecture by discussing in Section 12.2.1 the example 
of the (von Koch) snowflake curve, a lattice fractal of which we determine 
the complex dimensions. We discuss the joint work of the first author and 
E. Pearse [LapPel], who obtain a formula for the area of the inner tubular 
neighborhoods of the von Koch snowflake curve, from which the possible 
complex dimensions of the snowflake are deduced. One important problem 
left open by that work is to define a suitable geometric zeta function whose 
poles coincide with the underlying complex dimensions (see [LapPe2-4, 
LapPeWi3]). 
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We also point out in Section 12.2, as well as in Section 12.5, some of the 
challenges associated with the extension of our theory of complex dimen- 
sions to higher-dimensional objects, such as self-similar fractal drums. 

In Section 12.5.1, we discuss the problem of describing the spectrum of 
a fractal drum, as initially formulated in the Weyl-Berry Conjecture. In 
Section 12.5.2, we consider this problem for the important special case of 
self-similar drums, including the snowflake drum and its natural generaliza- 
tions. In Section 12.5.3, we briefly examine the question of understanding 
the spectrum of a fractal drum in terms of the periodic orbits of a dynam- 
ical system naturally associated to it. In general, and for example for the 
snowflake drum, this is a very difficult problem, the formulation of which 
is only in a preliminary phase. We focus here on the case of a self-similar 
string for which more can be said at this point. 

We close this chapter with Section 12.4, where we raise the question of 
whether a suitable homological interpretation can be found for the complex 
dimensions of a fractal. In Section 12.3, we make a suggestion for a possible 
way to construct such a theory of complex homology (also called fractal 
cohomology). 


12.1. A New Definition of Fractality 


Our work shows that the complex dimensions of a fractal string con- 
tain important geometric information; see especially Section 8.2 and Theo- 
rems 2.16, 8.1 and 8.15, along with Section 8.4 and Chapters 6 and 7. Mo- 
tivated by the fact that the complex dimensions of a fractal string describe 
precisely the oscillations of the fractal, and also for example by the fact 
that self-similar strings always have nonreal complex dimensions, whereas 
the dimensions of the a-string are all real, 


we propose to define “fractality” as the presence of at least one 
nonreal complex dimension with positive real part.+ 


Loosely speaking, we propose to define a geometric object as being “fractal” 
if its geometry has oscillations. We could refine this by defining a set to be 
fractal in dimension d if there exists a nonreal complex dimension w of the 
set such that Rew = d. (See Sections 12.2 and 3.7.) 

Note that nonreal complex dimensions come in conjugate pairs w, W, 
since ¢¢(s) is real-valued for s € R. Hence a fractal set, in this definition, 
has at least two nonreal complex dimensions. 


lIn view of recent results on random fractal strings obtained in [HamLap], this def- 
inition will be completed at the end of Section 13.4. 
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12.1.1. Fractal Geometers’ Intuition of Fractality 


We now explain how our proposed definition agrees with the intuition of 
fractal geometers, even in the cases where other definitions of fractality 
disagree with generally accepted intuition. 

We first consider the a-string,” viewed as the complement in (0,1) of the 
sequence j7~% (j = 1,2,3,...). Thus, the boundary of the a-string is 


Pate yusag Oe 
We quote from [Fa3, p. 45], 


No one would regard this set, with all but one of its points iso- 
lated, as a fractal, yet it has fractional box dimension.? 


We agree with Falconer that the a-string is not fractal. However, as ex- 
plained in Remark 12.2, we disagree with his stated reason. 

Secondly, all fractal geometers agree that self-similar (or, more generally, 
self-affine or self-alike) objects are fractal, because they have fine structure 
at all scales. For example, Mandelbrot writes in [Man2, p. 82] of the Devil’s 
staircase (i.e., the graph of the Cantor function, see Figure 12.1 or [Man2, 
Plate 83, p. 83], along with Remark 12.1 below): 


One would love to call the present curve a fractal, but to achieve 
this goal we would have to define fractals less stringently, on the 
basis of notions other than D alone.* 


We agree that the Devil’s staircase, which is self-affine, is a fractal. In 
Section 12.1.2, we explain how this intuition fits exactly with our proposed 
definition. 


Remark 12.1. Recall that the Devil’s staircase is defined as the graph of 
the Cantor function C. The latter is a nondecreasing continuous function 
on [0,1] such that C(0) = 0 and C(1) = 1. Further, C is constant on each 
interval in the complement of the ternary Cantor set in [0,1]. In fact, C is 
nothing but the primitive of the natural (O-dimensional) Hausdorff measure 
on the Cantor set, where O = log, 2. (See, for example, [Coh, p. 55 and 
pp. 22-24] or [ReSil, pp. 20—23].) 


Remark 12.2. In our theory, at least in the one-dimensional case, frac- 
tality is independent of the geometric realization of a fractal. For ex- 
ample, one could realize the Cantor string as a sequence of intervals of 
lengths 1, 1/3, 1/3, 1/9,..., in such a way that the endpoints of these in- 
tervals form an infinite, decreasing sequence with a single limit point at 


? Already known to Bouligand [Bou] in a different terminology. 
’That is, noninteger Minkowski dimension. 
4In the notation of Mandelbrot, D denotes the Hausdorff dimension. 
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Figure 12.1: The Devil’s staircase. 


the origin. According to Falconer’s quote above this set would not be frac- 
tal since it has only one nonisolated point. In our setting, however, the 
fractality of the Cantor string is independent of its geometric realization. 
Nevertheless, see also Remark 12.5 at the end of Section 12.1.2. 


The intuition of fractal geometers has been guided by the following defin- 
ing properties of fractality: self-similarity, or, more generally, approximate 
self-alikeness; usually fractional box (i.e., Minkowski), packing, or Haus- 
dorff dimension; fine geometric structure at all scales; a simple recursive 
construction; singularity of an associated measure (e.g., Hausdorff mea- 
sure) with respect to Lebesgue measure; and other properties. However, 
a clear definition of fractality is still missing. Indeed, we quote from the 
introduction of Falconer’s book [Fa3, p. xx]: 


My personal feeling is that the definition of a ‘fractal’ should be 
regarded in the same way as the biologist regards the definition 
of ‘life’. There is no hard and fast definition, but just a list of 
properties characteristic of a living thing, such as the ability to 
reproduce or to move or to exist to some extent independently 
of the environment. Most living things have most of the char- 
acteristics on the list, though there are living objects that are 
exceptions to each of them. 
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The classical definition of fractality, as stated by Mandelbrot in [Man2, 
p. 15], is the following: 


A fractal is by definition a set for which the Hausdorff—Besicovitch 


dimension strictly exceeds the topological dimension.° 


In other words, if H denotes the Hausdorff dimension of a set F C R¢ and T 
denotes its topological dimension, then F' is fractal, according to Mandel- 
brot, if and only if H > T.° Mandelbrot discusses in detail in [Man2, Chap- 
ter 3] and elsewhere in his book the implications as well as the limitations 
of his definition. (See also the introduction of [Man4].) 

In the case of the Devil’s staircase C, one has H(= D) = T = 1 because C 
is rectifiable; see, for example, [Man2, p. 82] and [Fed2, Theorem 3.2.39, 
p. 275]. Thus the Devil’s staircase is not fractal according to this definition. 

For certain applications, one could prefer to use the Minkowski dimension 
over the Hausdorff dimension in order to define fractality. But a definition 
such as “the Minkowski dimension strictly exceeds the topological dimen- 
sion” would classify the a-string as fractal. And also, if the lengths of the 
a-string are rearranged so that the Hausdorff and the Minkowski dimen- 
sions of this set coincide, as is clearly possible, then the above definition, 
unmodified, already classifies the a-string as fractal. 

Other possible definitions of fractality have been introduced in the lit- 
erature, involving various notions of (real) fractal dimensions, such as the 
packing dimension P [Tr2] (which is in some sense dual to the Hausdorff di- 
mension) and, as discussed just above, the Minkowski(—Bouligand) (or box) 
dimension D. All these definitions run into similar problems. For example, 
the packing dimension fails to classify the Devil’s staircase as fractal, since 
we also have P = 1 (because H < P < D, by Remark 1.5). 


12.1.2. Our Definition of Fractality 


We already mentioned that the a-string is not fractal in our proposed 
new sense since ¢¢ has a meromorphic continuation to Res > 0, with 
only one pole at D=1/(1+ <a). (See Theorem 6.21 in Section 6.5.1 for a 
complete analysis of the complex dimensions of this string and compare 
this with [Lap1, Example 5.1 and Appendix C].) By definition, the same 
statement applies to the boundary of £, which is equal to the compact 
set {1,27%,37%,..., O}. 


5A dichotomy fractal vs. nonfractal—based on D rather than H—was used in [Lap1] 
(and in later papers, such as [Lap2—3, LapPo2, LapMa2]) for pragmatic reasons in the 
context of drums with fractal boundary; it was not intended to provide a definition of 
fractality. 

®Recall that T is a nonnegative integer and that we always have H > T; see, e.g., 
[HurWa] and [Rog]. 
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Figure 12.2: The inner e-neighborhood of the Devil’s staircase. 


On the other hand, by Corollary 2.20, a self-similar string (and thus a 
self-similar set in R other than a single interval) is always fractal since it 
has infinitely many complex dimensions with positive real part. According 
to Conjecture 12.8 in Section 12.2 below, any (nontrivial) self-similar set 
in R¢ would be fractal in our new sense. We point out that when d = 1, 
Conjecture 12.8 has been proved in Theorems 2.16 and 3.6 above, and 
for d > 2, it has been proved in [LapPe2, 4] for a suitable class of self 
similar sets (or tilings).” (See Section 13.1.) 

We now analyze our proposed definition for the Devil’s staircase. This 
will clearly expose the problem of defining and determining the complex 
dimensions of a set. We will regard the exponents of ¢ in the asymptotic ex- 
pansion of the volume of the (inner) tubular neighborhoods as the complex 
codimensions. This is motivated by our tube formula for fractal strings, as 
stated in the introduction (Equation (**)) or, e.g., in Theorem 8.1 (Equa- 
tion (8.4)). (See also Sections 12.2.1 and 13.1, along with [LapPel-—4].) 

The volume V(e) of the inner tubular neighborhoods of the Devil’s stair- 
case (Figure 12.2) is approximated by 


7When d = 1, this class coincides with that of all self-similar sets in R considered in 
this book; see Section 2.1.1. 
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10+ 


Figure 12.3: The complex dimensions of the Devil’s staircase. O = log, 2 and 


Pp = 2r/log3. 
ae 1 1 {x} 3 {x} 
Qe— 2 Pid *)((3) ! (5) ) (12.1) 


where x = log,e~' and © = log, 2. By formula (1.13) on page 14, writ- 
ing p = 27/log3, we obtain the expression 


¢2-9-inp 


sae ~ (0 + inp)(O — 1+ inp) 


227-1 (12.2) 


for this approximate volume (see also Remark 12.4 below). Thus the com- 
plex dimensions of the Devil’s staircase are 1 and 0 + inp, n € Z, and they 
are all simple. (See Figure 12.3.) Hence the Devil’s staircase is fractal in 
our new sense, and more precisely, it is fractal in dimension O. 


Remark 12.3. Observe that O = log, 2 is the dimension of the Cantor set, 
which is the set where C is increasing (by infinitesimal amounts), while 1 
is the dimension of the complement of the Cantor set in [0, 1], the open set 
which is composed of the open intervals on which C is constant. Further note 
that in formula (12.1) (or (12.2)), the leading term 2¢ can be interpreted 
as follows: The Devil’s staircase is rectifiable with finite length equal to 2. 
This well-known fact (see, e.g., [Man2, p. 82]) can be understood intuitively 
by adding up the infinitesimal steps of the Devil’s staircase. This amounts 
to projecting the Devil’s staircase onto the horizontal and vertical axes in 
Figure 12.1 and adding up the resulting lengths. 


340 12. Fractality and Complex Dimensions 


Remark 12.4. Formula (12.2) was obtained in [Lap-vF5, Section 10.2, 
p. 202], and is an approximation of V(e). Even though the complex dimen- 
sions with positive real part of the Devil’s staircase are determined by this 
formula, the residues corresponding to the poles other than 1 are not accu- 
rate. (Compare this comment with [LapPel] and Section 12.2.1, especially 
Theorem 12.11 and Remark 12.13.) 


Thus our definition using the complex dimensions of a fractal classifies 
each of the above examples correctly, including the borderline examples. 
Indeed, we are not aware of a single example where our definition classifies a 
set incorrectly. Thus with our definition there would be no borderline cases 
where the definition would disagree with intuition. An exception could be 
the zero set of Brownian motion and related stable random strings, for 
which the determination of the complex dimensions (or the natural bound- 
ary of analyticity) is an open problem; see Problem 13.146 and the discus- 
sion surrounding it at the end of Section 13.4. Thus our present knowledge 
is still rather limited, since it is clearly a difficult task both conceptually and 
practically to determine the complex dimensions of a higher-dimensional 
geometric object. Indeed, the definition that we adopted for the Devil’s 
staircase, via the asymptotic expansion of V(e), is only provisional. We 
plan to address the question of defining the complex dimensions of higher- 
dimensional fractal sets in a subsequent work. 

In most cases of interest in the applications—such as multifractals, Julia 
sets, the Mandelbrot set, and strange attractors in the theory of dynamical 
systems—this definition of fractality remains to be tested and the theory 
to be further developed along the following lines. (i) First, define a suitable 
geometric, spectral, or dynamical zeta function associated with the object. 
(ii) Second, investigate the resulting complex dimensions, defined as the 
poles of the meromorphic continuation of the appropriate zeta function. In 
particular, establish the existence of nonreal complex dimensions with pos- 
itive real part (or, in view of the discussion surrounding Problem 13.146 at 
the end of Section 13.4, the existence of a natural boundary along a suitable 
screen, part of which is contained in the half-plane Res > 0). (iii) Finally, 
show the relevance of these definitions and results (in conjunction with the 
theory developed in this monograph) to the study of the geometric, spec- 
tral, or dynamical object under investigation. This can be achieved, for 
example, by using the explicit formulas of Chapter 5 and considerations 
specific to the problem at hand in order to obtain appropriate tube formu- 
las, spectral asymptotics, or analogues of the Prime Orbit Theorem and 
the associated explicit formula. 

In practice, steps (i) and (iii) will often have to be interchanged. Hence, 
for example, one might first obtain a suitable tube formula, and then de- 
duce from it the possible complex dimensions of the object, or even better, 
a suitable definition of the (geometric) zeta function of which these are 
the poles. We refer to Section 12.1 above and Section 12.2 below, based in 
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part on [Lap-vF5], [LapPel-—4] and [Pe2], for various examples illustrating 
this approach, from the Cantor staircase to the von Koch snowflake curve 
(Sections 12.1 and 12.2.1, respectively) and self-similar sets (or tilings) in 
higher-dimensional Euclidean spaces (Section 13.1). Furthermore, we men- 
tion that in several works in progress, a related method is used to study the 
complex dimensions of certain multifractals [LapLévRo] and quasicrystals. 


We note that more refined information about fractal geometries can be 
obtained by taking into account the structure of the complex dimensions 
(and the associated residues). In particular, we believe that the (conjec- 
tured) quasiperiodicity of the complex dimensions—along with the presence 
of geometric oscillations of order D or of order arbitrarily close to but less 
than D—is an important feature of self-similar geometries. This quasiperi- 
odicity was established in the case of self-similar strings in Chapter 3. In 
view of Remark 12.10 below, an analogous statement should hold for ap- 
proximately self-similar fractals as well. In the next subsection we discuss 
such an application of complex dimensions, namely to understanding the 
notion of lacunarity. 


Remark 12.5. In higher dimensions one needs significantly more than 
just a counterpart of the lengths of a string in order to obtain a suitable 
notion of geometric zeta function and, therefore, of the complex dimensions. 
See [LapPe2-4, LapPeWil-3] along with Section 13.1. Thus, in general, 
our proposed notion of fractality will truly depend on the geometry of the 
object. 

Furthermore, even in the one-dimensional case (i.e., for fractal strings), 
it is possible to extend some aspects of the theory developed in this book in 
order to distinguish, for example, a Cantor string 9, realized as having for 
boundary the classic ternary Cantor set from another such string Q2 having 
for boundary a sequence of points with a single limit point, say at the origin. 
This is done in [LapLévRo] where a one-parameter family of multifractal 
zeta functions ¢e(a,s) (with —oo < a < +00) is introduced for a given 
fractal string Q (viewed as a bounded open subset of R, or more generally, 
for a suitable Borel measure on R). For a = +00, under mild assumptions 
¢a(+o0, s) coincides with ¢e(s), the standard geometric zeta function of 
the fractal string 2. Hence, it does not depend on the realization of the 
length sequence {l; tea of 2. For other values of a, however, this is no 
longer the case in general, and ¢a(a,-) usually depends on finer topological 
and geometric information than just the lengths of the string. This is the 
case, in particular, for the aforementioned two realizations Q; and Q2 of 
the Cantor string. 

It follows that our proposed definition of fractality extended in the obvi- 
ous way to each value of a (fractality for the regularity parameter a) can be 
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used to provide finer information than is done in this book.® In particular, 
there are many interesting examples which have a nontrivial multifractal 
spectrum of zeta functions and hence, in general, of complex dimensions. 

We point out the case when a@ = —ov, which corresponds to the so-called 
“topological zeta function” ¢g(—oo, s) (see [LapRol, LapLévRo]) and is of 
particular interest in this context. Indeed, it can be shown that for any 
fractal string 2 whose boundary OQ has a finite number of accumulation 
points, ¢g(—oo,-) is entire. Hence, 00 is not fractal in regularity a = —oo. 
Here are two interesting special cases: 

(i) OQ2 (which has a single accumulation point) is not fractal in regular- 
ity —oo, whereas OQ, (which is the classic Cantor set) is fractal for a = —oo. 
Recall that since Q; and Q2 have the same associated sequence of lengths, 
we have €o, (+00,:) = Ca, (+00,-) = Gas(-), and hence, 0Q; and Oz are 
both fractal, with the same set of complex dimensions as the Cantor set, 
in regularity a@ = +00 

(ii) If Q is the a-string, then OQ has a single accumulation point, and 
hence is not fractal in regularity a = —oo (just as it is not fractal in 
regularity @ = +00). On the other hand, we note that it is not known 
whether ¢o(a,-) may have (nonreal) poles, and hence is ‘fractal’, for any 
value of a in (—oo,+o0). If that were the case, it would show that the 
notion of fractality in regularity a is rather subtle.® 

We refer to Section 13.3 below (based on [LapLévRo] and [LapRol, 2]), 
along with [ElILapMR], for further information about this intriguing sub- 
ject, in which many important problems remain wide open, especially in 
the standard multifractal case, for more general singular measures, and in 
higher dimension. 


12.1.3 Possible Connections with the Notion of Lacunarity 


In his book [Man2, Chapter X], Mandelbrot suggests complementing the 
notion of (real) fractal dimension with that of lacunarity, which is aimed at 
better taking into account the texture of a fractal. (See [Man2, Section X.34] 
and, for a more quantitative approach, [Man3], along with the relevant 
references therein, including [BedF'].) 

We quote from the introduction of [Man3, pp. 16-17]: 


Fractal lacunarity is an aspect of “texture” that is dominated 
by the sizes of the largest open components of the complement, 
which are perceived as “holes" or “lacunas".... 


8Note that the explicit formulas and other results obtained in our theory can be 
applied to each multifractal zeta function ¢(a,-). 

9Similar questions can be asked about a variety of examples corresponding to bound- 
aries with only finitely many accumulation points; see, e.g., Examples 6.6 and 6.7 
in [Rock]. We thank John Rock for helpful correspondence regarding this issue. 
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Figure 12.4: A lacunary Cantor string, with a = 4, b = 2 (D=1/2, p= 7/log2 
and k = 1). 


zh. 
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Figure 12.5: A less lacunary Cantor string, with a 64, b 8 (D 1/2, 
p = 7/(3log 2) and k = 3). 


Lacunarity is very small when a fractal is nearly translation 
invariant, being made of “diffuse" clumps separated by “very 
small” empty lacunas, and lacunarity is high when this set is 
made of “tight" clumps separated by “large" empty gaps or la- 
cunas. 


Our present theory of complex dimensions may help shed some new 
light on this somewhat elusive notion of lacunarity, especially in the one- 
dimensional situation. In particular, we hope to explain in more detail 
elsewhere how one of the main examples discussed in [Man2, Section X.34] 
and [Man3]—namely, in our notation, the sequence of Cantor sets (or “Can- 
tor dusts”) m= 972 27*5 aie} (k > 1)'° represented in [Man3, Figure 1, 
pp. 18-19] and discussed in [Man3, Section 2.2, p. 21]—can be understood 
in terms of the complex dimensions of the associated Cantor strings. More 
specifically, for each fixed k > 1, the complex dimensions of the Cantor 
set m, are 1/2 + ina/(klog2) (n € Z) and the corresponding residues are 
independent of n and equal to 1/(2k log 2). (See Figure 10.1 in Chapter 10 
above, with the choice of parameters a = 4" and b = 2* = \/a.) Therefore, 
even though these Cantor strings have the same real dimension D = 1/2, 
they have very different sets of complex dimensions (and residues), which 
accounts for their different lacunarities (in the language of [Man2-3]). 

In particular, as k t co, the oscillatory period py, = 7/(k log 2) decreases 
to 0, so the complex dimensions become denser and denser on the vertical 
line Res = 1/2, with smaller and smaller residues. Since the imaginary 
parts of the complex dimensions vanish in the limit, the nonreal complex 
dimensions eventually disappear, as might be expected intuitively for the 
homogeneous limiting set, which has zero lacunarity according to [Man3]; 
see Figure 12.5. Note that as k + co, the gaps (also called holes or lacunas 
in [Man2-3]) in the complement of the Cantor set defined by 7, become 


10In ordinary language, in the j-th stage of its construction, the complement in (0, 1) 
of the Cantor set 7, consists of b? open intervals of length a~, with a = 4* and 


b= 2k = Va. 
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smaller and smaller, while the Cantor sets themselves appear to be more 
and more translation invariant or homogeneous and therefore “less and less 
fractal” or “lacunary”. (See the discussion in Section 2.1, page 21, of [Man3].) 

In contrast, as k | 0 (a limiting case that is not considered in [Man2— 
3] because it does not correspond to a geometric Cantor set but that 
is compatible with our notion of generalized Cantor strings, see Chap- 
ter 10), px = 7/(klog2) increases to infinity and so do the associated 
residues 1/(2klog2). Therefore, the complex dimensions become sparser 
and sparser on the vertical line Res = 1/2, but with larger and larger 
residues. This is in agreement with the intuition that the (generalized) 
Cantor string 7, is more and more lacunary (i.e., has larger and larger 
gaps or holes, see Figure 12.4) as the real number & decreases to 0. 


Remark 12.6. Recall that in Chapter 8, we obtained precise tube formu- 
las for the volume of the ¢-neighborhoods of a fractal string £, expressed 
in terms of the complex codimensions of £ and of the associated residues 
(or principal parts) of ¢-. This is of interest in the present context because 
in [Man2] and especially in [Man3], lacunarity has also been linked heuris- 
tically to the (possibly oscillatory) prefactor occurring in the definition of 
the upper or lower Minkowski content (prior to taking the corresponding 
limit as e > 0+). See formula (1.6) on page 11, Section 8.4.3 and the notes 
to Chapter 8. 

We leave it as an exercise for the interested reader to specialize to the 
above example the tube formulas obtained for generalized Cantor strings 
in Section 8.4.1, and to interpret the resulting expressions as k + oo and 
as k | 0. 


Remark 12.7. The notion of fractal lacunarity may also help connect as- 
pects of our work with earlier physical work of which we have recently be- 
come aware and that was aimed in part at understanding the relationship 
between lacunarity and turbulence, crack propagation or fractal growth, 
among other physical applications. (See, for example, [BadPo, BallBlu1-3, 
BessGM, FouTuVa, ShIW, SmiFoSp] along with the semi-expository arti- 
cles [SalS, Sor] and the relevant references therein.) 


12.2 Fractality and Self-Similarity 


We refine our definition of fractality as follows. The roughness of a fractal 
set is first of all characterized by its Minkowski dimension D. Then, either 
it has nonreal complex dimensions with real part D, or it only has nonreal 
complex dimensions with smaller real part. These two cases correspond to, 
respectively, a fractal set that is not Minkowski measurable, and one that 
is. (See Chapter 8, especially Sections 8.3, 8.4.2 and 8.4.4.) In the first case, 
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we say that the set is maximally fractal, whereas in the second case the set 
is fractal only in its less-than- D-dimensional features. 

From our analysis of self-similar strings in Chapter 2 (Theorem 2.16), 
it follows that lattice strings are maximally fractal in this sense, whereas 
nonlattice strings are not fractal in dimension D, but are fractal in infinitely 
many dimensions less than and arbitrarily close to D. 

Conjecturally, the dichotomy lattice vs. nonlattice and the correspond- 
ing characterization of the nature of fractality applies to a wide variety of 
situations, including drums with self-similar fractal boundary, drums with 
self-similar fractal membrane, random fractals as well as “approximately 
self-similar sets”, such as limit sets of Fuchsian and Kleinian groups or hy- 
perbolic Julia sets [Su, BedKS, Lall2]. This conjecture was first formulated 
in [Lap3, Conjectures 2-6, pp. 159, 163, 169, 175, 190, 198], to which we 
refer for a more detailed description of these situations. One obtains, con- 
jecturally, a corresponding lattice—nonlattice dichotomy in the description 
of the shape and the sound of a self-similar drum, in the nature of random 
walks and Brownian motion on a self-similar fractal, and in the nature of 
several function spaces associated with a self-similar fractal. 


The following conjecture is very natural in our framework and signifi- 
cantly supplements the geometric aspects of [Lap3, Conjecture 3, p. 163] for 
self-similar drums. It is the higher-dimensional analogue of Theorems 2.16 
and 3.6, which corresponds to self-similar sets in R. 


Conjecture 12.8. The exact analogues of Theorems 2.16 and 3.6 hold 
for every (strictly) self-similar set! in R% (and thus for any drum with 
self-similar fractal boundary), satisfying the open set condition.'” 

In particular, the geometric zeta function has a meromorphic continua- 
tion to all of C, with a single (simple) pole at s = D, where D € (d—1,d) 
is the Minkowski dimension of the set.1° All the other complex dimensions 
lie in the closed half-plane Res < D. Furthermore, the complex dimensions 
of a lattice self-similar set are periodically distributed on finitely many ver- 
tical lines, with period equal to the oscillatory period of the set, defined 
exactly as in Equation (2.35) and Definition 2.18. On the other hand, a 
nonlattice self-similar set does not have any nonreal complex dimension on 
the line Res = D, but it has infinitely many complex dimensions arbitrary 
close (from the left) to this line. Moreover, its complex dimensions exhibit 
a quasiperiodic structure. 


11 As in [Lap3, Conjecture 3], here and in Section 12.5, we also allow for the set (viewed 
as the boundary of a self-similar drum) to be composed of a finite union of congruent 
copies of such a self-similar set, just as for the snowflake drum. 

12See Section 2.1.1 and Remark 2.21. 

13The Devil’s staircase is self-affine but not self-similar. Thus Figure 12.3 does not 
contradict this conjecture. 
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Remark 12.9 (Tube formulas for self-similar sets). We further conjecture 
that a tube formula holds for self-similar fractal sets in R?, with d > 1, 
naturally extending the tube formula for self-similar fractal strings in R 
obtained in Section 8.4.2, Theorem 8.23 and Section 8.4.4, Theorem 8.36. 
(In particular, for self-similar fractal sprays—studied in Section 6.6.2 and 
in Section 6.6.1 for the example of the Sierpinski drum—this clearly fol- 
lows from our explicit formulas exactly as in the case of self-similar strings.) 
Much as in the proof of Theorems 8.36 and 8.23, it would then follow that a 
nonlattice self-similar set in R? is Minkowski measurable, whereas a lattice 
self-similar set, such as the Sierpinski gasket or the von Koch snowflake 
curve (viewed as self-similar fractal boundaries), is not. This statement 
is exactly the geometric content of [Lap3, Conjecture 3, p. 163] (and, in 
particular, of [Lap3, Conjecture 2, p. 159] for the special case of snowflake- 
type curves); see Remark 8.39 above. After [Lap-vF4] and [Lap-vF5] were 
completed, the statement concerning the Minkowski measurability of non- 
lattice self-similar sets was proved by Gatzouras [Gat] by means of the 
Renewal Theorem (much as was done in [Lap3, Section 4.4.1b] and in [Fa4] 
for the d=1 case, and earlier in [Lalll] in a related situation, see Re- 
mark 8.40 above). Because of the use of the Renewal Theorem, however, 
the statement concerning the non-Minkowski measurability of lattice self- 
similar sets does not follow from the result of [Gat], although our methods 
from Section 8.4.2 yield it directly. 

A tube formula for the example of the von Koch snowflake curve was 
obtained in [LapPel], as will be briefly discussed in Section 12.2.1 below. 
This tube formula is of a form compatible with that expected for drums 
with self-similar boundaries and also yields a set of possible complex dimen- 
sions compatible with Conjecture 12.8. See also Section 13.1 for related but 
different work on tube formulas for self-similar tilings and systems, rather 
than sets. 


Remark 12.10 (Approximately self-similar sets). In light of [Lap3, Con- 
jecture 4, p. 175] (motivated in part by work of Lalley in [Lall1-3]), Conjec- 
ture 12.8 has a natural counterpart for approximately self-similar fractals 
(in the sense of [Lap3, §4.5] alluded to above). In that case, the dichotomy 
lattice vs. nonlattice must be defined by means of Lalley’s nonlinear ana- 
logue of the Renewal Theorem [Lall2-3]. 


12.2.1 Complex Dimensions and Tube Formula 
for the von Koch Snowflake Curve 


Consider the snowflake drum 2, whose boundary 0Q, the snowflake curve, 
consists of three congruent von Koch curves fitted together (see Figures 12.6 
and 12.7, along with [Fa3, Figure 0.2, p. xv]). The construction of the 
von Koch curve is illustrated in Figure 12.7. Note that this curve is an 
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an. 


Figure 12.6: The snowflake drum {. Its boundary is the von Koch snowflake 
curve 02. 


example of a lattice self-similar fractal in R? and a nowhere differentiable 
plane curve (with infinite length). 

By decomposing an e-neighborhood of the von Koch curve K as in Fig- 
ure 12.8, Erin Pearse and the first author derived in [LapPel] the following 
formula for the volume (i.e., area) of the ¢-neighborhood: 


Theorem 12.11 (Tube formula). The volume of the inner ¢-neighborhood 
of the von Koch snowflake curve OQ is given by the following pointwise 
formula: 


V(e) = Gi(eje? ? + Gale’, (12.3) 
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Figure 12.7: The von Koch curve K. 
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= 


Figure 12.8: The inner e-neighborhood of the von Koch curve. 


where G; and G2 are periodic functions (of multiplicative period 3) given 
by 


Co 


Gil) = E3 Dp (10+ Ss hanes) (—1)"e""P (12.4) 


and 
1 ee) oo 
= 5 S _4)\n.-inp 
Go (e) — log 3 (°. a ce fos) ( 1) E ; (12.5) 


where the coefficients f,_, are explained below (see (12.8)), and, for n € Z, 


9-535/2 9-333/2 9-3 (4 — 33/2 bn 
An, = —+ - in : ) t—,  (12.6a) 
D—-—2+inp D-—1+inp D+inp 2 
CO Q2m4t1 _ 4 2 9-2-4m 
bn = aril ™) —,  (12.6b) 
= aemth —2\m } (4m? — 1)(D — 2m — 1 + inp) 
On = —log3 (< + 2V3) On0 — Tns (12.6c) 
co 2n+1 _ 1/2 92—4m 
Tn = eet I ( ie 2 : 5) (12.6d) 
o smth —2\m } (Am? — 1)(—2m — 1 + inp) 


where the Kronecker-delta 6j9 = 1 for n = 0 and 0 for n 4 0. Here, 
D = logs 4 is the Minkowski dimension of the von Koch snowflake curve 0Q. 
and p = 2r/log3 is its oscillatory period (following the terminology of Sec- 
tion 2.4). The numbers f, are the Fourier coefficients of the periodic func- 
tion h(e), a suitable nonlinear analogue of the Cantor—Lebesgue function, 


14Since Ce) < 2?™, the series for b, and Tn, converge as fast as the geometric series 
poe 
m=1 : 
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Figure 12.9: The possible complex dimensions of the snowflake curve OQ. D = 
log, 4 and p = 277/ log 3. 


which is discussed in Remark 12.12 below and reflects the self-similarity of 
the von Koch curve. 


Now, by analogy with the tube formula (**) in the introduction (or more 
precisely, by analogy with (8.14) in Corollary 8.3), we interpret the expo- 
nents of € (in the expansion (12.3) of V(e)) as the complex codimensions 
of 09. Hence, we can simply read off the possible complex dimensions 
from (12.3). Since some of the Fourier coefficients of G; and G2 in (12.4) 
and (12.5) may vanish, the corresponding exponent of ¢ may not be a 
complex codimension. As depicted in Figure 12.9, upon collecting these 
exponents from each series we obtain the following set of possible complex 
dimensions of the von Koch snowflake curve: 


Dan ={D+inp: n€ Z}U {inp: ne Z}. (12.7) 


These dimensions are simple. We note that it follows from [LapPel] that 
the set Dx of possible complex dimensions of the von Koch curve is also 
given by (12.7). 


The following comment (in conjunction with Figures 12.8 and 12.10) 
may help the reader gain an intuitive idea of why the periodic function h(e) 
enters into the statement of Theorem 12.11 and its geometric interpretation. 
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Remark 12.12. The factors f, appearing in (12.4) and (12.5) are the 
coefficients of a function which may be written variously as 


he=\ j(-le = ne =F), (12.8) 


veZ veZ 


with 2 = —log3(eV3) and p = 27/log3 as in Theorem 12.11. While we 
do not know h(e) analytically, or its Fourier coefficients f, explicitly, we 
know that it is a nonlinear and multiplicatively periodic counterpart of 
Cantor’s classical staircase singular function.!° Specifically, h = h(e) has 
multiplicative period 3; i.e., h(e) = h(e/3). Alternatively, it can be thought 
of as an additively periodic function f = f(a) with period 1 and with 
Fourier expansion given by (12.8) (here, « = —log3(eV/3) as above). These 
properties, among others, are directly induced by the (lattice) self-similarity 
of the von Koch curve K. 

The function h = h(e) is continuous and even monotonic decreasing 
when restricted to one of its periods (3-(+)-1/2, 3-"-1/2)_ Further, it 
has a finite jump discontinuity at the left-hand point of this interval, and 
its jump at that point is shown in [LapPel, Section 3.4] to be equal to pu 
(as given geometrically in Figure 12.10(b)). (The function h itself is defined 
geometrically in [LapPel, Section 3.2] as the proportion of certain “error 
blocks” formed as € crosses one of its period intervals. In particular, we 
have 0 < h(e) < uw < 1, for all e > 0.) Since f is monotonic, and hence of 
bounded variation, it follows from [Zyg, Theorem II.8.1]'° that the Fourier 
series expansion (12.8) of f (or of h = h(e)) converges pointwise (clearly, 
the convergence is conditional). Moreover, by [Zyg, Theorem II.4.12], the 
Fourier coefficients of f (and h) satisfy f, = O(1/v) as |v| > ov. 

A sketch of the graph of h is given in Figure 12.10(a). To see the ternary 
nature of this function, consider that each connected component of the 
graph is similar to a skewed version of the black figure depicted at top 
right in Figure 12.10(b). We refer the interested reader to [LapPel] for 
further information. 


In the next remark, we briefly compare the main result of [LapPel] dis- 
cussed in this section with the earlier result obtained in [Lap-vF5, Sec- 
tion 10.3]. 


15Recall from Section 12.1 above that the graph of the classical Cantor—Lebesgue 
function is also coined the Devil’s staircase in [Man2, Plate 83]. 

16Namely, the Fourier series of a periodic function of bounded variation converges 
pointwise at every point x to the mean value (f(#+) + f(x—))/2, where 

f(z+) = lim f(t) and = f(x—)= lim f(t). 
toat tox 

In particular, it converges to f(x) wherever f is continuous. (See, e.g., [Zyg, Theo- 
rem [1.8.1] or [Fol, Theorem 8.43, p. 266] for this extension of Dirichlet’s Theorem, due 
to Camille Jordan.) 
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(a) (b) 


Figure 12.10: (a) The function h. (b) The number pu = vole(A)/ vole(B), given as 
a ratio of areas. 


Remark 12.13 (Exact versus approximate tube formula). In the first 
edition of this book [Lap-vF5, formulas (10.3) and (10.4)], we provided 
without proof a provisional approximate formula for the volume of the 
tubular neighborhood of the von Koch snowflake curve of the form 


Ves Seger ee, (12.9) 


where e, 4 0 for each n € Z; specifically, 


3V3 log 3 (4log 4 + log 3) 
8(— log(9/4) + 27in)(log(4/3) + 27min) (log 4 + 2rin) 


en = (12.10) 
(See [Lap-vF5, Eq. (10.4), p. 210].) We then stated in [Lap-vF5, Sec- 
tion 10.3] that the set of complex dimensions of the von Koch snowflake 
curve should be {D + inp: n € Z} with D and p as in Theorem 12.11. 
By contrast, V(e) is precisely equal to the right-hand side of (12.3), except 
for the fact that the Fourier coefficients of the function h are not explicitly 
known. It is compatible with the approximate formula (12.9), although it 
also points out the possibility of having one line of complex dimensions 
above zero. 

We note that both the exact formula (12.3) and the earlier approximate 
formula (12.9) are in agreement with Conjecture 12.8 above,!” because the 
von Koch curve is a lattice self-similar set with Minkowski dimension D and 
oscillatory period p = 277/ log 3 (since, in the notation of Theorem 2.16, we 
have N = 4, K =1, and ry = rg =1r3 = 174 = 1/3). 


Remark 12.14 (Reality principle). As is the case for the complex dimen- 
sions of self-similar strings (see Chapter 2), the possible complex dimensions 
of 0Q come in complex conjugate pairs, with attached complex conjugate 


17Possibly with appropriate adjustments above 0, in view of (12.3). 
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coefficients. Indeed, fn = f—-n (because f is real-valued), and a simple 
inspection of the formulas in (12.6) shows that for every n € Z, 


Oy = hy De = Oa = Og oh Ty Te (12.11) 
It follows that ao, 69, 09 and 79 are real numbers and that each infinite sum 
on the right-hand side of (12.3) is real, in agreement with the fact that V (e) 
represents an area. For the same reason, the periodic functions G and G2 
in (12.4) and (12.5) of Theorem 12.11 are real-valued. 
The reader can easily check that the tube formula (12.3) can be rewritten 
in the following form: 


V(e) = So ene? PP 4S de? ™P, (12.12) 
neZ neZ 


for suitable complex numbers c, and dy, such that G, = c_y and dn = dn 
for all n € Z. One caveat should be mentioned here: of course, it is al- 
ways possible that one of the coefficients c, (or d,) vanishes, in which 
case D + inp (or inp) is not a complex dimension of 2. 


12.3. Complex Dimensions and Shifts 


In the simplest case of the Cantor string, discussed in Section 1.1.2, it is 
easy to see that a shifted copy, CS + x, overlaps the Cantor string only 
for shifts over 2-37", n = 0,1,..., or suitable combinations of such 
shifts: 2 = eae Qn3—", Gn = +2. For all other values of the real num- 
ber x, there is no overlap: CSM (CS + x) = @. Moreover, the Minkowski 
dimension (or Hausdorff dimension) of the intersection is always D = log, 2 
and its Minkowski content (or Hausdorff measure) is 2" times smaller than 
that of the Cantor set itself, where k is the number of nonzero digits of « 
in the above representation. This information suffices to reconstruct the 
Cantor set and its complex dimensions. 

In general, let F' be a self-similar fractal subset of the real line. Let I. 
denote the interval (—e,¢). To measure the overlap of F' with a shifted copy 
of it, we consider the function, for x € R, 


fle,x) =vol (P+ 1,)N(F+1-4+ 2), 


where for two subsets of R, A + B denotes the set {a+b: a € A,b€ B}, 
so that A+ I, is the open e-neighborhood of A. We then construct the 
dimension-like function 


D(a) = inf{d > 0: f(e,z) = O(e'~%) as e > 07} 


and the upper Minkowski content-like function 


M* (x) = limsup f(e,x)e?!, 
e>0t 
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We expect that these functions exhibit the following behavior. In the lattice 
case, D(x) > 0 for a bounded discrete set of values. The function M*() is 
discontinuous at each of these values, and continuous and vanishing on the 
complement. In the nonlattice case, D(x) > 0 for every x in a countable 
dense subset of a compact connected interval and M*(a) is continuous. 
The complex dimensions of F' can be recovered from the functions D(x) 


and M*(z). 


12.4 Complex Dimensions as Geometric Invariants 


We close this chapter with a section of a more conjectural nature, regard- 
ing a possible cohomological interpretation of the complex dimensions of 
a fractal. In Section 8.2, we pointed out an analogy between the explicit 
formula for the volume of the tubular neighborhoods of a fractal string 
and formula (8.23) for the volume of the tubular neighborhoods of a sub- 
manifold M of Euclidean space. Similarly, in Appendix B, Remark B.3 and 
Theorem B.4, it is explained that the principal parts of the spectral zeta 
function associated with the Laplacian on a Riemannian manifold M have 
a geometric interpretation and can be expressed in terms of invariants of 
the cotangent bundle on M; see the formulas (B.7) and (B.8). 

Thus both the poles and the principal parts of the spectral zeta function 
of a manifold have a geometric interpretation in terms of the de Rham 
complex of the manifold. In part because of this analogy we want to raise 
the question of whether a theory of fractal cohomology of fractal strings, 
and, more generally, of fractal drums, could exist. This theory would be 
based on the geometric and spectral zeta functions of the fractal. 

We propose the dictionary in Table 12.1 for translating homological prop- 
erties in terms of zeta functions. This is motivated in part by analogy with 
the two situations mentioned above, i.e., the similarity in Chapter 8 be- 
tween the explicit formula for the volume of the tubular neighborhoods 
of a fractal string and formula (8.23) for manifolds, as well as the formu- 
las for the spectral zeta function and the spectral partition function of a 
manifold in Appendix B. It is also suggested by the situation of algebraic 
varieties over a finite field, along with the associated zeta functions (see 
Section 11.6) and étale cohomology theory (in particular, the Weil Con- 
jectures [Wei3, 7], [ParsSh1, Chapter 4, Sections 1.1—1.3]). This situation 
bears some similarity with Cantor strings and other lattice strings, espe- 
cially in the case of curves over a finite field. (See also [Lap10, Chapters 3 
and 4].) 

Sometimes a stratification into different dimensions will be possible, such 
as for manifolds, and also for lattice strings. But for nonlattice strings, a 
stratification will be impossible. It is therefore a problem to know how such 
a theory would be set up algebraically since there will not be a chain com- 
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Table 12.1: Homological properties compared with properties of the zeta function. 


homology zeta function 

Poincaré duality functional equation 
grading by integers 0,1,...,d _ lines of poles at 

Res = 0,1/2,...,d/2 


eigenvalues of Frobenius in q’, where w is a complex 
dimension j on a variety dimension with 
over the finite field F, Rew = 7/2 


eigenvalues of the infinitesimal w, the complex dimensions 
generator of a dynamical 
system on a manifold 
Lefschetz fixed point formula coefficients of the zeta 
function 
functoriality the zeta function divides 
another one 


plex equipped with the usual boundary maps. Instead the cycles in such a 
theory could be represented by Dirichlet series with analytic continuation 
up to a certain line Res = O, whereas the boundaries would be represented 
by Dirichlet series that converge at s = O (i.e., with abscissa of convergence 
less than ©). As a consequence, a homology class would be represented by 
a Dirichlet series with analytic continuation up to Res = 0, modulo Di- 
richlet series that converge there. Thus, only the information contained in 
the poles with their principal parts remains. In particular, only the asymp- 
totic behavior of the coefficients of the Dirichlet series will be important in 
representing a fractal cohomology class. 


Remark 12.15. Recently, a different approach to fractal cohomology—as 
proposed conjecturally in our earlier book [Lap-vF5, Section 10.5] and fur- 
ther refined in parts of [Lap10] and [Lap-vF9]—was taken by R. Nest and 
the first author in the work in progress [LapNes4]. For now, it only applies 
to self-similar geometries. In addition to the theory of complex dimensions 
of fractal strings developed in [Lap-vF5] and in this book, it makes use of 
and significantly extends, in particular, aspects of the higher-dimensional 
theory, developed in [Pe2] and [LapPel—4, LapPeWi3]. Perhaps not sur- 
prisingly, a large number of zeta functions plays a key role in [LapNes4]. 


Remark 12.16. In [Lap10], especially Sections 4.4, 4.5, 5.5 and 5.6, are 
proposed the search for and discussed aspects of a cohomology theory that 
would help unify the treatment of arithmetic and fractal geometries, and 
take into account both the zeros and the poles (that is, the divisors) of the 
associated zeta functions. This proposal is motivated in part by the present 
theory of complex fractal dimensions (including [Lap-vF5, Section 10.5]) 
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and by aspects of Deninger’s program (see, for example, [Den3]), along 
with the theory of fractal membranes (or “quantized fractal strings”) and 
the associated moduli space developed in [Lap10, Chapters 3-5] (see Sec- 
tion 13.5 below for a brief description). 


12.4.1 Connection with Varieties over Finite Fields 


The analogy between the geometric zeta function of self-similar fractal 
strings and the zeta function of a variety over a finite field becomes apparent 
in the following simplest example. The zeta function of the affine line!® 
over F, is defined as Cai /p,(s) = (1—p pe) We compare this with the 
geometric zeta function of the Cantor string of Example 1.1.2, 


1 


Ccs(s) = [=e os 


Writing D = logs 2 = log 2/log3 for the Minkowski dimension of the Can- 
tor string, and setting p = 3, we find that 


a1 Fs (8) = Cos(s + D — 1). 
Setting p = 2, we find that 
Ca1/F (8) = Cos(sD). 


The poles of these zeta functions form a vertical arithmetic progression on 
one line, namely, w = 1+ikp with k € Z and p = 27/1log3 or p = 277/ log 2, 
respectively. 

In general, one defines the zeta function of a variety over a finite field as 
the generating function (or Mellin transform) of the counting measure of 
the positive divisors on the variety. As such, it is immediately clear that 
the zeta function can be obtained as an Euler product of factors that are 
defined in terms of the prime divisors of the variety. A variety over a finite 
field comes equipped with an action of the Frobenius endomorphism. !” 
This defines a discrete-time flow on the variety, the orbits of which are 
conjugacy classes of points on the variety, which (for curves) are the prime 
divisors of the variety. The logarithmic derivative of the Euler product is 
the generating function of the counting measure of the orbits of Frobenius. 

One of the most important developments in the theory of algebraic va- 
rieties was the definition and subsequent development of a cohomology 
theory. Indeed, the étale cohomology, which captures the combinatorics 
of families of étale covers of the variety, provides a theory that can be 


18Here, and henceforth, p is a prime number and F, denotes the finite field with p 
elements. 
19Which is induced on the variety by the automorphism x +> x? of Fp. 
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compared to the classical singular homology and cohomology theories of 
manifolds. Since the étale theory is defined purely algebraically, it allows 
application to varieties defined over a finite field. In particular, one re- 
covers the zeta function of the variety as the alternating product of the 
characteristic polynomials of the induced action of Frobenius on the étale 
cohomology groups. The poles of this zeta function are located on integer 
vertical lines Res = 0,1,...,, where n is the dimension of the variety, and 
the zeros are located on hale integer vertical lines Res = 5, 3, Ley 5. 
(See, e.g., [Kat, FreKie, Den3, Weil—2, 7, ParsSh1] or [Lap10, Appendix BI 
for further information about this beautiful subject.) 

This theory was first modeled on the theory of the Riemann zeta function, 
which is the first example of the zeta function of an arithmetic geometry, 
namely, the spectrum of Z. There exist only one-dimensional?° arithme- 
tic geometries. The (completed) Riemann zeta function has simple poles 
at s = 1 and s = 0, hence one could say (by analogy with the case of 
a curve over a finite field) that the cohomology groups H® and H? are 
one-dimensional; i.e., the spectrum of Z (completed at the archimedean 
place) is connected and one-dimensional. On the other hand, if the Riemann 
hypothesis holds, then the middle cohomology group H! could possibly 
be defined and should be infinite dimensional. Moreover, the logarithmic 
derivative of the Riemann zeta function is the generating function of the 
prime-power counting function. It is not known how the prime numbers p 
can be viewed as the (primitive) periodic orbits (of length log p) of a flow, 
but there is some indication that such a flow, if it exists, should take into 
account the smooth (archimedean) structure [Den3, Haran2]. The simplest 
such flow is the shift on the real line. 


12.4.2 Fractal Cohomology of Self-Similar Strings 


We propose constructing a cohomology theory, which to each (dynamical) 
complex dimension w of such a geometry, would associate a nontrivial co- 
homology group H” (with coefficients in the field of complex numbers). In 
general, H’ would be expected to be an infinite dimensional Hilbert space. 
This should be the case, for example, for the cohomology spaces associated 
with a nonlattice string (or, more generally, with a nonlattice self-similar 
geometry). Such a theory might be coined fractal cohomology (or complex 
cohomology). 


Fractal Geometries and Finite Geometries 


The geometric zeta function of a fractal string can have complex dimensions 
of higher multiplicity, as in Example 2.3.4. Hence ¢¢(s) should be compared 


20Indeed, the product of the spectrum of Z with itself has coordinate ring Z@ Z = Z, 
hence the product reduces to the diagonal [Haran1]. 
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Table 12.2: Self-similar fractal geometries vs. varieties over finite fields: Analogies 
between the zeta functions. 


self-similar geometries finite geometries 
lattice string variety V over the field F, 
nonlattice string £ infinite dimensional variety 
Cantor string affine rational variety 
geometric zeta function ¢; zeta function Cy 
counts lengths counts divisors 
lattice case is periodic the zeta function is periodic 
period p is typically large period is typically small 
nonlattice: p — oo period of Cy — 0 if #IF, — oo 
(i.e., characteristic — 1) 
residue at D (Minkowski residue at n (dimension) 
dimension) gives M(D; L) gives the class number 


to the zeta function of a variety over a finite field, and not for example to 
its logarithmic derivative. This is confirmed by the fact that the residue 
at a complex dimension is quite arbitrary, and not an integer in general. 
Another confirmation is that the logarithmic derivative of the geometric 
zeta function is the logarithmic derivative of the dynamical zeta function 
(see Section 7.1 and 7.2 in Chapter 7), which is the generating function of 
the counting function of the periodic orbits of a dynamical system. This 
corresponds to the logarithmic derivative of the zeta function of a variety, 
which is the generating function of the counting function of the periodic 
orbits of the Frobenius automorphism, as explained in Section 12.4.1. On 
the other hand, for the simplest self-similar strings (i.e., those with a single 
gap, as in Section 2.2.1), the geometric zeta function has only poles and no 
zeros. This would mean that there is only “even dimensional cohomology” 
in that case, but the correct interpretation is as yet unclear. 


This is explained in the following three tables. Table 12.2 summarizes 
the analogies between the corresponding zeta functions. We explain the 
sense in which p —> oo for nonlattice strings, and the connection with the 
characteristic. Recall that the oscillatory period of a lattice string with 
scaling ratios rj = r*i, 7 =1,...,.N (for positive integers k,,...,ky with- 
out common factor and r € (0,1)) is p = 27/logr~'. It is the period of 
its geometric zeta function: ¢c(s) = ¢c(s + ip), for s € C. On the other 
hand, if £ is a nonlattice string, and r; ~ r*i gives a lattice approximation, 
then ¢c(s) and ¢c¢(s+inp) are close, for n not too large. The next (better) 
lattice approximation to £ has larger values for the integers k,,..., ky and 
a value of r that is closer to 1. Hence, its oscillatory period is larger (see 
Section 3.4 for more details). In that sense, p — oo for nonlattice strings, 
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Table 12.3: Self-similar fractal geometries vs. varieties over finite fields: Cohomo- 
logical aspects. 


finite geometries 

poles from even cohomology 

zeros from odd cohomology 

zeta function is periodic 

the cohomology collapses to 
a finite-dimensional one 


self-similar geometries 

poles from the scaling ratios 

zeros from the gaps 

lattice case is periodic 

nonlattice cohomology is 
infinite dimensional 


as p runs through the values of the oscillatory periods of lattice approxi- 
mations. For a variety (of dimension n) over the finite field F,, on the other 
hand, the zeta function is periodic with period p = 27/loggq. Again, the 
zeta function of V is periodic: ¢y(s) = ¢y(s + ip), for s € C. Here, gisa 
power of a prime number, the characteristic of the finite field. Hence the 
period is small typically. However, the limit as q | 1 (i.e., if the character- 
istic of F, tended to 1, if this were possible), corresponds to the limit r t 1 
that we observe for nonlattice strings. 


Table 12.3 summarizes the expected properties of a cohomology theory 
for self-similar fractal strings (and sets), and Table 12.4 presents the dy- 
namical analogies between self-similar flows and the Frobenius flow of a 
variety. 


Table 12.4: Self-similar fractal geometries vs. varieties over finite fields: Dynamical 
aspects. 


self-similar geometries 


finite geometries 


dynamical flow 


dynamical zeta function —¢;/¢c 


counts the closed orbits 
Euler-type product connects 
orbits with lengths 
r” (poles) are solutions 
to (2.11) 
number of lines is ky = degree 
of (2.11) 


Frobenius flow 
—¢{,/¢y counts the Frobenius 
or Galois orbits of points 
Euler product connects 
orbits with divisors 
(zeros and poles) are 
eigenvalues of Frobenius 
number of lines is 2n + 1, 
n = dim V 


ee 


q 


The ideas in this last section are expanded from those in [Lap-vF5, Sec- 
tion 10.5]. They were first presented in the present form in [Lap-vF9]. We 
invite the reader to further develop these ideas. 
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12.5 The Spectrum of a Fractal Drum 


In this section we consider a bounded open set Q C R¢, with a fractal 
boundary 0Q, and equipped with a Laplace operator A. The counting func- 
tion of the frequencies of A is denoted by N,(x). We refer to Appendix B 
for information and references about the case when (Q is a manifold with 
smooth boundary. 


12.5.1 The Weyl—Berry Conjecture 


Hermann Weyl’s conjecture (about manifolds with smooth boundary, see 
Section B.4.1 in Appendix B), has been extended by Michael V. Berry 
in [Berr1—2]. Berry’s intriguing and stimulating conjecture was formulated 
in terms of the Hausdorff dimension H of 02. In [BroCa], Brossard and 
Carmona disproved this conjecture and suggested that the Hausdorff di- 
mension H should be replaced by the Minkowski dimension D of 0Q. Using 
probabilistic techniques, they also obtained an analogue of estimate (B.2) 
(expressed in terms of D) for the spectral partition function @,(t) (rather 
than for N,(a)) in the case of the Dirichlet Laplacian. 

Later on using analytical techniques (extending, in particular, those 
of [Wey1-2], [CouHi] and [Mét]), Lapidus [Lap1] has shown that the coun- 
terpart of estimate (B.2) holds for the spectral counting function N, (2) 
itself. More precisely, provided that D € (d—1,d) and M*(D;0Q) < o, 
the following Weyl asymptotic formula with sharp error term holds point- 
wise: 


N,(a) = ca vol(M) x? + O(x”), (12.13) 


as x — oo.”! (Here, the positive constant cy depends only on d and is given 
just after formula (B.2) in Appendix B; see also Remark 12.17 below.) 
Analogous results were obtained in [Lap1] for the Neumann Laplacian (un- 
der a suitable assumption on OQ) and, more generally, for positive elliptic 
differential operators (with Dirichlet, Neumann, or mixed boundary con- 
ditions); see [Lap1, Theorem 2.1 and Corollaries 2.1-2.2, pp. 479-480]. We 
mention that the snowflake drum is a natural example of a (self-similar) 
fractal drum for which estimate (12.13) holds pointwise, either for Dirich- 
let or Neumann boundary conditions; see [Lap1, Example 5.4, pp. 518-519] 
along with Section 12.5.2 below. 

We note that the a-string—introduced in [Lap1] and studied in Sec- 
tion 6.5.1 above (see also [LapPol—2])—provides a simple example showing 


211f D = d—1 (the nonfractal case in the terminology of [Lap1], see also Figure 9.1 
on page 273), the result of [Lap1] yields instead the error term O(x? logx) obtained 
previously by G. Métivier in |[Mét] in that situation and, in the special case of piecewise 
smooth boundaries, in [CouHi]. 
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that the Hausdorff dimension (or its companion, the packing dimension) 
cannot be used in this context to measure the roughness of the boundary 02 
of a fractal drum. Indeed, a simple variant of that example enables one to 
exhibit a one-parameter family of open sets {Q,},.9 such that (with the 
notation of Remark 12.17) D(@Qq) =n—1+ ay and H(0Q,.) = n—-1, 
0 < M*(D;0Q,) < co,?? while the estimate in (12.13) is sharp with 
D = D(0Q,) for every value of a > 0. Observe that D takes every possible 
value in the admissible interval (n—1, n) as the parameter a varies in (0, 00). 
See [Lapl, Examples 5.1 and 5.1’, pp. 512-515], along with Remark 1.5 in 
Chapter 1. 


Remark 12.17. Note that since 0Q is the boundary of a bounded open 
set, we always have n —1< H < D <n, where D denotes the Minkowski 
dimension of 0Q and H denotes its Hausdorff dimension. Further, if OO is 
piecewise smooth, or more generally Lipschitz, we have D = H =n-1. 
(See, e.g., [Lap1, Section 3] and the references therein.) 


12.5.2. The Spectrum of a Self-Similar Drum 


It is conjectured in [Lap3] that the (frequency) spectrum of a drum with 
self-similar fractal boundary does not have oscillations of order D in the 
nonlattice case, whereas it has (multiplicatively) periodic oscillations of 
order D in the lattice case. Here, as before, D denotes the Minkowski 
dimension of the boundary of the drum. More specifically, as > o, 
it is conjectured in [Lap3] that in the nonlattice case (respectively, lat- 
tice case), the spectral counting function N,(a#) has a monotonic (respec- 
tively, oscillatory) asymptotic second term of the form a constant times 7? 
(respectively, f(logx)a?, for a nonconstant periodic function f of pe- 
riod 27/p, the additive generator of the boundary). By a standard Abelian 
argument ([Sim, Theorem 10.2, p. 107] or [Lapl1, Appendix A, pp. 521- 
522]), the same statement would also hold for the spectral partition func- 
tion 6,(t) as t > 0+, with x replaced by t~!. (For strictly self-similar drums, 
see [Lap3, Conjecture 3, p. 163] along with the important special case of 
snowflake-type drums discussed in [Lap3, Conjecture 2, p. 159], including 
the usual snowflake drum. See also [Lap3, Conjecture 4, p. 175] and Re- 
mark 12.10, for the broader class of approximately self-similar drums, in 
the sense of Section 12.2 above.) 

In the special case of self-similar sprays (as defined in Section 6.6.2 and 
corresponding to the Dirichlet or Neumann Laplacian on a disconnected 
open set), the results of Section 6.6 above, Theorem 6.26 (for the Sierpinski 
drum), and especially Theorem 6.29, agree exactly with this conjecture. 


22 Actually, Qa is Minkowski measurable, as shown in [Lapl, Appendix C]. 
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(See also the earlier references given in Section 6.6, including [FleVa, Ger, 
GerScl—2, Lap2-3, LeviVa, vB-Le].) 

Moreover, in the case of the Dirichlet Laplacian on a connected domain, 
the interesting example of the snowflake drum (see Figure 12.6), a lattice 
self-similar drum, has been studied in [FleLeVa] from the point of view 
of the spectral partition function 0,(t) (or of the closely related notion of 
heat content). See also the recent extension in [vB-Gil] to a one-parameter 
family of snowflake-type drums (much as in [Lap3, Conjecture 2, p. 159]). 
Again, these results agree with [Lap3, Conjectures 2 and 3]. However, we 
point out two open problems in this situation: 

(i) As far as we know in the lattice case, the counterpart for 0,(t) of the 
periodic function f has not been proved to be nonconstant, even for the 
example of the snowflake drum. We note that for the latter example, the 
counterpart of f was verified numerically to be nontrivial in [FleLeVa]. 

(ii) To our knowledge no such (pointwise) results have been obtained 
for the spectral counting function N,(x) rather than for 6,(t). We note 
that technically, the conjectured pointwise result for N,(x) is significantly 
harder to establish than for 6,(t). 


Remark 12.18. We refer the interested reader to [LapNRG] and [GriLap] 
for a computer graphics-aided study of the frequency spectrum and of the 
normal modes of vibration of the snowflake drum (coined snowflake har- 
monics). Mathematically, the latter are the eigenfunctions of the Dirichlet 
Laplacian on the snowflake domain; that is, on the bounded domain having 
the snowflake curve for fractal boundary (see Figure 12.6). We also refer 
to the earlier paper [LapPan] for a mathematical study of the pointwise 
behavior of these eigenfunctions (and of their gradient) near the fractal 
boundary, for a class of simply connected domains including the snowflake 
domain. The work of [LapNRG] and [LapPan] was motivated in part by 
intriguing physical work and experiments in [SapGoM|] on the vibrations of 
fractal drums, and was aimed in the long term at understanding how (and 
why) fractal shapes—such as coastlines, blood vessels and trees—arise in 
nature. (See also [DauLap].) We note that the numerical data in [LapNRG] 
(along with those in [SapGoM], [FleLeVa], [GriLap] and [DauLap]) should 
be useful to investigate the open problems and conjectures stated in the 
present subsection and in Section 12.5.3 below. 


Given the theory developed in this book, in particular Theorems 2.16 
and 3.6, it is natural to complement the spectral aspects of [Lap3, Con- 
jecture 3, p. 163] by the following conjecture, which is a partial analogue 
of Conjecture 12.8 in Section 12.2 for the spectral?? (rather than for the 
geometric) complex dimensions of a self-similar drum. 


23 By definition, the (visible) spectral dimensions of a fractal drum are the poles (within 
a given window W) of a meromorphic extension of ¢,(s), the spectral zeta function 
of this drum. Henceforth, we omit the adjective “visible”? when referring to spectral 
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Conjecture 12.19. Assume, for simplicity, that d—1< D<d, where D 
is the Minkowski dimension of the boundary of a (strictly) self-similar 
drum Q C R® (satisfying the open set condition, see Section 2.1.1 and 
Remark 2.21). Then D is the only real spectral complex dimension of 
the drum, other than d itself, and it is simple. (See also the end of Re- 
mark 12.20 below.) 

Moreover, on the vertical line Res = D, a nonlattice drum does not have 
any nonreal spectral complex dimensions, whereas a lattice drum has an in- 
finite sequence of spectral complex dimensions, contained in the arithmetic 
progression {D + inp: n € Z}, where p is the (spectral) oscillatory period 
of the drum. 

In addition, a nonlattice drum has spectral complex dimensions arbitrar- 
ily close (from the left) to the line Res = D, whereas this is not the case 
for a lattice drum. 

Finally, the spectral complex dimensions of a nonlattice drum are quasi- 
periodically distributed (in the sense of Theorems 2.16 and 3.6); that is, 
they can be approximated by those of a suitable sequence of lattice drums. 


We point out that it follows from Conjecture 12.19 and from our explicit 
formulas (namely, from Theorem 5.26) that the conclusion of [Lap3, Con- 
jectures 2 and 3] holds pointwise for the spectral partition function 6,(t) 
and distributionally for the eigenvalue counting function N, (2). 


Remark 12.20. As was noted in [Lap2-3], it follows easily from Weyl’s 
asymptotic formula with error term ([Lap1, Theorem 2.1], estimate (12.13) 
above) that for any fractal drum such that M*(D;0Q) < co and D < d, the 
spectral zeta function ¢,,(s) has a meromorphic extension to the open half- 
plane Res > D, with a single (simple) pole at s = d, either for Dirichlet 
or Neumann boundary conditions.*4 Therefore, all the spectral complex 
dimensions of the fractal drum other than d itself lie in the closed half- 
plane Res < D. This is the case, in particular, for the self-similar drums 
considered in Conjecture 12.19 (under the hypothesis of footnote 24). 


Remark 12.21. In view of [Lap3, Conjecture 4, p. 175] and Remark 12.10 
above, an entirely analogous conjecture can be made about the spectrum 
of approximately self-similar fractal drums. (For a discussion of the case 
of drums with self-similar fractal membrane, see [Lap6, Section 8] which 
would complete the rigorous results of [KiLap1] regarding an analogue of 
Weyl’s formula for Laplacians on self-similar fractals.) 


complex dimensions and it is implicitly understood that W is a suitable neighborhood 
of {s: Res > D}. 

24Here and in Conjecture 12.19 above, only for the Neumann Laplacian, we assume as 
in [Lap1] or [Lap3, Conjecture 3] that Q is a quasidisc, which is the case, for instance, 
for the snowflake domain or its natural generalizations; see [Lapl, Section 4.2.B and 
Example 5.4] along with [LapPan]. 
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Remark 12.22. A conjecture more precise than Conjecture 12.19 could 
be made for the spectrum of self-similar drums. It would be much closer to 
the statement of Conjecture 12.8 for the geometry of self-similar drums. At 
this point, however, we prefer to refrain from formulating it until a better 
understanding of a suitable counterpart of the spectral operator has been 
obtained in the context of self-similar fractal drums. (Recall that the spec- 
tral operator discussed in this book relates the geometric and the spectral 
complex dimensions of a fractal string or, more generally, of a fractal spray; 
see Section 6.3.2 and Definition 6.23 in Section 6.6.) Further insight into 
this difficult problem may be gained by examining the question raised in 
the next remark and subsection, regarding the relationship between the 
spectrum and the dynamics of a fractal drum. 


Remark 12.23. In [Tep1l,2|—motivated in part by some of the results 
in [RamTo, BessGM, Lap2-3, LapPo2, LapMa2, Kil, FukSh, KiLap1] and 
in Chapter 2 of [Lap-vF5|—Alexander Teplyaev has obtained an interest- 
ing expression for the spectral zeta function?’ ¢,(s) of certain drums with 
self-similar fractal membrane, that is, for Laplacians on a self-similar frac- 
tal as in, e.g., [Kil-2, KiLap1-2]. It extends to the present situation the 
factorization formula (1.38) of Theorem 1.21.7° Indeed, it is of the form 


Cv(s) = Cc(s)Gr(s), (12.14) 


where ¢¢(s) is the geometric zeta function of a (virtual) self-similar string £ 
(as in Chapters 2 and 3, see, e.g., Equation (2.10) of Theorem 2.3) and ¢p(s) 
is defined in terms of an underlying complex dynamical system (i.e., of the 
inverse iterates of a suitable polynomial of one complex variable).?’ Also 
compare (12.14) with the factorization formula for the spectral zeta func- 
tion of a fractal spray (see Equation (1.46) in Section 1.4 above, along 
with [LapPo3] and [Lap-vF5, Equation (1.41), p. 22]). In particular, ¢p(s) 
reduces to the Riemann zeta function ¢(s) (and hence formula (12.14) 
to (1.38)) in the case corresponding to a self-similar string (with possi- 
bly multiple gaps), viewed as a unit interval with a (self-similar) fractal 
structure. So far, the type of (self-similar) drum with fractal membrane 
for which formula (12.14) is known to be true is rather limited (besides 
the one-dimensional self-similar case, it includes the interesting case of the 
Sierpinski gasket), but it is natural to conjecture [Lap7| that appropriate 
(and certainly significant) modifications should enable one to considerably 
broaden its domain of validity. In view of the recent work in [Sab1, 2] ex- 
tending the decimation method [RamTo, FukSh], the underlying complex 


25See Section B.3 of Appendix B for a definition of the spectral zeta function. 

26Formula (1.38) was observed in [Lap2] and used extensively in later work on fractal 
strings, including the present book. (See, e.g., [Lap3, LapPo2-3, LapMa2, HeLap2, Lap- 
vF4-5]). 

27More precisely, ¢.(s) may be a suitable finite sum of expressions as in (12.14). For 
simplicity, this fact will be ignored in the rest of this discussion. 
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dynamics should involve, in general, rational functions of several complex 
variables. (See [Lap7].) 

We note that for the Laplacian on the Sierpinski gasket F’, an interesting 
feature of formula (12.14) is that the zeros of the numerator of ¢-(s) cancel 
the poles of ¢p(s), a phenomenon in some sense dual to that encountered 
in [LapMal, 2], where, for a suitable fractal string £, the poles of ¢r(s) (ie., 
the geometric complex dimensions of £) are canceled by the corresponding 
(critical) zeros of the Riemann zeta function ¢(s) = ¢p(s), resulting in fewer 
poles of the spectral zeta function ¢,(s) = Cc(s)¢(s), by formula (1.38).7% 
It follows [Tep1, 2] that the spectral complex dimensions of F' (i.e., the 
poles of ¢,(s)) lie on a single vertical line and are of the form D, + inp 
(for n € Z), where D, = log9/log5 is the spectral dimension of F' (as 
defined in [KiLap1] and the relevant references therein, including [FukSh]) 
and with oscillatory period p = 27/ log 5, as conjectured in [Lap6, §8] (see 
especially [Lap6, Conjecture 8.2, p. 236, and Example 8.9, p. 239]). 

In closing this remark, we mention the paper [DerGrVo] on the spectrum 
of the Laplacian for a class of decimable self-similar fractals including the 
Sierpinski gasket.?? In that work, the factorization formula (12.14) is now 
given a different (but equivalent) interpretation and results supplementing 
those of [FukSh, KiLap1, Lap-vF5, Tep1—2] (among other references) are 
obtained. In particular, the spectral zeta function of the Laplacian is shown 
to have a meromorphic continuation to all of C (rather than in a half-plane, 
as in [Tep1-—2]) and, under suitable hypotheses, the eigenvalue counting 
function is shown to have oscillations (of leading order), as conjectured 
in [KiLap1, p. 105] and further discussed in [Lap5] and [Lap6, Section 8]. 


12.5.3 Spectrum and Periodic Orbits 


In [Gut2, Section 16.5 and Chapter 17], it is explained how the spectrum 
of the Laplacian on a Riemannian manifold is related to the periodic orbits 
of a particle moving in the manifold. By a trace formula, reminiscent of 
the Selberg Trace Formula, the spectral partition function—or rather, its 
quantum-mechanical analogue, a suitable distributional trace of the unitary 
group Lene } eine where A is the Laplacian on the manifold—is expressed as 
a sum over the periodic orbits. This relationship—which is rather surprising 
at first and is usually known in the physics literature as the Gutzwiller Trace 
Formula [Gut1—2|—follows from a heuristic application of the method of 
stationary phase to a Feynman path integral.°° 


?8Recall that this was the main idea in Chapters 9 and 11. 

2°These are necessarily lattice self-similar fractals, in the spectral sense of [KiLap]]. 

30We wish to thank Michael V. Berry for a conversation about this subject. Also 
see [Berr4]. 
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As an example, we consider fractal strings. In this case all the quantities 
involved can be worked out explicitly. As in Gutzwiller [Gut2, Section 16.5, 
formula (16.13)], we show how counting frequencies can be transformed 
into counting periodic orbits,?! using the Poisson Summation Formula (see, 
e.g., [Ser, Section 6.1] or [Lap10, Appendix C]). 

Given t > 0, let 


eo" = ek ie 2 
ap(t)= YP ett aay tem 
kEZ\{0} k=1 


be the spectral partition function for the (normalized) squared frequencies 
(i.e., eigenvalues) of the Bernoulli string. (See footnote 4 on page 499 of 
Appendix B.) The squared frequencies of the fractal string £ = {l; toe 

then counted by®? 


zv.c(t) =) 5 en tk ly *t 
j=l k=1 
Since, by formula (A.22), we have 
1 = 
2a(t) +1 = eee” (12.15) 
keZ 
we find that 
—ar lj 2724-1 
OE yes ) 
j=l vi vi kEZ; k£0 
L sa (-14 Ge ne) 
=—=+»> SORES is (12.16) 
vi j=l Vt ne, k£0 


where [ = are J; is the total length of the string. We recognize the ana- 
logue of the Weyl term, L/\/t, and the double sum in (12.16) extends over 
the periodic orbits (of lengths k-1;, k = 1,2,...) of a particle on the string. 
The convergence of this series is subtle, and can be checked by noting that 


l; = Pe 
2 mG = fe ar $04) = 14 004), 
vt kEZ; k40 ices 


31Note that here we view the Bernoulli string as the unit circle, instead of as the unit 
interval (0,1). The periodic orbits of a particle are the orbits of this particle around the 
circle. Hence we have the basic periodic orbit corresponding to going around once, and 
repetitions thereof. 

32Recall that sb (normalized, nonzero) frequencies of the Laplacian on a circle of 
length 1; are k - ist , with k € Z\{0}. Here, we use a normalization such that the square 
of theds frsqusacies is equal to Pa (instead of Bi ), in order to obtain elegant 
formulas. Further, following the canvenbion used, in particular, in Chapter 1 and in 
Appendix B, we exclude here the zero frequency. 
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as J > ©. 


For the frequency counting function itself, we obtain a similar result. 
Note that the Fourier transform of the characteristic function of (0,2) is 


—_ eT 2tixy 
2riy 
Thus we find, again by means of the Poisson Summation Formula, 


i \ sin 2rak 
Dee ae wk 


1<k<x k=1 


Hence 


= Sea 6 sin 2ral;k 
N,(e) = >— l=Lz > S- =" d (12.17) 
jg=11 


j=1 1<k<al; j=l k=1 


We recover the Weyl term, Lx, and a sum over all the periodic orbits. That 
this series converges is again a subtle matter. 


For higher-dimensional fractal sets, a similar method could possibly be 
applied, although this is still a remote prospect as we briefly discuss below. 
Note that when the boundary of a bounded open set is fractal, as is the case 
for the snowflake drum, the determination of the periodic orbits becomes 
problematic since a particle bounces off the boundary in unpredictable 
directions. The bouncing of a point-particle is not even well defined. See, 
however, Remark 12.25 below. 


Remark 12.24 (Self-similar fractal drums and fractal billiards). Motiv- 
ated in part by results or comments from [Berrl-3, Lall2-3, ParrPol2; 
BedKS, esp. Sections 6 and 8] and the relevant references therein, includ- 
ing several of those mentioned at the beginning of this section, the first 
author has formulated in [Lap3, Conjecture 6, p. 198] a metaconjecture 
underlying many of the conjectures from Part II of [Lap3] briefly discussed 
in Sections 12.2 and 12.5.2, both for (approximately) self-similar drums 
with fractal membrane and with fractal boundary (as in the present sit- 
uation). Roughly speaking, it suggests that there should exist a suitable 
dynamical system associated with a given self-similar drum (viewed, say, 
as a billiard table) such that an analogue of the Selberg (or, more gener- 
ally, the Gutzwiller) Trace Formula holds in this context. Accordingly, the 
lattice-nonlattice dichotomy in the spectrum of self-similar drums could 
be understood as follows: In the nonlattice case, there would exist an in- 
variant ergodic measure with respect to which the periodic orbits of the 
fractal billiard are equidistributed, whereas in the lattice case, the periodic 
orbits would be concentrated and their oscillatory behavior (of order D) 
would be described by their distribution with respect to a suitable measure. 
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Figure 12.11: Primary piecewise Fagnano orbits of the prefractal approximations 
Q(KS,), with n = 0,1, 2. 


Therefore, conjecturally, this would explain dynamically the absence or the 
presence of oscillations of order D in the spectrum of self-similar drums, in 
the nonlattice or lattice case, respectively. 

As is clear from the discussion in this section, in the present case of 
drums with fractal boundary we are still far from being able to formulate 
such a conjecture precisely, let alone to prove or disprove it, even for the 
snowflake drum. Nevertheless, this is a challenging problem that appears 
to be worth investigating further in the future. 


Remark 12.25 (Von Koch snowflake billiard). In recent works [LapNie2, 3], 
based in part on computer simulations in [LapNiel], Michel Lapidus and 
Robert Niemeyer have begun investigating the von Koch snowflake frac- 
tal billiard. The von Koch snowflake fractal billiard can be viewed as 
the suitable limit of its prefractal approximations, each prefractal billiard 
being a simply connected domain with boundary K'S,; see Figures 12.6 
and 12.7. This work is still in early stages of development, but recent re- 
sults in [LapNie2] and [LapNie3] indicate that it may be possible to treat 
the von Koch snowflake domain as a mathematical billiard and to study 
the associated billiard flow f’ on the corresponding phase space. 

A number of conjectures are made in [LapNiel, 2] about the nature of the 
resulting “fractal billiard” and of the associated billiard and geodesic flows, 
as well as about the nature of certain periodic orbits of the von Koch snow- 
flake billiard (and other fractal billiards). Several of these conjectures are 
tackled and rigorously established in [LapNie2—4], although much remains 
to be done from the mathematical point of view. 

In [LapNie2], the first author and R. Niemeyer have demonstrated the 
existence of particular periodic orbits of the von Koch snowflake frac- 
tal billiard. In the direction of 6 = 2/3, three types of orbits of the 
fractal billiard are discussed: piecewise Fagnano orbits (see Figures 12.11 
and 12.12), stabilizing periodic orbits and generalized piecewise Fagnano 
orbits. In [LapNie2,3], the authors show that it may be possible to de- 
fine reflection on a subset of the von Koch snowflake, despite the absence 
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Vetoes 


Figure 12.12: Piecewise Fagnano orbits of the prefractal approximations 0(KS,), 


hen 
De 


Figure 12.13: The flat surface S(KS3) corresponding to the billiard 0(4'S3). 
See [LapNie2] for the proper identifications. 


of a well-defined tangent at any point. Specifically, the stabilizing peri- 
odic orbits [LapNie2] and what are tentatively called “hybrid” periodic or- 
bits [LapNie3] constitute orbits constructed by way of a “fractal law of 
reflection” described in [LapNie3]. 

In [LapNie2], in the specific direction 9 = 7/3, the “footprints” (that 
is, the intersection of the orbits with the von Koch snowflake boundary) 
of piecewise Fagnano orbits are shown to be self-similar Cantor sets (of 
the snowflake curve), and the orbits themselves have finite total length. In 
general, every orbit in the direction of 7/3 has finite length. 

In Section 6 of [LapNie2] are stated various conjectures and remarks dis- 
cussing the possible existence of suitable analogues of a Gutzwiller-type 
trace formula. In conjunction with establishing the existence of a billiard 
flow on the von Koch snowflake domain and a trace formula connecting 
the vibrational spectrum of the von Koch snowflake drum and the length 
spectrum of the von Koch snowflake billiard, one would also be inclined 
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to investigate the ergodic properties of the associated geodesic flow on a 
corresponding ‘fractal flat surface’ (see Figure 12.13). In [LapNie4], prelim- 
inary work is done towards understanding the associated geodesic flows for 
the prefractal approximations and the ergodic properties of such a flow. 

It is hoped that the first author’s joint work with R. Niemeyer will even- 
tually give rise to analogues of various trace formulas for a large class of 
“self-similar fractal billiard tables” as well as to the new subject of “frac- 
tal billiards”, a subject of great interest in the mathematical and physical 
sciences due to its potential connections, for example, with random matrix 
theory and quantum chaos. 


12.6 Notes 


Section 12.2.1: the snowflake curve was introduced by Helge von Koch 
in [vK1, 2] and has since been used as a prototypical example of self-similar 
fractal. We refer, for instance, to [Man2, Section II.6] and [Fa3, Introduction 
and Chapter 9] for a more detailed discussion of the von Koch and snowflake 
curves. See also, e.g., [Ed] and [Lap8] for additional historical background 
and references. 

As is noted in [LapPel], a result entirely analogous to Theorem 12.11 can 
be obtained by the same method for the square (instead of triangular) snow- 
flake curve. Further, the same method as that leading to Theorem 12.11 is 
expected to eventually yield an inner tube formula for all lattice self-similar 
fractals and possibly, by the density arguments of Chapters 2 and 3 (see es- 
pecially Section 3.4), to provide information about the complex dimensions 
of nonlattice fractals. 

Section 12.5.1: we note that the analogue of Weyl’s formula (without 
error term) for nonsmooth domains was first obtained in [BiSo]. 

The one-dimensional case of the Weyl-Berry conjecture was studied in 
great detail in [LapPol—2] and [LapMal-2]. Most of the results in [Lap], 
LapPol-2, LapMal-2] and [Cal] are extended in [HeLap1-2] using a no- 
tion of generalized Minkowski content which is defined by means of some 
suitable gauge functions other than the traditional power functions in mea- 
suring the irregularities of the fractal boundary. It may appear at first sight 
that even in the one-dimensional case the work in [HeLap1-—2] does not lie 
within our framework of complex dimensions because it allows, for instance, 
for logarithmic singularities in the corresponding zeta functions. However, 
under mild hypotheses, an appropriate use of the functional calculus for 
self-adjoint operators enables one to reduce this more general situation to 
the present one and to apply the theory of complex dimensions developed 
in this book in order to deduce, after a suitable change of variables, the 
explicit formulas corresponding to the framework of [HeLap2]. This is done 
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in a joint work in preparation by Daniele Guido, Tommaso Isola and the 
first author [GuIsLap5]. 

Various extensions of the results of Section 12.5.1 and partial results to- 
ward a suitable substitute for the Weyl—Berry Conjecture for drums with 
fractal boundary have now been obtained in a number of papers, includ- 
ing [Lap2-3, LapPol-2, LapMal-2, FleVa, Ger, GerScl-2, Cal—2, vB, vB- 
Le, HuaSl,FleLeVa,LeviVa, MolVa,vB-Gil, HeLap1—2]. The interested reader 
will find in those papers, in particular, several examples of monotonic or 
oscillatory behavior in the asymptotics of N,(a) or of 6,(t). The theory 
presented in this book—once suitably extended to higher dimensions (see, 
in particular, Sections 12.1, 12.2, 12.5.2 and 12.5.3)—should help shed new 
light on these examples. We note that many of these examples can be 
viewed as fractal sprays (as in [LapPo3]) and hence already lie within the 
scope of the present theory; see, for example, Section 6.6 above. 

Section 12.5.3: a sample of physical and mathematical works related to 
the Gutzwiller Trace Formula includes [Gut1—2, BallanBlo, BalaVor, Berr3, 
Vor, BerrHow, BraBh] and [Col, Chaz, DuiGu]. 


13 


New Results and Perspectives 


In this chapter we discuss new work motivated by the notion of complex 
dimension. Throughout, we also make numerous suggestions for the direc- 
tion of future research related to, and naturally extending in various ways, 
the theory developed in this book. In several places, we also provide some 
additional background material that may be useful to the reader. 

In Section 13.1, we discuss the recent work of Erin Pearse, Steffen Win- 
ter and the first author [Pe2, LapPe2—4, LapPeWil], in which a higher- 
dimensional theory of the complex dimensions of self-similar fractals is de- 
veloped via associated self-similar tilings and corresponding tube formulas. 

In Section 13.2, we describe the work of the authors and Hing Lti about 
a p-adic analogue of the connection between Minkowski measurability and 
complex dimensions, as in [LapLul-3, LapLu-vF 1-2]. 

In Section 13.3, we describe the work of the first author with John Rock, 
as well as with John Rock and Jacques Lévy-Véhel, about multifractals 
and associated zeta functions; see [LapRol-3, LapLévRo], along with [Ell- 
LapMR]. 

In Section 13.4, we provide an overview of the joint work of B. Hambly 
and the first author [HamLap] on random fractal strings and their assoc- 
iated random zeta functions and complex dimensions. Two main classes of 
random strings are considered: random self-similar strings and their nat- 
ural generalizations, and random stable strings, such as the one defined 
in terms of the zero set of Brownian motion. This leads us to refine the 
definition of fractality proposed in Section 12.1, by allowing the possibility 
of a natural boundary for the underlying geometric zeta function. 
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In Section 13.5, we briefly discuss the new notion of fractal membrane (or 
quantized fractal string), introduced by the first author in the book [Lap10] 
and further studied by the first author and R. Nest in the papers in prepa- 
ration [LapNes1-3]. Two related aspects of fractal membranes are directly 
relevant to potential extensions of the theory in this book. First, their zeta 
function (or partition function) has an Euler product representation (in 
which the reciprocal lengths of the underlying fractal string play the role 
of the primes), and second, because of this Euler product, the correspond- 
ing zeros and poles are on an equal footing, and can be viewed as natural 
invariants of the fractal membrane. 

For more information about the most recent developments related to the 
theory of complex fractal dimensions, the reader is referred to, for example, 
[BegDMS, Chil-2, ChrIvaLap, dHTie, EliTie, Ess3-4, FaSam, FlaRV, Jaf3, 
LalLap, LapNieRo, LapRaZu, LapSar, Lu, O13, Pea, PeaBel, Sar, Steinh, Tie], 
along with the other relevant references in this chapter and elsewhere in 
the book. 


13.1. A Higher-Dimensional Theory 
of Complex Dimensions 


The tube formula obtained for the von Koch curve in [LapPel] (see Theo- 
rem 12.11) provides a first step towards a higher-dimensional theory of 
complex dimensions of self-similar fractals. With this goal in mind we ex- 
tend some of the results obtained in this book to two or more dimensions, 
especially in parts of Chapters 2, 3, and 8, as well as in Section 6.4. A 
main challenge associated with Theorem 12.11 (apart from extending it to 
other interesting higher-dimensional examples), consists in defining in this 
situation an appropriate analogue of the geometric zeta function, and show- 
ing that it admits a meromorphic continuation to some half-plane Res > 6, 
with -coo <6 <D. 

In [Pe2, LapPe2-3, LapPeWil], the beginning of a higher-dimensional 
theory of complex dimensions is developed for a suitable class of self- 
similar systems in R@, via tube formulas and associated “tubular” (or “vol- 
ume”) and “scaling” zeta functions. In this section, we discuss the main 
results of Michel Lapidus and Erin Pearse in [LapPe2-3] (and related re- 
sults in [Pe2, PeWi]), along with the significant extension and improve- 
ment of those results obtained by Michel Lapidus, Erin Pearse and Steffen 
Winter in [LapPeWil]. The fractal tube formulas obtained in [LapPe2-3] 
and [LapPeWil] extend both the classic Steiner tube formula for convex 
bodies [Schn2, Section 4.2] and the tube formula for fractal strings (Theo- 
rem 8.1). See also the survey paper [LapPe3]. 
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We fix a dimension d, and write int A for the interior of a subset A of R%, 
A for its closure, and 0A = AN AS for its boundary (where A‘ denotes the 
complement of A in R®). 


Definition 13.1. Given < > 0, the (inner) e-neighborhood (or €-parallel 
set) of a bounded subset A of R? is 


A, :={x€ A: dist(x, 0A) < e}. (13.1) 


A tube formula for A is an expression for the d-dimensional Lebesgue mea- 
sure Va(e) := vola(Ae). 


For ¢ > 0, A; is closed, bounded and nonempty, and contains Ap = OA. 
Note that A, = A for ¢ > p, where p = p(A) denotes the inradius of A, to 
be introduced in Definition 13.3 below. 


Given K bounded open sets Gi,...,Gx, a fractal spray 7 is a disjoint 
union of the sets 1G, obtained by scaling each of the generators G, by 
the fractal string £ = {I} (which is simply a sequence of scaling factors 
in this section). Here, IG, is the homothetic of G, when scaled by J. In 
order for this union to be again a bounded subset of R%, it is necessary 
that I4 be summable. Since our theory applies equally well to generalized 
(or ‘virtual’, as in Section 4.3) sprays, we define a spray simply using a 
generalized fractal string 7 and do not necessarily require that [ x4 dn be 
finite. We recover the geometric case for the measure 7 = Nc = Dojez O-1- 


Definition 13.2. A fractal spray T in R¢@ (d > 1) is given by 


(i) acollection {G,}#_, of nonempty bounded open subsets of R%, called 
the generators, 


(ii) a generalized fractal string 7. 


In particular, a fractal string is a fractal spray whose generator is the 
interval G = (0,1).' See Figure 1.7 in Section 1.4 for the example of the 
Cantor spray obtained by scaling a single generator (the unit square) by 
the Cantor string. See also Figures 13.1, 13.4 and 13.5 on pages 385-396, 
corresponding respectively to the von Koch, Sierpinski and pentagasket 
tilings, for further examples of (ordinary) fractal sprays with K = 1 (for 
the first two examples) and K = 6 (for the last example). 


Note that the only difference between Definition 13.2 and the previous 
definitions appearing in Sections 1.4 and 4.3 (and originally in [LapPo3]) 
is that we allow here more than one generator. This was not required for 
fractal strings because all open intervals are similar. One could consider 
examples for which K = oo, but for the time being we assume K < «~, 
following [LapPe2-3, LapPeWil]. 


1Note that a generator is called a “basic shape" in the rest of this book. 
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When there is more than one generator it is more convenient to think 
of the spray as a union of fractal sprays, one for each generator. Indeed, 
for purposes of computing the tube formula, it is easiest to deal with each 
part separately and then obtain the final result by adding the contributions 
from each generator. For this reason the tube formulas below are all stated 
for a spray or tiling with one generator, and we then denote this generator 
by G rather than G). 


In Section 13.1.1, we study the tube formula for a fractal spray and show 
that under suitable hypotheses, it is a generalized power series of the form 


Vr(e) = ye Gye? ” + Rie), (13.2) 
weEDr(W) 


where R is an error term. A large part of this section is devoted to the 
description of the “tubular zeta function” ¢7 in this context. The corres- 
ponding complex dimensions D7 are defined as its poles, and the coeffi- 
cients c,, are defined in terms of its residues. It turns out that the tube 
formula for fractal sprays is a direct extension of both the tube formula for 
fractal strings of Theorem 8.1, and the Steiner—Federer tube formula from 
convex geometry and geometric measure theory (see Section 13.1.3). For 
this reason, we refer to the tube formula (13.2) as a “fractal tube formula”. 


In Section 13.1.2 we discuss an important special case of fractal sprays 
called self-similar tilings; cf. Definition 13.19. We give the precise form 
of the tube formula of [LapPe2] for self-similar tilings (of which several 
examples are provided in Section 13.1.4), and show (combining the results 
of Chapter 3 and [LapPe2]) that the structure of the (scaling) complex 
dimensions is exactly the same as for self-similar strings, both in the lattice 
and nonlattice case. We also discuss the tube formula for the outer é- 
neighborhood of a self-similar fractal set; in particular, near the end of 
Section 13.1.3 we give results from [PeWi] which indicate when the tube 
formula for a self-similar tiling may be used to give a tube formula for the 
associated self-similar set. 


This notion of self-similar tiling is perhaps more closely related to the 
classical investigations of Steiner and Federer, discussed in further detail 
in Section 13.1.3. In fact, in the papers [LapPe2—-3, LapPeWi1-3], several 
new connections between aspects of geometric measure theory [Fed2,Schn1| 
and fractal geometry are also developed in the process. These connections 
involve the notion of intrinsic volumes encountered in Steiner’s classic for- 
mula for the volume of tubes of convex bodies [Fed2, Schn2] and that of 
curvature measures (& la Weyl [Wey3, Gra] and Federer [Fed1], but in a 
more general context; see [Pe2, LapPe2-3, LapPeWil], Section 8.2 above, 
and Section 13.1.3 below). In the long term we expect to be able to inter- 
pret the coefficients of the tube formulas obtained in [LapPe2, LapPeWil] 
in terms of suitably defined fractal curvature measures associated with the 
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complex dimensions of the underlying self-similar system (and its corres- 
ponding tiling). 


18.1.1 The Distributional Tube Formula for Fractal Sprays 
with Monophase Generators 


When d = 1, the geometric zeta function encodes the geometry of the string 
purely in terms of a system of scales (the lengths of the intervals compris- 
ing the string), since the generator has such trivial geometry. In higher 
dimensions it is necessary to encode both the scaling and curvature data of 
the components. Length is replaced by inradius in the higher-dimensional 
theory, and encoded in the scaling zeta function. See Definitions 13.3, 13.4, 
and 13.6. We reserve the term tubular zeta function for a more complicated 
function which also incorporates the curvature data for the generators. 
However, the geometric zeta function remains tractable when the gener- 
ator is sufficiently simple. This motivates the monophase and pluriphase 
conditions in Definition 13.4. 


Definition 13.3. The inradius p of a bounded open set A C R¢ is 
p(A) := sup{e > 0: B(a,¢) C A, for some x € A}, 


where B(z,¢) is the ball of radius ¢ centered at « € R¢. For a generator G, 
we use the shorthand notation g := p(G) and gy := p(Gx). 


It is clear that for a bounded set A one has A C A, for sufficiently 
large ¢. Alternatively, it is apparent that for a fixed ¢ > 0, any sufficiently 
small set will be entirely contained within its inner ¢-neighborhood. The 
inradius p(A) indicates when this occurs. Additionally, observe that in com- 
parison to (2.5), the components of a spray given by a self-similar string 
have inradii 

VG TH QE ATE iT Dies (13.3) 
with e),...,en EN. 

A Steiner-like representation for a bounded open set G C R?¢ is a “poly- 
nomial-like” expansion of V¢(e), the inner parallel volume of G, in terms 
of e. More precisely, we have the following definition. 


Definition 13.4. A bounded open set G C R¢@ is monophase if its inner 
parallel volume can be written as 


d 
Vale Se age (13.4) 
q=0 


for 0 < e < p(G), where «, € R for g=0,1,...,d. 

More generally, if Ve(e) admits an expansion where the constant kK, is 
replaced by K4(€), where K,(€) is a piecewise-constant function of ¢, then G 
is called pluriphase. 
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In short, G is monophase if it admits a polynomial Steiner-like represen- 
tation while it is pluriphase if it admits a representation that is piecewise 
polynomial. Such a Steiner-like representation is then called monophase or 
pluriphase, respectively.” 

If a set has a monophase or a pluriphase representation, then this repre- 
sentation is clearly unique, and we call it the canonical representation. In 
addition, for the monophase representation, Kg = 0, and for the pluriphase 
representation, limz.9+ Ka(€) = 0, because lim.z_.9+ Va(e) = 0. 


In [LapPe2], as well as in Sections 13.1.1-13.1.4, the generators of all 
the fractal sprays (and, in particular, of the self-similar tilings of Sec- 
tions 13.1.2-13.1.4) are assumed to be monophase. Examples of fractal tube 
formulas for self-similar tilings with pluriphase (but not monophase) gener- 
ators are provided in [LapPeWil, Section 6]; see, for instance, [LapPeWil, 
Figure 6.6] for the Cantor carpet tiling (the Cartesian product of the 
ternary Cantor set by itself). 

The pluriphase case (and let alone the monophase case) is still a far cry 
from the general case (with coefficients that are not piecewise constant), to 
be introduced in Definition 13.36 of Section 13.1.5 below. See [LapPeWil, 
Section 6.1] for a self-similar tiling for which the generator is not pluriphase. 


Remark 13.5. Steiner’s theorem says that the volume of the outer neigh- 
borhoods of a convex set is monophase. The authors of [LapPe2] conjec- 
tured in [LapPe?2, 3] that all bounded convex polyhedral sets are pluriphase. 
This conjecture has since been established by Sahin Kocgak and Andrei 
Ratiu in [KocRat], along with some interesting related results and exten- 
sions. It is simple to show that the class of monophase sets includes balls 
and regular convex polyhedra, i.e., analogues of Platonic solids in arbitrary 
dimension. In particular, the examples of Section 13.1.4 are all monophase. 
There are examples of other types of monophase sets, but they resist easy 
description or classification. It is easy to find convex sets that are not 
monophase; see [LapPe2, Example 5.7], for instance. The characterization 
of monophase and pluriphase sets in terms of other geometric properties is 
a focus of current research. 


The following definition will be useful to compare aspects of the higher- 
dimensional theory with the theory of fractal strings and, in particular, 
to compare the results of [LapPe2, 3] described in this section with the 
standard tube formulas for fractals strings discussed in Chapter 8. 


Definition 13.6. For a general fractal spray, the scaling zeta function is 
¢s(s) = Cn (8); (13.5) 


?The terminology refers to the fact that the tube formula of a monophase set is 
written as a single polynomial expression in the interval 0 < e < g, where g = p(G). 
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where ¢,, is given as the Mellin transform of the measure (or generalized 
fractal string) 7 as in Definition 4.1. Thus, ¢, is the geometric zeta function 
of 7 given by Equation (4.4).3 


Remark 13.7. Recall that when 7 = yet 61/1, corresponds to an ordi- 
nary fractal string £ = {ihe then ¢, coincides with the geometric zeta 
function of L: 


Gn(s) = Gc(s) = SOU, for Res > Dr. 


Definition 13.8. The tubular zeta function (or volume zeta function) of a 
fractal spray with a monophase generator is 


d gia vO. 
re, 8) = (e/9)**¢e(s) (x! hg ut). (13.6) 


for0O<e<g. 


Remark 13.9. Since kg = 0, the term with gq = d in this sum vanishes. 
Even though s = d is always a pole of ¢7(e, s), we do not consider it a com- 
plex dimension of 7 and we exclude this value in the following definition. 


Definition 13.10. The set of complex dimensions of a fractal spray T 
with a monophase generator is 


Dr :=D, U{0,1,...,d—1}, (13.7) 


where D, is the set of poles of ¢;. When there is a screen and accompanying 
window W, the set of visible complex dimensions of T is D7 (W) = DrNW. 


Remark 13.11. In the monophase and pluriphase case, since d is excluded 
from the definition of the complex dimensions of 7, 


Dr(W)U {d} D {w € W: w is a pole of ¢7(e, s)}. (13.8) 


Thus, Dy contains the visible scaling dimensions of 7 and the visible “in- 
teger dimensions” of G. 


It is possible that a pole from ¢, is cancelled by a zero of the third factor 
in (13.6), so that the set of poles of ¢7 is a proper subset of D-(W) U {d}. 
Clearly, this set of poles is independent of e. 


We can now state the main result of [LapPe2], which is a natural gener- 
alization to higher dimensions of the distributional tube formula for fractal 
strings (Theorem 8.1 and Corollary 8.3). (See [LapPe2, Theorem 7.4 and 
Corollary 8.1].) 


3In [LapPe2], a slightly different definition is used, corresponding to the fact that the 
length of an interval is twice its inradius, in the case d= 1. 


380 13. New Results and Perspectives 


Theorem 13.12 (Distributional tube formula for fractal sprays with mono- 
phase generators). Let T be a fractal spray in R? on the monophase gener- 
ator G. If C7 is languid (equivalently, if Cs is languid) on the window W, 
then we have the distributional tube formula 


Vrle)= So res (6r(E,8);8 =w) + R(e), (13.9) 
weED7(W) 


where the sum ranges over the set D7(W) of visible complex dimensions. 
Here, the error term Rie) is 


1 
R(e) := a [ Cr(e, 8) ds = O(e2-P *), ase — 07. (13.10) 


Tf, in addition, ¢7 is strongly languid (1.e., if Cs is strongly languid), 
then the tube formula holds without error term. That is, we may choose 


W =C and R(e) = 0 in Equations (13.9) and (13.10). 


Remark 13.13. Theorem 13.12 gives an explicit formula for fractal sprays 
with a single generator. When the fractal spray 7 has more than one gener- 
ator, then it suffices to apply the tube formula (13.9) to each generator Gz 
(k =1,...,) and add up the results in order to obtain the tube formula 
for TJ with error term given by Equation (13.10), and satisfying the same 
estimate. An analogous comment applies to all the results concerning tube 
formulas stated in this section. 


Theorem 13.12 was first obtained distributionally in [Pel] and appears 
in improved form in [LapPe2] (see also [LapPe3]). Since then under suit- 
able hypotheses, a pointwise analogue of Theorem 13.12 has been obtained 
in [LapPeWil]. It provides a natural counterpart in higher dimensions of 
the pointwise tube formula for fractal strings given in Theorem 8.7. In par- 
ticular, the statement of the tube formula (13.9) and the error estimate 
(13.10) are the same as above, except that they are now valid pointwise. 


In the following example, we illustrate the foregoing definitions and Theo- 
rem 13.12 in the case of an ordinary fractal string £ = {ly joa which is the 
simplest possible application of this theorem. In order to do this, we first 
choose the unique monophase representation of the unit interval (called 
the canonical representation), and then apply Theorem 13.12 to this rep- 
resentation and the scaling zeta function ¢¢(s) = weet l;. In this way we 
recover the explicit formula for the volume of the tubular neighborhoods 
of an ordinary fractal string as in Chapter 8. 


Example 13.14. The volume of the inner tubular neighborhood of the 


unit interval in the real line is given by 


1 ife>1/2, 
V = : 
(o.1)() te if e < 1/2. 
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Clearly, g = p((0,1)) = 1/2. The Steiner-like representation is 
Vio,1) (€) = KOE, with Ko = 2, 


and k, = 0. This representation is valid for « < 1/2. For e > 1/2, we simply 
use that Vio.1)(€) is constant, equal to 1. 

Let £ be a fractal string, obtained as the union of scaled copies of the 
unit interval (0,1), scaled by the factors l;. In other words, we discuss the 
tube formula for the spray of £ on (0,1).* By Definitions 13.6 and 13.8, we 
have, using that vol, ((0,1)) = 1, 


OP), — MOD) = cote (2e)8 


Gre, 8) = (2e)!-*¢4(8) ( 


se s—1 s(l—s) 
(13.11) 
At a scaling dimension w € D;(W), we find 
7 (Qe)*-# 
res(Cr(é,-);w) = res(Cciw) ay’ 
and the residue at s = 0 is 2e¢¢(0). Theorem 13.12 gives 
=. oC — 2e@ (13.12) 
Tle) = ey TD) (0). 


weEDs;(W) 
We thus recover formula (8.14) of Chapter 8. 


Remark 13.15 (Recovering the tube formula for fractal strings). As the 
foregoing example shows, we recover from Theorem 13.12 the tube formula 
for fractal strings, Theorem 8.1. 


The proof of Theorem 13.12 follows the general outline of Theorem 8.1, 
the distributional tube formula for fractal strings (see Remark 13.15), 
but it is significantly more involved, due to the more complicated higher- 
dimensional geometry; see Section 7.2 along with Appendices A and B 
in [LapPe2]. It relies, in particular, on the use of the extended distributional 
explicit formula with error term in the languid case, or without error term 
in the strongly languid case (Theorems 5.26 and 5.30, and Theorem 5.27, 
respectively). This extended formula, however, is now applied to d+ 1 test 
functions yo,..., Ya, each of which corresponds to a term in the Steiner-like 
“generator tube formula” (obtained in [LapPe2, Theorem 5.3]) and eventu- 
ally yields a term in the distributional tube formula (13.9). 

A great deal of work is required to verify that all the terms involved in the 
statement of Theorem 13.12 make sense distributionally. First, one must 


4Tn order to emphasize the formal aspect. of Theorem 13.12, we assume that the poles 
of Cc are simple, 0 and 1 are not poles of ¢¢, and we will ignore all error terms. 
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show that the tubular zeta function ¢7(e, s) is a distribution-valued mero- 
morphic function and that its residues res (¢7(e, s); s = w) at each complex 
dimension w € Dy(W) are distributions; this is done in [LapPe2, Ap- 
pendix A]. Second, one has to establish that the error term R(¢) formally 
given by the first equality of (13.10) is indeed a well-defined distribution, 
and that it satisfies the distributional error estimate given by the sec- 
ond equality of (13.10): R(e) = O(e4s"P%) as « > O*, in the sense of 
Definition 5.29. The rather technical proof of these two facts is provided 
in [LapPe2, Appendix B]. 


As a corollary of Theorem 13.12, one obtains the following precise form 
of the “fractal tube formula” stated in Equation (13.2), which originally 
appeared in [LapPe2, Theorem 8.7]. It expresses the volume of inner e- 
tubes of 7 as a generalized power series in ¢, possibly with a small error 
term.” Note that since each complex dimension is assumed to be simple in 
this corollary (i.e., each w € D7(W) is a simple pole of ¢7(e,-)), Dr (W) 
is the disjoint union of D,(W) and {0,1,...,d-—1} 9 W. 


Corollary 13.16 (Fractal tube formula). Assume that the fractal spray T 
has a single monophase generator and that all its complex dimensions are 
simple. Then 


Vre)= So cue*” + Rie), (13.13) 
weEDr(W) 


where the error term Rie) is given (and estimated) by (13.10). Further- 
more, the coefficients of the generalized power series (13.13) are given by 


Cy = res (Cs(s); s = w) S- a if we D,(W), (13.14) 
q=0 ap oe 
Cq = Kgls(Qe* 4, if w=qe {0,...,d—1} NW, (13.15) 


so that (13.13) can be rewritten as 


d ae d-1 
Vee) = Sd Sores (Co(s); cet” tog + So tige(Qett + RIC), 
weED,; q=0 ee q=0 


much as in formula (13.24) below. 
Moreover, if C7 is strongly languid, then we may choose W = C and 
R(e) =0 in Equations (13.13) and (13.16).° 


5Such a series is sometimes referred to as a “fractal power series” in [LapPe2] or 
in [LapPeWil]. 

6This is the case when T is a self-similar tiling, with W = C, as is discussed in 
Section 13.1.2; see Corollary 13.25. In particular, formula (13.16) then reduces to (13.24). 
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In Section 13.1.5, we will discuss a significant generalization of the main 
result of [LapPe2] stated in Theorem 13.12 above. It yields a tube formula 
for fractal sprays with arbitrary generators which is valid pointwise (rather 
than distributionally). In this general situation the tubular zeta function ¢7 
has a more complicated expression than in Definition 13.8. Aside from this 
complication in the definition of ¢7, the tube formula for the general case is 
formally identical to that of Theorem 13.12, but is more widely applicable. 
The reader is invited to compare Examples 13.14, 13.47, and 13.48, which 
work out the application of these theorems to the case of fractal strings. 

We refer the interested reader to [LapPeWil] for a precise statement of 
these results, assumptions and definitions, as well as to Section 13.1.5 below 
for an overview. 


18.1.2. The Canonical Self-Similar Tiling 


Self-similar tilings are a special case of the fractal sprays introduced in 
[LapPo3] and discussed in Section 1.4 and in the introduction to this sec- 
tion. They arise in association with iterated function systems, as described 
below. Self-similar tilings were introduced in [Pe2] and played an impor- 
tant role in parts of [LapPe2] (see [LapPe2, Sections 4.3, 8.2 and 9]; see 
also [LapPe3]). Recently, they were further studied in [PeWi] and also used 
in [LapPeWil]. 

We next explain how one can naturally generalize the geometric discus- 
sion of self-similar strings in Section 2.1.1 to higher dimensions. 


Definition 13.17. A self-similar system is a finite family of contractive 
similarity transformations of R¢, 6 = {®, Aare where ©; (a) := 1; Mjr+a,, 
with 0 <r; <1,a; € R%, and M; € O(d), the orthogonal group of R?. 


Under the map 
N 
(A) := |) 4,(A), 
j=l 


the attractor of ® is the unique nonempty compact set F C R? that satisfies 
the fixed-point equation F = ®(F). The set F is also called the self-similar 
set associated with ®. 


Let J, = {1,...,N}”" denote the set of all finite sequences of length n 
in the symbols {1,..., N}, as in Section 2.1.1, so that J = U?-9 Jn is the 
set of all finite sequences. For J = (j1,.-.,jn) € J, we will be interested 
in the composition 


97 := 9, 0...08,.. (13.17) 
The scaling ratio of this map ®; is ry :=1;, ...1j,- 
Throughout our discussion of self-similar tilings in Section 13.1, we as- 


sume that ® = {Dy} satisfies the open set condition with feasible open 
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set O. This means that O is a bounded open subset of R® satisfying 
®(O) C O and ©;(0) 1 @;(O) = 0 for i F j (see [Hut, Fa3}). 


Remark 13.18. If one can choose O to be the interior of the convex hull C 
of F, then ® and its attractor F' are said to satisfy the tileset condition 
(see [Pe2, LapPe2]). It is shown in [PeWi] that this is equivalent to the 
requirement that 


int ®;(C) Mint &)(C) = 0, for j Al. 


This stronger assumption corresponds to the one made in Section 2.1.1, 
which discusses the one-dimensional case, and in [LapPe2], but was later 
dropped in [PeWi]. All of the results of [LapPe2] hold without change for 
any feasible open set O. We will therefore not need to make this assumption 
in any of the results concerning self-similar tilings in Section 13.1. 


Definition 13.19. For a system ®, the associated self-similar tiling T is a 
fractal spray as in Definition 13.2, where the fractal string and generators 
are defined as follows: 


(i) The fractal string is the collection of all finite products of the scaling 
ratios {r; ee This string is called the scaling measure, given by 


m= Do bot (13.18) 


JET 


(ii) Let C = O be the closure of the feasible open set O. Then the gen- 
erators are the connected open sets G; in the disjoint union 


O\ ®(C) =G1U--- UGK. (13.19) 


In other words, the generators G;, (k = 1,..., A) are the (necessarily open) 
connected components of the open set O \ ®(C). In the sequel, we will 
assume that there are finitely (rather than countably) many generators. 


Remark 13.20. In this context, the analogue of the gaps, or rather, the 
“gap sizes” (as in Chapters 2, 3 and 4) is given by the numbers g;, the 
inradii of the generators G; (for k =1,...,K). 


The term “self-similar tiling” is used here in a sense quite different from 
the one often encountered in the literature. In particular, the tiles them- 
selves are neither self-similar nor are they all of the same size. In fact, the 
tiles are simple polyhedra in most examples. Moreover, the region being 
tiled is the complement of the self-similar set F within O = C, rather than 
all of R¢. See Theorem 13.22 and Figure 13.1. 

The following definition provides a natural counterpart in higher dimen- 
sions of the hypotheses made in Section 2.1.1 when discussing the geometric 
construction of self-similar strings (with possibly multiple gaps). 
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Figure 13.1: The von Koch tiling K of Example 13.30. The corresponding self- 
similar system is ®;(z) = €Z, 6o(z) = €(Z — 1) +1, where € = Fa exp(47i). This 


x 9 2"63m/2 On an equilateral 


m=0 


tiling is the fractal spray of the measure 7 = S> 
triangle. 


Definition 13.21. The system ® satisfies the nontriviality condition (NTC) 
if 


O¢ ®(C); (13.20) 
ie., the images ®;(C) of C do not cover O. 


As shown in |[PeWi], NTC is equivalent to the condition O # F. 

From (13.19) and (13.20), it is clear that NTC is precisely the condi- 
tion that ensures that the tiling has (nonempty) generators. The geometric 
motivation for Definition 13.19 is that the canonical self-similar tiling as- 
sociated to ® (or F’) is 


T(O) = {®;(Gk): JET, k =1,..., K}. (13.21) 
In fact, the following result appears in [PeWi, Theorem 5.7]: 


Theorem 13.22. If ® satisfies the nontriviality condition, then T is an 
open tiling of C \ F, in the sense that 


(i) the sets ® (Gy) are open and pairwise disjoint, 
(ii) C= Uses ®7(Gx), 
(iii) ®7(G,)NF =O for all JE TF andk=1,...,K. 


Figure 13.1 shows a tiling by open sets which are equilateral triangles in 
the case when F is the von Koch curve; see Example 13.30. 


Remark 13.23 (Complex dimensions of self-similar tilings). For self-similar 
tilings, the scaling zeta function of Definition 13.6 is given by the scaling 
ratios of the defining self-similar system ® via 


Zj=> 4 <1 (13.22) 


JET a es 
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(see the proof of Theorem 2.3 for the second equality).’ It follows that the 
scaling complex dimensions of T (i.e., the poles of ¢;) are the solutions of 
the “complexified Moran equation” 


N 
Sorg=1, 8s eC. (13.23) 


j=1 


In the case of multiple (monophase) generators, D,; is in general a subset 
of the solutions of (13.23), since for example, the equation sa g, = 0 
may have roots in common with (13.23). This is entirely analogous to the 
one-dimensional case, in Chapters 2 and 3. 

The only real solution of (13.23) is known as the “similarity dimension” 
of the self-similar set F' in the literature on fractal geometry; see, e.g. [Fa3] 
or [Man2]. We will denote it by 6 here. It is easy to check that 6 > 0. 
Furthermore, since the above hypotheses imply that the open set condition 
is satisfied, we have that 6 = D = H, where D and H denote respectively 
the Minkowski and Hausdorff dimensions of F’,, the attractor of ®; see, 
e.g., [Fa3, Theorem 9.3]. In other words, F' is the self-similar set defined 
by the self-similar system ®. Naturally, since we now work in R? (rather 
than R), we have that 0 < D < d. Moreover, in light of Equation (13.23), 
all the results of Chapter 3 apply to this situation and hence the set D,; of 
scaling complex dimensions of 7 has exactly the same structure as the set 
of complex dimensions of a self-similar string (in the case of a single gap and 
positive multiplicities) studied in Chapters 2 and 3; see especially Theo- 
rem 2.16 and Theorem 3.6.° In particular, the scaling complex dimensions 
of 7 lie in a horizontally bounded strip of the form og < Res < D, where D 
is as above and og, is some other (finite, possibly negative) constant. In addi- 
tion, the following lattice/nonlattice dichotomy prevails (see [LapPe2, Sec- 
tion 4.3]): 


e Lattice case. When the logarithms of the scaling ratios r; are each an 
integer power of some common positive real number r (with 0 <r < 1), 
the scaling complex dimensions lie periodically on finitely many ver- 
tical lines, including the line Res = D (on which all the poles of ¢, 
are simple). In this case, there are infinitely many scaling complex 
dimensions with real part D (and all the poles of ¢, are simple on 
that line). Furthermore, the common period on each vertical line is 


the oscillatory period, given by p = 27/logr~. 


TNote that according to Equation (13.18), we have ns = nc, where CL is the self- 
similar string (in the sense of Chapters 1 and 3) with scaling ratios Co pue and a single 
(normalized) gap. 

8Note that in Chapter 3, none of the geometrically motivated restrictions made in 
Chapter 2 about the scaling ratios were assumed; in particular, the numbers r; could 
take arbitrary values in (0,1) and the dimension d of the ambient space did not play 
any role (whereas we assumed that d = 1 in Chapter 2). 
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e Nonlattice case. Otherwise, the scaling complex dimensions are quasi- 
periodically distributed (as described in Sections 3.4-3.5) and s = D 
is the only complex dimension with real part D (and it is simple). 
However, there exists an infinite sequence of scaling complex dimen- 
sions approaching the line Res = D from the left. In this case, con- 
jecturally, the set {Res: s € D} appears to be dense in finitely many 
compact subintervals of [o~, D]. Moreover, in the generic nonlattice 
case (in the sense of Definition 3.1), we have oe = Dz, where Dy is 
given by Equation (3.8b). 


It is important to note that for all self-similar tilings, ¢7 is languid on any 
admissible window W. Theorem 13.12 (or rather, its pointwise counterpart 
and generalization later given in [LapPeWil], see Theorem 13.46 below) 
applies to all known examples. Moreover, since all self-similar tilings are 
automatically strongly languid (see Section 6.4), one may take W = C and 
R(e) = 0 as in Section 8.4. Therefore, we can state the following immediate 
consequence of Theorem 13.12 (see [LapPe2, Theorem 8.3]). 


Theorem 13.24 (Distributional tube formula for self-similar tilings with 
monophase generators). Let T be a self-similar tiling in R¢ with a single 
monophase generator. Then we have the following exact distributional tube 
formula: 


Vr(e) = S> res (Gr(e,s);s =), 


weEDr 


where the sum ranges over the set D7 = Dr(C) = D(C) U{0,1,...,d-1} 
of all complex dimensions of T. 


In particular, we obtain the following counterpart of Corollary 13.16 
(see [LapPe2, Corollary 8.7]). 


Corollary 13.25 (Fractal tube formula for self-similar tilings). Let T be 
a self-similar tiling with a monophase generator G. If C7 only has simple 
poles, then 


d-1 
+ So kq6s(a)(E/g)*4. (13.24) 
q=0 


By comparing (13.24) with (8.4), it is easy to see how the tube formula for 
fractal sprays extends the results for fractal strings; see Remark 13.15. In 
addition, it extends classical results for convex sets, as outlined in the next 
subsection; see especially (13.29)—(13.30) and the surrounding discussion. 
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In Section 13.1.4 we illustrate these results (particularly in the form of 
Corollary 13.25) by applying them to several self-similar tilings associated 
with well-known self-similar sets (or systems), including the Sierpinksi gas- 
ket and von Koch curve. 

Recall from Remark 13.13 that when the fractal spray 7 has multiple 
generators, as is the case for the pentagasket tiling in Example 13.35, then 
it suffices to sum the contributions of each of the generators (as given by 
Corollary 13.25) in order to obtain the corresponding tube formula. 


We close this subsection by briefly discussing further extensions or conse- 
quences of these tube formulas, obtained by applying the theory developed 
elsewhere in this book, especially in Chapters 2, 3 and 8 (see [LapPe2, Re- 
mark 8.12]). 

Since, as was noted in Remark 13.23, the structure of the scaling complex 
dimensions of a self-similar tiling in R? is the same as in the 1-dimensional 
case (or more specifically, as in Chapter 3 in the case of a single gap),® 
we could state an analogue of each of the theorems given in Section 8.4, 
whether in the lattice case (Section 8.4.2) or in the nonlattice case (Sec- 
tion 8.4.4). In particular, we can apply Theorem 13.12 with a suitable 
window in order to obtain the exact higher-dimensional analogues of the 
tube formulas with error term stated in Corollary 8.27 and in Theorem 8.37 
and Equation (8.71), in the lattice and nonlattice case, respectively. 

Furthermore, in the lattice case, following Section 8.4.3, even though the 
self-similar tiling is not Minkowski measurable, we could calculate its “aver- 
age Minkowski content” (cf. Definition 8.29 with 1 replaced by d) and obtain 
the d-dimensional analogue of Theorem 8.30. Finally, we mention that for 
general fractal sprays, an analogue of Theorem 8.15 (the characterization of 
Minkowski measurability) can also be deduced from Theorem 8.15. Hence, 
under suitable hypotheses,!° a fractal spray is Minkowski measurable if and 
only if its only complex dimension with real part D is D itself, and D is 
simple. Along similar lines (see [LapPe2, Corollary 8.5] or [LapPeWi2]), a 
self-similar tiling is Minkowski measurable if and only if it is nonlattice. 

More precisely, the exact counterpart of Theorems 8.23 and 8.36 holds 
for self-similar tilings, in the lattice and nonlattice case, respectively. In 
order to avoid redundancies, we will avoid formulating explicitly any of 
these consequences of Theorem 13.12 (or its corollaries, including Theo- 
rem 13.24 and Corollary 13.25). An attentive reader of Section 8.4 will be 


°In Chapter 2, due to the fact that d = 1, the scaling ratios rj; are assumed to satisfy 
hypothesis (2.2). In Chapter 3, however, the scaling ratios are completely unrestricted. 

10More specifically, the required hypotheses are the following: ¢7 is languid for a 
screen S passing between the vertical line Res = D and all the scaling complex dimen- 
sions of TJ with real part strictly less than D, and not passing through any of the integer 
dimensions {0,1,...,d}. An additional nontriviality condition on ¢7 is also required in 
order to guarantee that the (average) Minkowski content is nonzero; see [LapPeWi2]. 
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able to combine that material with the present results and obtain such 
useful corollaries. 


Remark 13.26. Some of the results of [LapPe2] described in Section 13.1.2 
have recently been extended (under appropriate assumptions) to graph- 
directed self-similar fractals in [DemDKU]. (See also [DemKOU] for further 


extensions. ) 


18.1.3 Convex Geometry and the Curvature Measures 


In order to explain the connections with convex geometry, we give a brief 
encapsulation of Steiner’s classical result [Stein]. Here, we denote the Min- 
kowski sum of two sets in R? by 


A+B={2ceR!: 2=a+b forac Abe By}. 


Theorem 13.27 ({Schn2, Theorem 4.2.1]). If B% is the d-dimensional unit 
ball and A C R¢ is convex and compact, then the d-dimensional volume of 
A+eB? is given by 


volg(A + €B*) = = So [q(A) vola_q(B*“)e*4, (13.25) 


where for q=0,1,...,d, tq(A) is the q-th intrinsic volume of A and volg 
is the q-dimensional Lebesgue measure. 


We refer to [Schn2, Chapter 4] for more details on Theorem 13.27. Up 
to some normalizing constant, the g-dimensional intrinsic volume is the 
g-th total curvature or (d — q)-th Quermassintegral. The coefficients j1g(A) 
can be defined via integral geometry as the average measure of orthogonal 
projections to (d — q)-dimensional subspaces; see [KIRo, Chapter 7]. For 
now, we note that (up to a constant), there is a correspondence 


Mo ~~ Euler characteristic, a-1 ~ surface area, 
fy ~~ mean width, Ma = Vola. 


See [Schn2, Section 4.2, p. 210] for more information. The authors of [LapPe2] 
have chosen the term “Steiner-like” for Definition 13.4 because the coeffi- 
cients Kg share the following properties with the intrinsic volumes: 


(i) each fg is homogeneous of degree q, so that for any x > 0, 
Hq (A) = lg(A) 2%, 


and 


d 


(ii) each jig is rigid motion invariant, so for any isometry T of R%, 
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Note that (13.25) gives the volume of the set of points which are within « 
of A, including the points of A. If we denote the exterior ¢-neighborhood 
of A by 


Ast := (A+eB%)\ A= {x © R4\A: dist(a, A) < ¢}, (13.26) 


then it is immediately clear that omitting the d-th term gives 
vola(AS*) = S°C,(A)e™4, (13.27) 


with C,(A) = pq(A) volg_q(B*“). The intrinsic volumes jug can be lo- 
calized and understood as the curvature measures introduced by Herbert 
Federer in [Fed1] and described further in [Schn2, Chapter 4]. In this case, 
for a Borel set 8 C R@, one has 


d—1 
vola{a € A®*: p(x, A) € B} = 5 C,(A, B)e*4, (13.28) 


q=0 


where p(x, A) is the metric projection of x to A, that is, the closest point 
of A to zx. In fact, the curvature measures are obtained axiomatically 
in [Schn2] as the coefficients of the tube formula, and it is this approach 
that the authors of [LapPeWil] hope to emulate in their current work 
in [LapPeWi3]. In other words, it is natural to expect that Kk, may also 
be understood as a (total) curvature, in a suitable sense, and possibly also 
that «, can be localized as a curvature measure, as is suggested in [LapPe2]. 
More generally, as is suggested in [LapPe2, LapPe3], it would be very in- 
teresting to give an appropriate geometric interpretation of the coefficients 
of a local analogue of the tube formula associated with the nonintegral (or 
rather, scaling) complex dimensions w € D, in terms of suitably defined 
curvature measures (or rather, currents) ju.,.'1 A more rigorous formulation 
of these ideas is currently underway in [LapPeWil, 3]. 


The description of kg given in the conditions of Definition 13.4 (as well as 
in Definition 13.36) is intended to emphasize the resemblance between kg 
and C,. However, k, may be negative (even when G is convex and qg = d— 1 
or d) and is more complicated in general. In contrast, the curvature mea- 
sures C, are always positive for convex bodies. 

In [Fed1], Federer unified the tube formulas of Steiner (for convex bodies, 
as described in [Schn2, Chapter 4]) and of Wey] (for smooth submanifolds, 
as described in [BergGo], [Gra] and [Wey3]) and extended these results to 


11Jn the case of integral dimensions, one may expect to establish in the process some 
connections with aspects of [Win] (see also [LIWi] when gq = 0). 
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sets of positive reach.'? It is worth noting that Weyl’s tube formula for 
smooth submanifolds of R@ is expressed as a polynomial in € with coef- 
ficients defined in terms of curvatures (in a classical sense) that are in- 
trinsic to the submanifold [Wey3]. See Sections 6.6-6.9 of [BergGo] and 
the book [Gra]. Federer’s tube formula has since been extended in various 
directions by a number of researchers in integral geometry and geometric 
measure theory, including [Schn1, 2, Z41, 2, Ful, 2, Sta], and most recently 
(and most generally) in [HugLaWe]. The books [Gra] and [Schn2] contain 
extensive endnotes with further information and many other references. 

To emphasize the present analogy, consider that Steiner’s formula (13.27) 
may be rewritten as 


vola(AS*) = — S> cge*9, (13.29) 
qe{0,1,...,d—1} 
and it is clear that (13.24) may be rewritten as 
Vr(e) = yr ayers (13.30) 
we€D,U{0,1,...,d—1} 
where for each fixed w € D;\{0,1,...,d— 1}, 
d 


Cy 1= res(Cs(s); w) S- z 


Ww — 
q=0 : 


WI 


Kos (13.31) 


and for w = q € {0,1,...,d—1}, one has cg = ¢5(q)kq. 

The obvious similarities between the tube formulas (13.29) and (13.30) 
are striking. The tube formula (13.30) is a generalized power series in e¢, 
rather than just a polynomial in < (as in Steiner’s formula (13.29)). More- 
over, the series in (13.30) is summed not just over the ‘integral dimen- 
sions’ {0,1,...,d—1}, but also over the countable set D, of scaling com- 
plex dimensions. In addition, as shown in (13.31), the coefficients c,, of the 
tube formula (13.30) are expressed in terms of the ‘curvatures’ and the 
inradii of the generators of the tiling. 


Remark 13.28 (Comparison of V7 with the Steiner formula). In the triv- 
ial situation when the spray consists only of finitely many scaled copies 
of a monophase generator (so the scaling measure is supported on a fi- 
nite set), the scaling zeta function will have no poles, so that D; = 9. 
Therefore, the tube formula (13.24) becomes a sum over only the num- 
bers g = 0,1,...,d—1, for which the residues simplify greatly. (Recall that 


124 set A has positive reach if there is some 5 > 0 such that every point  € A° = R@\A 
within distance 6 of A has a unique metric projection to A, i.e., is such that there is a 
unique point in A minimizing dist(x, A). Equivalently, every point gq on the boundary 
of A lies on a sphere 0B(x, 65) which intersects 0A only at q, where x € AS. 
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Figure 13.2: The exterior e-neighborhood of the Sierpinski gasket is the disjoint 
union of the exterior ¢-neighborhood of C = [F] and the inner e-neighborhood 
of the Sierpinski gasket tiling. 


in the monophase and pluriphase case, kg = 0, so the sum extends only up 
to d—1.) In fact, in this case ¢,(q) = 17 + --- +14, so each residue from 
(13.24) is a finite sum 


Gn(Q)ieq(€) = Uf Kge™ +++ + Uy Kge™ 4 
= Kg(lG)et 4 +--+ + kq(InG)e* 4, 


where |,,...,/y are the scaling factors. Summing over q, we obtain a tube 
formula for the scaled generator [,G, for each 7 = 1,...,.N. 


Remark 13.29. The two tube formulas (13.29) and (13.30) measure very 
different things, and so appear to be unrelated. Nonetheless, they are closely 
linked. It can happen that the exterior ¢-neighborhood of the fractal itself 
is, in fact, equal to the union of the inner ¢-neighborhood of the tiling and 
the exterior ¢-neighborhood of its feasible set. This occurs, for example, 
with the Sierpinski gasket; see Remark 13.34 and Figure 13.2. In such 
cases, the tube formula for the exterior e-neighborhood of the fractal will 
be precisely the sum of the tube formula (13.30) for the tiling and the tube 


formula (13.29) for C=O: 
vola(FS**) = Vr (e) + vola(Co**). (13.32) 


However, things do not always work out so neatly, as the example of the 
von Koch tiling shows; see Figure 13.3. In [PeWi, Theorem 4.4], it is shown 
that (13.32) holds precisely when one of the following equivalent conditions 
is verified: 


1. OT=F. 
2. OG, C F for all k =1,...,K. 

3. 0(C \ B(C)) C F. 

4. OC CF. 

5. Ft C = T, for some (and, equivalently, all) « > 0. 

6. Fe*t 1 C* = C&** for some (and, equivalently, all) « > 0. 


Thus Theorem 13.12 (or Theorem 13.24) allows one to compute explicit 
tube formulas for a large family of self-similar sets via (13.32). 
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Figure 13.3: The exterior e-neighborhood of the von Koch curve K is not simply 
related to the exterior e-neighborhood of C' = [K] and the inner e-neighborhood 
of the von Koch tiling KT. 


18.1.4 Examples of Tube Formulas for Fractal Sprays 
and Self-Similar Tilings 


We next illustrate the tube formula for self-similar systems from [LapPe2] 
by means of several examples, all discussed in full in [LapPe2, Section 9]. We 
note that it now follows from the results in [LapPeWil|] (as can be verified 
directly in these cases) that the tube formula converges pointwise for each 
of these examples. Each of the examples below is a lattice self-similar tiling, 
but natural nonlattice examples can be found in the nonstandard von Koch 
curve discussed in [Pe2, Section 4.1], or the nonstandard Sierpinski gaskets 
(with twists) in [BIStUg, CuStr]. 

Moreover, the von Koch tiling (Example 13.30) and the Sierpinski gasket 
tiling (Example 13.33) have a single generator, whereas the pentagasket 
tiling (Example 13.35) has multiple generators. For all of the examples, 
however, Corollary 13.25 (the fractal tube formula for self-similar tilings) 
can be applied in order to obtain the resulting tube formula. Indeed, an ele- 
mentary computation shows that each of the generators is monophase, and 
that the scaling complex dimensions are simple (with a constant residue) 
and are actually of the form D+ inp (for n € Z), where p is the oscillatory 
period of the given lattice self-similar tiling. As the reader can easily check, 
this specific form of the scaling complex dimensions gives rise to a familiar 
multiplicatively periodic (or log-periodic) term in the resulting fractal tube 
formula; see [LapPe2]. (Compare, for instance, with the tube formula for the 
Cantor string, given in Section 1.1.2 or in Example 8.22 and which can also 
be viewed as a special case of Corollary 13.25; see [LapPe2, Section 9.3].) 

We note that in light of the later results of [LapPeWil], described in 
Section 13.1.5, all of the tube formulas stated in Examples 13.30, 13.33 
and 13.35 hold pointwise (rather than just distributionally).!% 


13This fact can also be checked via a direct computation because these examples are 
associated with lattice self-similar tilings. 
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We first discuss the example of the von Koch tiling, depicted in Fig- 
ure 13.1 and discussed in more detail in [LapPe2, Section 9.2]. 


Example 13.30 (The von Koch tiling). The von Koch tiling KT is con- 
structed via the self-similar system 


®i(z)=€ and  9(z) =(1—£)(Z—-1) 41, (13.33) 


where € := 5 + avai and z € C.'* The attractor of 6 = {1,69} (ie., the 
self-similar set defined by ®) is the classical von Koch curve K discussed, for 
example, in Section 12.2.1 (with a different notation for K); see Figure 12.7. 
Then the tube formula for the von Koch tiling is of the form 


g E 3/22 1 
V; = 7 n(— 3 —_______~¢, 13.34 
KT(E) iog3 29° (=) +36" + 5 gape ( ) 


where g = ¥3 is the inner radius of the single generator of the tiling (an 


equilateral triangle), D := log; 4 and p := 47/log3, and for n € Z, 


1 2 1 
Dip Do 1p D-2+ inp’ 


= 


From (13.34), we clearly read off that 
D,={D+inp:ne€Z} and Der =D; U {0,1}. (13.35) 


Indeed, the elements of D, are precisely the poles of the scaling zeta func- 
tion ¢,(s) = ~>3-—as (since d = 2, N=2 and r, = ro = 37'/? in this 
case). 

We leave it to the interested reader to check that the equilateral triangle 
generating the von Koch tiling, i.e., the large triangle in Figure 13.3, is 
monophase (as mentioned above) with curvature coefficients ko = —3V3, 
Kk, = 6/3 and kg = —3V/3 (in the notation of Definition 13.4), and to 
deduce the tube formula (13.34) from (13.24) in Corollary 13.25. 


Remark 13.31 (Comparison of the tube formula for the von Koch curve 
and for the von Koch tiling). Recall from Section 12.2.1 that in Theo- 
rem 12.11 (which is the main result of [LapPel]), a tube formula was ob- 
tained for the von Koch snowflake curve Kx itself (rather than for the self- 
similar tiling KT associated with it)/° and the possible complex dimensions 


14Note that these two similarity transformations have a common scaling ratio r = ai 
Le., ry = rg = -k. Furthermore, one can obtain nonlattice examples by taking ae 
choices of € € C which satisfy |€|? + |1 — €|? <1. 

15The notation used here for the von Koch curve is different from the one used in 
Section 12.2.1. Furthermore, recall from Section 12.2.1 (and [LapPel]) that the von 
Koch snowflake curve Kx (depicted in Figure 12.6) and the von Koch curve K (shown 
in Figure 12.7) have the same complex dimensions. 
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Figure 13.4: The Sierpinski gasket tiling SG. 


of this curve were inferred to be 


Vex ={D+ inp: n € Z}U{0+ inp: n€ Z}, 


where D = log; 4 and p = aes according to the discussion following the 
statement of Theorem 12.11 in Section 12.2.1. The line of poles above D 
was expected (see [Lap-vF5, Section 10.3]) and agrees precisely with the 
results of Example 13.30. The meaning of the line of poles above 0 is still 
unclear. A zeta function for the von Koch curve was not defined prior to 
the paper [LapPe2]; all previous reasoning was by analogy with the tube 


formula for fractal strings given in Theorem 8.1 or Theorem 8.7. 


Remark 13.32. Many classical fractal curves are attractors of more than 
one self-similar system. For example, the von Koch curve discussed in 
Example 13.30 is constructed from the two similarities ®,; and ®9 given 
by (13.33), but it is also the attractor of a system of four similarity trans- 
formations of R?, each with scaling ratio r = z In this particular example, 
changes in the scaling zeta function produce a different set of complex di- 
mensions. In fact, we obtain a subset of the original complex dimensions: 
{log, 4+inp: n € Z,p = 4n/ log 3}. This result has a natural geometric in- 
terpretation which is to be discussed in a sequel to [LapPe2]. In particular, 
it would be desirable to determine precisely which characteristics remain 


invariant between different self-similar tilings having the same attractor. 


Example 13.33 (The Sierpinski gasket tiling). The Sierpinski gasket tiling 
SG (see Figure 13.4) is constructed via the self-similar system 


®i(z):= $2, Bo(z):=F2+ 5, O3(z) = $2t+ L+iv’s (z€C), 


which has one common scaling ratio r = 1/2, and one generator G: an 
equilateral triangle of side length 4 and inradius g = ree It follows that 
SG has inradii p», = gr™ with multiplicity 3” (m = 0,1,...). The scaling 
zeta function is 

1 


¢s(s) = [-3.9-8” (13.36) 
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£1 
Co c3 C4 C; Cy C 


Figure 13.5: The pentagasket tiling P. It is a natural example of a self-similar 
tiling with multiple generators, not all of which are congruent. 


and the scaling complex dimensions are 


D,={D+inp:neZ}, with D=log,3, p= 


(13.37) 


i 2° 


Aside from ¢5(s), the tube formula calculation for SG is similar to that 
for the previous example KT: 


2—D—inp 
Vi — 2 1 E 
sg(é — Te : Dime + D—-1+inp D-—2+inp g 
neZ 


pee ie, (888) 


Remark 13.34. As mentioned in Remark 13.29, the exterior ¢-neighbor- 
hood of the Sierpinski gasket is the disjoint union of the inner e-neighbor- 
hood of the tiling and the exterior ¢-neighborhood of the largest triangle; 
see Figure 13.2. This means that one can immediately obtain the tube for- 
mula for the exterior ¢-neighborhood of the gasket by adding the tube for- 
mula for the tiling SG and Steiner’s tube formula for its convex hull (13.27), 
the equilateral triangle Co. Unfortunately, this method does not apply to 
the von Koch tiling; see Figure 13.3 and Remark 13.29. Nonetheless, we 
can compute the formula for the area of the grey region on the left-hand 
side of Figure 13.2 as follows: the area of the outer e-neighborhood of the 
convex hull is te? + 3¢, so the outer tube formula for the Sierpinski gasket 
itself (i.e., the set, not the tiling) is 


vol2(SG + €B) = Vsg(e) + 3 + me?, (13.39) 


where B = B(0,1) is the unit ball, and SG+¢eB = {a@+y: 1 € SG,y € cB} 
denotes the Minkowski sum of the gasket with a ball of radius ¢ in R?. 


Example 13.35 (The pentagasket tiling). This example is developed fully 
in [LapPe2, Section 9.4], but we give here some details of the result; see 
Figure 13.5. 
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The pentagasket tiling P is constructed via the self-similar system defined 
by the five similarity transformations of R? given by 


_3-Vv5 
ae) 


®; (x) L+p;, 9 = 1,4+.,5, 


with common scaling ratio r = @~?, where ¢ = (1+ V5)/2 is the golden 
ratio, and the points fe form the vertices of a regular pentagon of side 
length 1. 


The pentagasket P provides an example of multiple (noncongruent) gen- 
erators G, with k = 1,2,...,6. Specifically, G; is a regular pentagon and 


Ge2,...,G6 are congruent isosceles triangles, as seen in T; of Figure 13.5. 
2 
The generating inradius for the pentagon is Gp = € tan an and the 


generating inradius for the triangles is g = € tan =. Thus, P has inradii 
Pm = gnr™, for k = p,t, with multiplicity 5” (m = 0,1,...). The scaling 


zeta function is 


1 
G(s) = (13.40) 
We find that the scaling complex dimensions are 
ee 27 
D,={D+inp:n€Z}, where D = log;/,5, p= iene (13.41) 


We leave it as an exercise for the reader to find the volumes for the pen- 
tagonal and triangular generators. The tube formula for a tile of inradius p 
is (for k = p,t and p = gx) 


¥(p,€) = 5 a 


Ko(€)p° + Kei (e)p~* = an (-e? + 2ep!), E <p, 
KR2(E)p~ = App“, E> p, 


where 


Op = 5cot 37 and a; := (cot Z)/(1— tan”). 
Since Go,...,Gg are congruent, we will apply Corollary 13.25 to a trian- 
gle G, and multiply by 5 before adding to it the result of applying Corol- 
lary 13.25 to the pentagon G’,. For the pentagon and the triangle, we have 
Keo = —Qk,Ke1 = 2%, and Kpo = —Qr. 
The geometric zeta function of P is 


6 


_ KG, 1 2 1 _ 
cole.8) = 9 oe ( a ee 3s—2 3 
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and the tube formula for P is 


Op 5 : 2 1 2 1 ei 
— € 
Vp(e) — log pol Ip ( D+inp + D—-1+inp ahs) (<) 

neZ 


2—D-i 
ie 5a 2 1 ; 2 1 € oan 
logr-} It D+inp ' D—1+inp D—2+inp gt 
neZ 


(2 + Sate) 6? 4 Se (13.42) 
. _ 7 2 
with = 64, g5:= * tan ar, n= = tan £, D = logy/,5, p= ee 


and where a, and a; have been given above. 


18.1.5  Pointwise Tube Formula for Fractal Sprays 


In this section we describe the work of Michel Lapidus, Erin Pearse and 
Steffen Winter [LapPeWil] in which the distributional tube formula for 
fractal sprays with monophase generators obtained in [LapPe2] (see Theo- 
rem 13.12 above) is extended to hold pointwise and for fractal sprays 
with very general Steiner-like generators (with variable coefficients); see 
Theorem 13.46 below, along with Definition 13.36. As a corollary of the 
main result of [LapPeWil], one deduces a pointwise tube formula for self- 
similar tilings with essentially arbitrary generators; see Theorem 13.52 
below, which generalizes Theorem 13.24 about distributional tube formulas 
for self-similar tilings with monophase generators, along with the pointwise 
tube formulas of Section 8.1.1 for fractal strings and Section 8.4 for self- 
similar strings. 

We begin by explaining the very general notion of “Steiner-like represen- 
tation” (or, equivalently, “Steiner-like generator”) used in [LapPeWil]. It 
extends the corresponding notion introduced in [LapPe?2, 3]. 


Definition 13.36 (Steiner-like representation). A bounded open subset G 
of R¢ with inradius g = p(G) is said to have a Steiner-like representation 
(with variable coefficients) if, for 0 < ¢ < g, its inner tube formula may be 
written 


d 
Vale) = S— kg(G,e)e*4, (13.43) 
q=0 
where for q = 0,1,...,d, each coefficient function K4(G,-) is assumed to be 


bounded on [éo, g] for every given €9 € (0, g). 


Remark 13.37 (Non-uniqueness of the representation). For a bounded 
open set G C R®%, there exist many different Steiner-like representations 
of G, as in (13.43), and satisfying the mild requirements of Definition 13.36. 
Hence, it is important to be aware of the fact that the interpretation of the 
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fractal tube formulas for fractal sprays and for self-similar tilings obtained 
in [LapPeWil] (see, especially, Theorems 13.46 and 13.52 below) depends 
explicitly on the choice of the Steiner-like representation of each generator. 
Example 13.48 below even shows that, by making a certain choice of the 
representation, the direct definition of the volume can be obtained, instead 
of an explicit formula for the volume. 

Recall from Section 13.1.1 that when G is monophase or pluriphase, the 
associated Steiner-like representation is unique and is called the canonical 
representation. 


The following proposition (the conclusion of which was assumed as part 
of the definition of “Steiner-like” in [LapPe2]) is very useful in the present 
context. It is precisely stated and established in [LapPeWil, Section 2], 
where several consequences for fractal sprays are also given. Its proof is 
relatively simple and will be left as an exercise for the reader. It follows from 
the translation invariance and the homogeneity of the Lebesgue measure 
on R¢. 


Proposition 13.38 (Motion invariance and scale homogeneity). Let G be 
a Steiner-like set in R¢ with inradius g. Then, for any rigid motion (i.e., 
affine isometry) T of R* and any scalar t > 0, the sets T(G) and tT are 
Steiner-like, and the coefficient functions can be chosen in a rigid motion 
invariant and scale homogeneous way (i.e., Kq(I(G),€) = Kq(G,e) and 
Kg(tG,te) = t%kg(G,e) for q=0,1,...,d), so that Vriay(e) = Vale) is 
given by (13.43) and 


Vie(e) = "Ve (tte = Yon iCeer (13.44) 


For our purpose, the main consequence of Proposition 13.38 is as follows. 


Corollary 13.39. Let T = {Gs be a fractal spray on a generator G 


with a given Steiner-like Aopreseuinion, as in (13.43), and scaled by the 
fractal string L = {ls }ioa- Then the inner tube formula of each set (or 


‘tile’) GI has a Steiner-like representation in terms of the same coefficients: 
Voile = 8p Glytejeh4, for0<e<p(G)=ljg. (13.45) 


Proof. By definition of a fractal spray, T is the disjoint union of scaled iso- 
metric copies G! of the generator G (see Definition 13.2 and the discussion 
preceding it). Since G? = U;(G) for each j > 1, where W; is a similarity 
transformation of R®@ of scaling ratio L;, it follows from Proposition 13.38 
that we have 


Kq(G!,e) = IF Kg(G, Le), for 0< e < p(G’) = g. (13.46) 
Hence, (13.45) follows immediately from (13.46). 
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In the sequel we will always assume that the coefficient functions are 
given according to Equation (13.45) of Corollary 13.39. 

We next wish to describe the main tube formulas obtained in [LapPeWil]. 
To this aim, for notational simplicity and without loss of generality, we will 
assume from now on that each of the fractal sprays (and, in particular, self- 
similar tilings) involved has a single generator G (see Remark 13.13), and 
that the latter is scaled by a fractal string with normalized first length. We 
first need to set the stage by precisely defining the tubular zeta function of 
such a fractal spray. 

Let 7 be a fractal spray with a single generator G, assumed to be con- 
nected, and scaled by the fractal string £ = {l, jee such that 1; = 1. (This 
normalization condition amounts to choosing one of the connected compo- 
nents of J with the largest size as the first “tile” of the spray. It is only 
made to simplify certain expressions.) As in (13.5), we define the scaling 
zeta function of T by 


Cs(s) = Gc(s). (13.47) 
We assume that a Steiner-like representation of the form (13.43) has been 


chosen for 0 < ¢ < g = p(G). For q =0,1,...,d, we let kg(G) := Kq(G, 9) 
and then extend k,4(G,¢) as follows: for ¢ > g, 


Kq(G,e€) = Kkq(G) for q=0,...,d. (13.48) 


Remark 13.40. In this section, in the spirit of Chapter 1, a fractal string 
L= {l; | pa is understood to be a sequence of positive scaling factors writ- 
ten in nonincreasing order (according to their multiplicities) and tending 
to 0. We have in mind the disjoint union of scaled copies of a basic shape (or 
generator) in R¢. In particular, we always assume that 0 < D = De < d, 
so that 7 is a fractal spray with finite total volume. 


The following definition [LapPeWil, Definition 3.5] extends to arbitrary 
generators the definition of the tubular zeta function of a monophase gen- 
erator (Definition 13.8), used in Sections 13.1.1-13.1.4. 


Definition 13.41 (Tubular zeta function). The tubular zeta function of 
the fractal spray 7 is defined by 


Co d d—q x 
¢r(e,s) = (e/9)* DG & 2 zhalG er au) (13.49) 


q=0 


for every € € (0,00) and each s € C for which the sum converges absolutely. 


Using ea, g? %k4(G) = vola(G), we note that for all e > g, 


(Co a, 
= me g° 4k q(G)(d— @) 
Sr(ess) = (e/a) helo) OTe aida) 
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The following result [LapPeWil, Proposition 3.6] provides a partial jus- 
tification for this definition (further justification and motivations are pro- 
vided throughout [LapPeWil]). 


Proposition 13.42. If D = Dg is the abscissa of convergence of Cc(s), 
then for all « > 0, the series in (13.49) defining ¢r(e, 8) converges abso- 
lutely for any fixed s € C such that s ¢ {0,1,...,d} and Res > D. 

Moreover, suppose that the scaling zeta function Cc of T is meromorphic 
in a connected open set U C C (taken in practice to be a connected open 
neighborhood of a window W for ¢c). Then, for all « > 0, the function 
¢r(e,-) ts meromorphic in U and each pole w € U of Gr(e,-) is a pole 
of Cc or belongs to the set {0,1,...,d}. 


Much as in Definition 13.10 (and in [LapPe?2, 3]), we can now define the 
set of (visible) complex dimensions of J, as the union of the set of scaling 
complex dimensions De(W) and the set of integer dimensions {0,1,...,d}. 


Definition 13.43 (Complex dimensions). Let W be a window for ¢r, so 
that ¢- is meromorphic in a connected open neighborhood of W (and hence 
similarly for ¢7(e,-) for each €¢ > 0, by Proposition 13.42 above). Then the 
set 


Dr(W) = De(W) U ({0,1,...,d} NW), (13.50) 


defined as the union of the visible scaling dimensions and integer dimen- 
sions of J, is called the set of visible complex dimensions of T, relative 
to W. 

Furthermore, if W = C, we simply write D7 = Dc U{0,1,...,d} and call 
Dr = Dr(C) the set of complex dimensions of T, while Dz and {0,1,..., d} 
are respectively called the set of scaling dimensions and the set of integer 
dimensions of T. 


The following statement is an immediate consequence of Proposition 13.42. 


Corollary 13.44 (Poles of ¢7). Suppose ¢¢ —and hence, ¢7(€,-)—is mero- 
morphic on a connected neighborhood of W, as in Definition 18.43. Then 
for every ¢ >0, the set of poles of Cr(e,-) belonging to the window W 
is contained in D7(W), the set of (potential) visible complex dimensions 


of T (which, by (13.50), is clearly independent of ©). 


Remark 13.45. We refer to [LapPeWil, Theorem 7.2 and Lemma 7.9], for 
a detailed computation of the residues of ¢7(¢,-) at the integer and scaling 
dimensions of 7, under appropriate assumptions. These more precise results 
are needed, for example, to derive the fractal tube formula stated towards 
the end of the present section (see Corollary 13.53). 


An attentive reader may have observed that in Definition 13.10 (as well 
as in [LapPe2, 3]), the set of integer dimensions is {0,1,...,d — 1} in- 
stead of {0,1,...,d}, as in Definition 13.43. (Compare Equations (13.7) 
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and (13.50).) Indeed, this discrepancy between the two settings comes from 
the fact that in the pluriphase case, Ky(G,¢) = 0 for « = 0, whereas in the 
general setting, we make no assumption about «q or any of the other co- 
efficients. (See [LapPe2, Remark 5.3].) Similar comments could be made 
about related discrepancies between the setting of [LapPe2] (i.e., of Sec- 
tions 13.1.1-13.1.4) and that of [LapPeWil] (i.e., of Section 13.1.5). 

Naturally, the major difference between the settings of [LapPe2] and 
of [LapPeWil] (and hence, of Sections 13.1.1-13.1.4 and of the present sec- 
tion) is that in the former work, the generator G of T is assumed to be 
monophase, whereas in the latter work, it is not. For this reason the defin- 
ition of the tubular zeta function given in [LapPeWi1] has to be significantly 
more involved than in [LapPe2]. (Compare Definitions 13.41 and 13.8.) As 
an exercise, the interested reader can check that under the assumptions 
of Sections 13.1.1-13.1.4 (and, in particular, in the monophase case), the 
definition of ¢7(e,-) given in Definition 13.41 reduces to that given in Def 
inition 13.8. 


We are now finally able to state the first main result of [LapPeWil]. 
(See [LapPeWil, Theorem 4.1].) It is an important feature of Theorem 13.46 
that it applies to different representations of the volume of the tubular 
neighborhoods of the basic shape. The reader should be aware that Theo- 
rem 13.46 does not always give an explicit formula in the sense of the rest of 
this book and in the usual sense (which is essentially the Mellin transform 
of the volume function); see Example 13.48. 


Theorem 13.46 (Pointwise tube formula for fractal sprays with arbitrary 
generators). Let d > 1, and let T be a fractal spray in R¢@ with generator G. 
Assume that Cc, the scaling zeta function of T, has abscissa of convergence 
De < d,'° and that a Steiner-like representation of G has been fixed, as 
in (13.48). 

(i) (Pointwise tube formula with error term). Suppose that Cc is languid 
of order a < 1 for some screen S and a corresponding window W con- 
taining 0 in its interior (i.e., such that S(0) <0 and hence so that all the 
integer dimensions 0,1,...,d are visible).1" Then, for all ¢ > 0, we have 
the pointwise tube formula 


Vr(e) = S- res(¢7(e, );8 =w) + vola(G)¢c(d) + R(e), (13.51) 
weD7(W) 


where the sum ranges over the set Dr(W) = Dce(W) U {0,1,...,d} of 
visible complex dimensions of T. Here, ¢7(-,s) is the tubular zeta function 


16See Remark 13.50 for a discussion of this hypothesis. In particular, one always has 
Dg <difT has finite volume, and D; < d if T is a self-similar tiling. 

17When G is monophase, as was assumed in [LapPe2] and Sections 13.1.2-13.1.4, the 
hypothesis that 0 is in the interior of W can be omitted; see [LapPeWil, Corollary 4.3], 
stated in Corollary 13.49. 
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of Definition 13.41. The pointwise error term R(e) is given by 


Re) := Ba ah “els ee ae ae mo) ds, (13.52) 


and is estimated pointwise by 


Re) = O(e* 8"? *), ase 07. (13.53) 


(ii) (Pointwise tube formula without error term). Assume that Cc is 
strongly languid of order a < 2 and with constant A > 0 in Definition 5.8, 
estimate (5.21) (with the exponent & replaced by a). Then the pointwise tube 
formula (13.51) holds without the error term (i.e., R(e) =0 and W =C). 
More specifically, the choice W = C is possible in (13.51), implying that 
for all positive « < min(g,g/A), the error term R(e) vanishes identically 
n (13.51) and (13.52). 


In the following example, we apply Theorem 13.46 to the canonical repre- 
sentation of the unit interval (and scaled by a fractal string £), recovering 
again the explicit formula for the volume of the tubular neighborhoods 
of a fractal string. In the next example, we apply it to a nonpluriphase 
Steiner-like representation of (0,1), recovering the direct definition of the 
volume. 


Example 13.47. Using the same Steiner-like representation of (0,1) as 
in Example 13.14, we obtain by Definition 13.41, using d = 1, g = 1/2, 
and vol, ((0,1)) = 1 


Ce(s). (13.54) 


1/2 1 \_ (26)i-s 
8 om 4)-25 


The residue at s = 0 is 2e¢,(0) and the residue at s = 1 is —¢;-(1). The 
residue at a pole w of Cr is given by een res(C¢(s);w). Hence, we obtain 
the usual explicit formula for the volume; see Equation (13.12). 

In the present case, the head and tail splitting is C7 neaa(€, $s) = 0 and 
Cr.tai(e,s) = C7(e,s). See Remark 13.51 below, along with [LapPeWizl, 
Section 7.1.1]. 


Example 13.48. The volume of the inner tubular neighborhood of (0, 1) 
can also be obtained by means of the Steiner-like representation 


Gr(€,8) = (26)!*¢e(s) ( 


Vole) =*i(e) for e < 1/2, with K1(e) = 2e, 


and «o(¢) = 0. This representation is not pluriphase, because «1 is not 
constant. Extending the definition of «g(e), as in (13.48), by 


(e) 2e fore < 1/2, 
Ki(e) = 
- 1 fore > 1/2, 


404 13. New Results and Perspectives 


and kKo(€) = 0, gives Vio,1)(€) = K1(€) for all e > 0. By Definition 13.41, 
Qe l—-s ie 
Cre, =a 7 (wi le/ty) - 1) = ie) SE Qe). 


s—1 
l; >2e 
Since the sum is finite, the only pole of this function is at s = 1, with residue 
D1, >2<(2e—I;). The volume is obtained by an application of Theorem 13.46: 


Vr(e) = S5 (Qe -1;)+6c(1) = So 2+ SO Jy. (13.55) 


lj>2e lj>2¢ lj <2e 


We thus recover the direct definition of the volume of the tubular neigh- 
borhoods of a fractal string, as given in formula (8.1). 
For this example, the head and tail splitting is 


Grneaales) = (22)-* | 20+ 2. 7 (Re /ty -1) 


1,>2€ 


and Crtaii(e, 8) = 0. 


The following result [LapPeWil, Corollary 4.2] is really a corollary of 
(a part of) the proof of Theorem 13.46. Combined with part (ii) of Theo- 
rem 13.46 (applied to the very special case of a monophase generator), it 
enables us to recover the conclusion of the main result of [LapPe2] and 
Sections 13.1.2-13.1.4, but now in pointwise (rather than distributional) 
form. (Compare with Theorem 13.12 in Section 13.1.1 above.) 


Corollary 13.49 (The monophase case). If, in addition to the hypotheses 
of the first part of Theorem 13.46, we assume that G is monophase, then 
the tube formula with error term remains valid (with the same error esti- 
mate (13.53)) without the restriction that 0 belongs to the interior of W 
(i.e., S(O) < 0), provided this hypothesis is replaced by the much weaker 
assumption that the screen S avoids the integers 0,1,...,d. Hence, in par- 
ticular, it still holds for a screen S' that is arbitrarily close to (and to the 
left of) the vertical line Res = D. Moreover, for every « > 0, the error 
term R is given indifferently either by (13.52) or by the more traditional 
expression 


jis ma fortes) ds. (13.56) 


The significance of Corollary 13.49 is that Minkowski measurability re- 
sults can then be obtained for the corresponding self-similar tilings, using 
the techniques of Section 8.4 and several results from Chapter 3 of this 
book. This observation, along with the possibility of obtaining an analogue 
of Corollary 13.49 for a large class of fractal sprays or self-similar tilings (un- 
der geometrically natural conditions on the coefficient functions K,(G,-), 
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for q = 0,1,...,d), is under investigation in a work in progress by the 
authors of [LapPeWil]; see [LapPeWi2]. In particular, under the assump- 
tions of Corollary 13.49, the exact pointwise analogue of [LapPe2, Corol- 
lary 8.5], along with the higher-dimensional analogue of Theorems 8.23, 
8.30 and 8.36, holds. More specifically, a self-similar tiling 7 (verifying 
the hypotheses of Corollary 13.49) is Minkowski measurable if and only 
if it is nonlattice (i.e., if and only if the associated self-similar string CL 
is nonlattice). Furthermore, in that case, the Minkowski content of T can 
be explicitly computed (much as in Equation (8.65)), while in the lattice 
case, the average Minkowski content can be calculated (much as in (8.56)). 
Moreover, if, in addition, the self-similar set F' (defined by the self-similar 
system associated with 7) satisfies one of the equivalent conditions (1)—(6) 
of Remark 13.29 (by [PeWi, Theorem 4.4]), then F' is Minkowski measur- 
able if and only if it is nonlattice (i.e., if and only if T, or equivalently, L, 
is nonlattice). In other words, the above lattice/nonlattice dichotomy con- 
tinues to hold for the Minkowski measurability of such self-similar sets. 
Recall that this result can be applied, for example, to the Sierpinski gasket 
(which certainly satisfies (1)—(6) of Remark 13.29), but not to the von Koch 
curve (which clearly does not satisfy any of those conditions). We refer to 
arXiv:1104.1641v1 (see [LapPeWi2]) for a detailed proof and a precise 
statement of this result [LapPe2, Corollary 8.5] in the monophase case. It 
relies, in particular, on a version with error term of Corollary 13.53 below. 


Theorem 13.46 above (from [LapPeWil]) extends Theorem 8.7 in Sec- 
tion 8.1.1 the pointwise tube formula for fractal strings to arbitrary higher 
dimensions. As was discussed earlier, it also greatly extends in two differ- 
ent ways Theorem 13.12, the distributional tube formula for fractal sprays 
with monophase generators (in R¢, d > 1) obtained in [LapPe2].1® 

Note that due to the very simple geometry of the one-dimensional case 
(implying, in particular, that when d = 1, the generator can be chosen to be 
an open interval, say, G' = (0,2)), there was no need to distinguish between 
the scalar and the tubular zeta functions in the statement of Theorem 8.7. 
By contrast, it is essential to obtain a good definition of the tubular zeta 
function in order to properly state Theorem 13.46. (To see how to recover 
Theorem 8.7 from Theorem 13.46, we refer to Remark 13.15, which can 
easily be adapted to our present situation and notation. See also Exam- 
ple 13.47.) 


Remark 13.50 (Discussion of some of the hypotheses of Theorem 13.46 
and Corollary 13.49). The additional assumption Dz < d on the abscissa 
of convergence of Cr is necessary for the proof of Theorem 13.46 to work 
and is similar to the assumption D < 1 in Theorem 8.7. Recall from Sec- 
tion 13.1 and Remark 13.40 that one always has D;- < d for a fractal spray 


18Note, however, that in the first part of Theorem 13.12 (the languid case), no as- 
sumption was made on a, the order of languidity of ¢¢. (Compare Remark 8.9.) 
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with finite total volume. Although it is easy to construct a fractal spray 
satisfying Dc = d, it follows from [PeWi, Corollary 2.13] that a self-similar 
tiling cannot satisfy De = d because it would violate the nontriviality con- 
dition (13.20). Hence, for a self-similar tiling, the hypothesis Dz < d is 
automatically satisfied. 

Furthermore, the assumption (in Corollary 13.49) according to which the 
set of visible integer dimensions D7(W) and the screen S' are disjoint is 
made only to cover the case when 0 is not in the interior of the window W 
(as may be the case in Corollary 13.49). Indeed, this hypothesis is automat- 
ically satisfied when 0 lies in the interior of W (as is the case in part (i) of 
Theorem 13.46) because ¢¢ is assumed to be languid on S (so that Dc(W) 
and S$ are disjoint) and the remaining integer dimensions 1,...,d are on 
the real axis to the right of 0, and hence must be strictly to the right of 
the screen. 

Finally, recall from Remark 5.4 that if Cr is strongly languid of order a, 
then it is also strongly languid (and hence, languid) of any higher order, 
but not necessarily of any lower order. It follows that the hypotheses of 
part (ii) of Theorem 13.46 (the strongly languid case) do not imply those 
of part (i) (the languid case). (Compare Remark 8.8.) 


The following comment, elaborated in [LapPeWil, Section 7.1], describes 
the philosophy behind the proof of Theorem 13.46, as given in [LapPeWil, 
Section 7]. 


Remark 13.51 (The “head and tail” decomposition in the proof of Theo- 
rem 13.46). Part of the proof given in [LapPeWil, Section 7| of Theo- 
rem 13.46 (from [LapPeWil]) follows the outline of the proof of the point- 
wise explicit formulas in Chapter 5 and Section 8.1.1. The complete proof, 
however, is significantly longer and more complicated in the higher-dimen- 
sional case; it also throws new light on the one-dimensional situation con- 
sidered in Section 8.1.1. Moreover, the main idea underlying the proof is 
new in this context (even in the one-dimensional case corresponding to 
Theorem 8.7) and relies on the twin notions of the “head” and the “tail”, in 
the terminology of [LapPeWil]. 

In short, in [LapPeWil], the tubular zeta function ¢7 is split into a finite 
sum (the “head”, the number of terms of which tends to infinity as « > 07) 
and an infinite sum (called the “tail”, which contains the rest of the terms): 


Cr(s) = CT head (S) + Cr ,tail(s). 


Correspondingly, one writes the tube formula as V7 = V7 head + V7,tail 
(Section 7.1.1, loc. cit.). This decomposition enables one to use the Heavi- 
side function as expressed in Lemma 5.1 above; see Sections 7.1.5 and 7.1.6 
in [LapPeWil]. In addition, V7 neaa (respectively, V7tai1) is expressed as 
the sum of the residues of ¢7 neaa (respectively, ¢7 tail) over the set of visible 
complex dimensions of 7, with an associated error term RT head (respec- 
tively, R7 tai) Suitably expressed in terms of ¢7 head (respectively, C7 tail). 
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The constant term in the tube formula (13.51) comes from the tube for- 
mula for V7 tail. We note that the corresponding residue formula is ob- 
tained relatively easily for V7 jeaad but requires a considerable amount of 
work for V7 tail- 

The proof of the error estimate (13.53) is also rather involved and makes 
use of the assumption according to which either G is monophase or 0 lies 
in the interior of W. It consists, of course, in showing that each of the 
error terms Rt head OF RT,tail Satisfies the stated estimate (in the lan- 
guid case), or vanishes identically (in the strongly languid case). Actually, 
since S(0) < 0 under the assumption of part (i) of Theorem 13.46, it turns 
out that R7 head = 0 and hence Ry = RF tail. 


We now discuss the application of Theorem 13.46, the tube formula for 
fractal sprays, to the important special case of self-similar tilings. 

Let 7 be a self-similar tiling, generated by similarity transformations 
{®,; as and satisfying the nontriviality condition (13.20), exactly as in 
Section 13.1.2 above (and [Pe2]). For 7 = 1,..., N, let r; denote the scaling 
ratio of 6;. We assume, without loss of generality, that these scaling ratios 
are written in nonincreasing order: 


O<rn <-e-Sr <1. (13.57) 


It then follows from Theorem 3.6 (exactly as in Remark 13.23 above, 
see [LapPe2, Theorem 4.7]) that ¢- = ¢,; has a meromorphic extension 
to all of C given by (13.22) and hence that the scaling complex dimensions 
are the complex solutions of Equation (13.23): SS r; = 1. Furthermore, 
as in Remark 13.23, the only real solution 6 of the latter equation is tradi- 
tionally called the similarity dimension of F’, the self-similar set associated 
with the self-similar system ® = {;}0, (i.e., the attractor of the self- 
similar system ®). Moreover, since ® satisfies the open set condition, we 
have 6 = 0 = D = H, where o = og denotes the abscissa of convergence 
of ¢r (up to now, o was denoted D- in the present subsection), while D 
and H denote the Hausdorff dimension and the Minkowski dimension of F’, 
respectively. 

Note that the structure of Dg = D(C), the set of scaling complex 
dimensions of 7, is given exactly as in the latter part of Remark 13.23 
(see, in particular, the lattice/nonlattice dichotomy described there). For 
the remainder of this section, we let 


Dr =Pr(C) = De VU {0,1,...,d}, (13.58) 


consistent with definition (13.50) and the discussion following it. 

Next, in order to be able to apply part (ii) of Theorem 13.46, we first 
note that ¢¢ is strongly languid of order a = 0 < 2 and with constant 
A:=g'rn, as follows from the discussion at the beginning of Section 6.4. 
Here, as in Theorem 13.52 below, we assume that 7 has a single genera- 
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tor G, with inradius denoted by g. Secondly, we recall from Remark 13.50 
that D = Dg < d, for any self-similar tiling. 

In view of the last two comments, we may now deduce from the strongly 
languid case (i.e., part (ii)) of Theorem 13.46 the second main result ob- 
tained in [LapPeWil], which yields a pointwise tube formula for a large 
class of self-similar tilings.1? (See [LapPeWil, Theorem 5.7].) 


Theorem 13.52 (Exact pointwise tube formula for self-similar tilings with 
arbitrary generators). Let T be a self-similar tiling with a single genera- 
tor G provided with a Steiner-like representation, as in (13.43). Then, for 
all positive numbers € < g, we have the pointwise tube formula without 
error term 


Vr(e) = > res(¢r(e, 8); =w) + vola(G)Cc(d), (13.59) 


weEDr 


where Dr = Dr(C) denotes the set of complex (i.e., scaling and integer) 
dimensions of T and is given by (13.58) above. 


Because of its more explicit form, the following result [LapPeWil, Corol- 
lary 5.9], along with its version with an error term, is quite useful in com- 
puting specific examples, as is done in [LapPeWil, Section 6]. 


Corollary 13.53 (Pointwise fractal tube formula for self-similar tilings 
with arbitrary generators). Assume, in addition to the hypotheses of Theo- 
rem 18.52, that the poles of the tubular zeta function C7 are simple (which 
implies that Dc and {0,1,...,d} are disjoint). Then, for all0 <é < g, we 
have the following exact pointwise tube formula: 


d 
vrl)= Dae + Dla tele 13.60 
weEDe q=0 
where 
Q a d—1 4) — 
ee res(Ce(s)i 8 = w) 5 g?4(d ~ 9) Kq(G), forw€ Dz, (13.61a) 
d-—w rer aes 
Cy := Ka(G)ec(@), for q € {0,1,...,d}, (13.61b) 
(€) 
€g(€) = S- IT (tg (G, Ite) — k,q(G)), for qd € {0,1,...,d}, (13.61c) 
j=l 


and J(e) := max{j > 1: Ue < g} (with J(e) := 0 when € > l1g). 


In the very special case of monophase generators, we recover from Corol- 
lary 13.53 the exact pointwise counterpart of Corollary 13.25 (i.e., [LapPe2, 


19Note that since 0 < ry <1, we have min(g,g/rn) = g. 
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Corollary 8.7]), stated in [LapPeWil, Corollary 5.10]. Indeed, in that case, 
it follows from (13.61c) that eg(€) = 0 for all g € {0,1,...,d}. 


Corollary 13.54 (Pointwise fractal tube formula, monophase case). Let 
T be a self-similar tiling with a monophase generator G. If C7 has only 
simple poles, then for allO <é<g, we have the following exact pointwise 
fractal tube formula: 


d 


Vr(e) = S- Cyet% + S- Ger t= », Get’, (13.62) 


wEDe q=0 weEDr 


where c¢,, (for w € De) and cg (for q=0,1,...,d) are given as in (13.61a) 
and (13.61b), respectively, and Dr is given by (13.58). 


Remark 13.55. As was alluded to in the discussion following Corol- 
lary 13.49, if S(0) < 0 (so that all integer dimensions are visible) or if G 
is monophase, then one can naturally deduce from the languid case (i.e., 
case (i)) of Theorem 13.46 a pointwise formula with error term for self- 
similar tilings (as well as a corresponding corollary analogous to Corol- 
lary 13.53 or 13.54); see Theorem 5.12 and Corollary 5.13 in [LapPeWil]. 
Such results are needed, in particular, to obtain appropriate Minkowski 
measurability results. (See [LapPe2] and [LapPeWil, 2].) 


In closing Section 13.1.5, we point out that a variety of examples il- 
lustrating the tube formulas obtained in [LapPeWil] (see especially Theo- 
rem 13.46, Theorem 13.52 and Corollary 13.53) are provided in [LapPeWil, 
Section 6]. In particular, we mention the example (discussed in detail 
in [LapPeWil, Section 6.1]) of the “Cantor carpet tiling” (the Cartesian 
product of the ternary Cantor set by itself), a self-similar tiling with a gen- 
erator G which is not pluriphase (let alone monophase). See [LapPeWil, 
Figure 6.7], which depicts G in the form of a “Swiss cross”. We also mention 
the “U-shaped modification” of the Sierpiski carpet, a self-similar tiling with 
a fractal-type generator ([LapPeWil, Section 6.2]), and a family of binary 
trees [LapPeWil, Section 6.3], a non self-similar fractal spray the generator 
of which changes from monophase to pluriphase as the underlying parame- 
ter varies; see [LapPeWil, Figure 6.11]. Finally, we point out the example of 
the Apollonian packing (discussed in [LapPeWi1, Section 6.4]), another non 
self-similar fractal spray, with very interesting geometric (and, in important 
special cases, arithmetic) properties; see [LapPeWil, Figures 6.12 and 6.13], 
along with the relevant references provided in Section 6.4 of [LapPeWil]. 

Much remains to be done in order to understand all of these examples 
and many others, which should enable one eventually to develop, in par- 
ticular, a good geometric interpretation of the coefficients of the fractal 
tube formulas discussed above, possibly in terms of a suitable notion of 
“fractal curvatures” associated with each complex dimension w € D7; see 
Equations (13.60) and (13.62), for example. Such a potential geometric 
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interpretation would likely have important applications in physics, for ex- 
ample, to understand the geometry of the early universe or the distribution 
of galaxies and of invisible (i.e., so-called “dark”) matter or energy. 


13.2. p-Adic Fractal Strings 


In this section, we present aspects of a geometric theory of p-adic (or non- 
archimedean) fractal strings, that is, bounded open subsets of the p-adic 
line Q, having a fractal subset of Q, for “boundary”. This theory, developed 
by Michel Lapidus and Li Hing in [LapLul-2], as well as by these same 
two authors and Machiel van Frankenhuijsen in [LapLu-vF 1-2], extends in 
a natural way the theory of real (or archimedean) fractal strings and their 
complex dimensions developed in the earlier editions of this book [Lap- 
vF5, 11], and building on [LapPo2, LapMa2, Lap2], for example. (See also 
the survey article [LapLu3].) Following [LapLul-3, LapLu-vF 1-2], we in- 
troduce suitable geometric zeta functions, the poles of which play the role 
for p-adic fractal strings of the complex dimensions for the standard real 
fractal strings. Furthermore, we discuss the analogies and the differences 
with the usual theory developed in the rest of this book. 

More specifically, we first recall the definition of a p-adic self-similar 
string introduced in [LapLu2]. Then we show (as in [LapLu2]) that all p- 
adic self-similar strings are lattice (in a strong sense) and deduce from this 
fact the simple periodic structure of their complex dimensions. We also 
discuss the tube formulas obtained in [LapLu-vF 1, 2], both in the general 
case of (languid) p-adic fractal strings and that of p-adic self-similar strings. 
Throughout this section these various results are illustrated in the case of 
suitable nonarchimedean analogues of the Cantor and the Fibonacci strings 
(which are both self-similar), as well as in the case of a new (and non self- 
similar) p-adic fractal string, namely, the p-adic Euler string introduced 
in [LapLu-vF1]. (Compare with the archimedean Euler string discussed 
in Section 4.2.1 above.) Some particular attention is devoted to the 3- 
adic Cantor string (introduced and studied in [LapLul]), an appropriate 
counterpart of the archimedean Cantor string, whose (metric) boundary is 
the 3-adic Cantor set [LapLul], a suitable nonarchimedean analogue of the 
classic (archimedean) ternary Cantor set. 

We note that p-adic (or nonarchimedean) analysis has been used in var- 
ious areas of mathematics (such as representation theory, number theory 
and arithmetic geometry), as well as (more speculatively) in mathematical 
and theoretical physics, such as quantum mechanics, quantum field theory, 
string theory, cosmology and mathematical biology; see, e.g., [DraYKKV, 
V1VoZe] and [Gro]. In particular, it is believed by some authors that p- 
adic numbers (or, more generally, nonarchimedean fields) can be used to 
describe the geometry of spacetime at very high energies and hence, very 
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small scales (i.e., below the Planck or the string scale); see, e.g., [Vol]. Fur- 
thermore, several physicists have suggested that the small scale structure 
of spacetime may be fractal; see, e.g., [GibHaw, HawIs, Not, WheFo]. 

Some connections between fractals and p-adic analysis have also been 
discussed, from very different perspectives, in [Chis] and [Rob], for example. 

In the recent book [Lap10], it has been suggested that fractal strings and 
their quantization, fractal membranes, may be related to aspects of string 
theory and that p-adic (and possibly, adelic) analogues of these notions 
would be useful in this context in order to better understand the under- 
lying (noncommutative) spacetimes and their moduli spaces [Lap10, Lap- 
Nes1]. The theory of p-adic fractal strings, once suitably “quantized”, may 
be helpful in further developing some of these ideas and eventually provid- 
ing a framework for unifying the archimedean and nonarchimedean fractal 
strings and membranes. (See also Section 13.5 below.) 


18.2.1 p-Adic Numbers 


Given a fixed prime number p, any nonzero rational number x can be 
written as « = p”- a/b, for integers a and b and a unique exponent v € Z 
such that p does not divide a or b. The p-adic absolute value is the function 
|- |p: Q — [0, 00) given by |z|, = p-” and |0|, = 0. It satisfies the strong 
triangle inequality: for every x,y € Q, 


lz + ylp < max{|alp, |Ylpt- 


Relative to the p-adic absolute value, Q does not satisfy the archimedean 
property because for each x € Q, |nz|, never exceeds |x|, for any n € N. 

The completion of Q with respect to |-|, is the field of p-adic numbers Q,. 
More concretely, every z € Q, has a unique representation 


Z=Ayp’ +++ +a9+aiptagp*+:--, 
for some v € Z and a; € {0,1,...,p — 1} for all j > v and a, # 0. An 


important subspace of Q, is the unit ball, Z, = {x € Q,: |z|p < 1}, which 
can also be represented as follows: 


Lp = {ao + aip + agp” +--- : aj € {0,1,...,p—1} for all 7 > 0}. 

Using this p-adic expansion, one sees that 

p-l 

Zy = | J(a+ pZp), (13.63) 

a=0 
where a+ pZ, = {y € Q,: |y— al, < 1/p}. Note that Z, is compact and 
thus complete. Also, Q, is a locally compact (abelian) group, and hence 
admits a unique translation invariant Haar measure py, normalized so that 
Ho(Z,) = 1. In particular, wx(at+p"Z,) = p-” for every n € Z. For general 
references on p-adic analysis, we point out, e.g., [Kob, Rob, Sch, Ser]. 
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Remark 13.56. (a) The distance d, defined on Q, by d,(x,y) = |z — y|p 
is called an ultrametric since it satisfies the counterpart of the above strong 
(or ultrametric) triangle inequality: 


dy(w, z) < max{dp(e,y), dp(y, 2)} (13.64) 
for all x,y,z € Qp. As a result, every triangle is isosceles. More specifically, 
if d(x, y) > dp(y,z), then d,(x, z) = d,(z, y). (13.65) 


It follows that the center of any ball B can be chosen arbitrarily within B. 
Moreover, given any two balls B, and Bag, either they are disjoint or one is 
entirely contained in the other (i.e., By C By or Bz C B,). These properties 
are common to all ultrametric spaces (i.e., all metric spaces for which the 
ultrametric triangle inequality (13.64) holds). 

(b) By definition, Z, is the (closed) unit ball of (Q,,, dp). Moreover, Z, has 
the remarkable property of being a ring (since for all x, y in Zp, by (13.64) 
again, |e + ylp < max(l2lp,[ylp) < 1, and [zylp = |alplylp < 1). This 
is to be contrasted with the fact that [—1,1], the unit ball of R, is not 
stable under addition (although it is obviously stable under multiplication); 
see [Haran2]. Finally, since translations are homeomorphisms, every closed 
ball B = B(a,r) in Q, with center a has a radius r of the form r = p”, 


Bia,r) =a+p "Z, ={x€Q): |r—alp <r} (13.66) 


for some r € p”, the valuation group of the nonarchimedean field Qp. 


(c) (p-adic intervals). In the sequel (as well as in part of the literature on 
p-adic analysis, see, e.g., [Kob]), the metric balls B = a+rZ, (with a € Q, 
and r € p%, as in (13.66) just above), are sometimes called the “intervals” 
of Q,. Note that they are not connected, in the usual topological sense, but 
that they are “convex”, in the following sense: for each z,y € B anda € Zp, 
we have that ax + (1—a)y € B.?° We leave it to the reader to investigate 
the converse statement that every convex subset of Q, is a metric ball (ie., 
an interval); see, e.g., [Sch]. 


(d) (The archimedean/nonarchimedean dichotomy). A beautiful and clas- 
sical theorem of Ostrowski states that each nontrivial “absolute value” on Q, 
the field of rational numbers, is (up to equivalence?!) either the (nonarchi- 
medean) p-adic absolute value |-|, for some prime p, or the standard (archi- 
medean) absolute value on Q. In other words, the resulting completion of 
Qis either one of the p-adic fields Q,, for some prime p, or the archimedean 
field of real numbers, R. For this reason, one sometimes writes R = Qa 


?0Here and henceforth, it is useful to think of Zp C Q» as being the analogue of the 
unit interval [0,1] C R (rather than of [—1, 1}). 

21 Two absolute values are said to be equivalent if they induce the same topology on Q; 
this is the case if and only if one is a power of the other. 
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and refers to (the equivalence class of) the absolute value | - | as the “place 
at infinity”, associated with the “prime at infinity” or the “real prime;” 
see [Haran2].?* With this notation in mind, we see that the field Qx is ar- 
chimedean, whereas for any (finite) prime p, Q, is a nonarchimedean field. 
The theory of p-adic fractal strings developed in [LapLul-3, LapLu-vF 1-2] 
is aimed, initially, at finding suitable definitions and obtaining results that 
parallel those corresponding to the theory of real (or archimedean) fractal 
strings found in this book, for example. As we will see, however, although 
there are many analogies between the archimedean and nonarchimedean 
theories of fractal strings, there are also some notable differences between 
them; see especially the discussion of tube formulas [LapLu-vF 1] and that 
of self-similar strings [LapLu2, LapLu-vF 2] in Sections 13.2.5-13.2.8. 


18.2.2. p-Adic Fractal Strings 


Let be a bounded open subset of Q,. Then it can be decomposed into a 
countable union of disjoint open balls (or “intervals”, see Remark 13.56(c)) 
with radius p~”) centered at a; € Q,, 


aj +p Zy = Blaj,p ™) = {x € Qp: |z@ —ajlp SD ™ f, 


where nj; € Z and j € N*. (See Remarks 13.56(b) and 13.56(c) above.) 
There may be many different such decompositions since each ball can al- 
ways be decomposed into smaller disjoint balls [Kob]; see Equation (13.63). 
However, there is a canonical decomposition of 2 into disjoint balls with 
respect to a suitable equivalence relation, as we now explain. 


Definition 13.57. Let U be an open subset of Q,. Given x,y € U, we write 
that x ~ y if and only if there is an open ball B CU such that z,y € B. 


It is clear from the definition that the relation ~ is reflexive and symmet- 
ric. It is also transitive: let x ~ y and y ~ z. Then there are open balls By; 
containing « and y and Bz containing y and z, both contained in U. Since 
y € Bi Bg, it follows from Remark 13.56(a) above that either B, C By 
or Bz C By. In either case, x and z are contained in the same open ball, 
so « ~ z. Hence, the above relation ~ is an equivalence relation on the 
open set U. 


Remark 13.58 (Convex components). The equivalence classes of ~ can 
be thought of as the “convex components” of U; see Remark 13.56(c). They 
are an appropriate substitute in the present nonarchimedean context for 
the notion of connected components, which is not useful in Q, since Z, (and 
hence, every interval) is totally disconnected. Note that given any x € U, 


22 Ostrowski’s Theorem is usually expressed in terms of valuations rather than absolute 
values. Accordingly, a place of Q is generally defined as an equivalence class of valuations 


on Q. 
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the equivalence class (i.e., the conver component) of x is the largest (closed) 
ball (i.e., interval) containing x (or equivalently, centered at x) and con- 
tained in U. 


Definition 13.59. A p-adic (or nonarchimedean) fractal string Ly is a 
bounded open subset 22 of Q,. 


Using the above equivalence relation, every p-adic fractal string can be 
written canonically as a disjoint union of intervals or balls: 


Hence, B(a;,p~”5) is the largest ball centered at a; and contained in 2. We 
may assume that the lengths (i-e., Haar measure) of the intervals a;+p" Zp 
are nonincreasing, by reindexing if necessary. That is, 


PEP Gee Bre See), 


Definition 13.60. The geometric zeta function of a p-adic fractal string Ly, 
is defined as 


Ce, (s) = So (ua (aj +P Zp) = Yor, (13.67) 


for Res large enough. 


Let oc, be the abscissa of convergence of the Dirichlet series (13.67) 
for Cc,. It is well known that ¢¢, is holomorphic in the open right half-plane 
Res > ag, and hence does not have any pole (i.e., complex dimension) 
in that region. Furthermore, this is the largest right half-plane with that 
property since |¢c,,(s)| + co as s > Cae s ER. Following traditional usage, 
we will continue to denote by ¢¢, the meromorphic continuation (when it 
exists) of the geometric zeta function of £, to some open neighborhood 
of {Res > oc, }. We note that further on in this section, we will show in 
Theorem 13.109 that oc, = Dy, for any (nontrivial) p-adic fractal string. 
As a result, we will often denote by D this common value and refer to it 
as the dimension of Ly. 


Definition 13.61. If ¢-, has a meromorphic continuation to an open 
neighborhood of the window W C C, then 

Dz, (W) = {w © W: w is a pole of Cc, } 
is called the set of visible complex dimensions of Ly. If W = C or if no 
ambiguity may arise, we simply write Dc, = Dc, (W) and call it the set of 
complex dimensions of Ly. 
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kN. 
Ly pi+Z, (p—1)p-*++Z, 
p'+pZ, p'+1+pZ, p '+p-—1+pZ, 


Figure 13.6: Construction of the p-adic Euler string Ep. 


The following comment will be useful in Section 13.2.5 as well as in 
Section 13.2.8. 


Remark 13.62. Modulo the action of a suitable translation and scaling 
transformation, we may always assume that a p-adic fractal string 2 is an 
open subset of Z,. For notational simplicity, we will take advantage of this 
observation when we study p-adic self-similar strings in Section 13.2.5. 


Example 13.63 (p-adic Euler string). The following p-adic Euler string, 
introduced in [LapLu3] and [LapLu-vF2], is an example of a p-adic fractal 
string which is not self-similar (in the sense of Section 13.2.5). It is a nat- 
ural p-adic counterpart of the elementary prime string, which is the local 
constituent of the completed harmonic string; cf. Section 4.2.1. 

We start with X = p~'Z,. Then by (13.63), 


p-l 


X= Up +Z,). 


£=0 


We now keep the first subinterval Zp, and then decompose the next subin- 
terval further. That is, we write 


p-l 
po + Zy = U (ors +€ + pZy). 
€=0 


Again, iterating this process, we keep the first subinterval p~' + pZ, in the 
above decomposition and decompose the next subinterval, p~' + 1+ pZy. 
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Continuing in this fashion, we obtain an infinite sequence of disjoint subin- 
tervals {a,, + p”Z,}°9, where ag = 0 and a, = p-'+1+p+p?+---+p"~? 
for all n > 1. We call the corresponding p-adic fractal string, 


co 


Ep = U (an +p"Zpy), 


n=0 
the p-adic Euler string; see Figure 13.6. It is composed of intervals of length 
1, 1/p, 1/p?,..., of total length 1/(1— p7'). 
The geometric zeta function of the p-adic Euler string €, is 
1 


Ce, (8) = by as i-< for Res > 0. (13.68) 
n=0 


Therefore, Ce, has a meromorphic extension to all of C given by the last 
expression, which is the classic p-th Euler factor of ¢. The set of complex 
dimensions of €, is given by 


De, ={D+inp: neé Z}, (13.69) 
where D = 0 and p = 27/log p. 
Remark 13.64 (Adelic Euler string). Since ¢¢, is the p-th Euler factor of 


the Riemann zeta function, we have 


I[¢.@ =][] : =(C(s), for Res>1. 
P P 


1l-—p-§ 


The authors of [LapLu-vF 1-2] hope to form a suitable “adelic product” over 
all p-adic Euler strings (including the prime at infinity) so that the geo- 
metric zeta function of the resulting adelic Euler string € is the completed 
Riemann zeta function.?° Formally, the adelic Euler string may be written 


as 
c=) &, 
pSoo 
and its geometric zeta function would then be the completed Riemann zeta 
function ; 
= _ ~-s/2 
Ge(s) = €(8) = 9-*71(5/2) TT <—. 
poco 

where the completion € of the Riemann zeta function ¢ has the same critical 
zeros as ¢ and satisfies the functional equation €(s) = €(1 — s). 

In this context, it is natural to expect that the resulting (noncommu- 
tative) geometric object (associated with €) should be an example of a 


23Some interesting connections with the work of B. Dragovich in [Dra] may be estab- 
lished in the process. 
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truly adelic counterpart of the notion of a “fractal membrane” introduced 
(in the archimedean setting) in [Lap10] and further studied in [LapNes1]; 
see Section 13.5. Making the present statement precise and rigorous, how- 
ever, will entail solving some interesting and challenging open problems in 
nonarchimedean harmonic analysis and operator theory. 


18.2.3 Inner Tube and its Volume 


In this section, based on a part of [LapLu-vF1], we provide a suitable 
analogue in the p-adic case of the “boundary” of a fractal string and of 
the associated inner tubes (or “inner ¢-neighborhoods”). Moreover, we give 
the p-adic counterpart of the expression that yields the volume of the inner 
tubes (see Lemma 13.70 and Remark 13.72). This result serves as a starting 
point in [LapLu-vF 1] for proving the corresponding explicit tube formula 
(see Section 13.2.4). For the reader’s convenience, and since this material 
may be somewhat unfamiliar, we include the proofs of some of the main 
statements, all of which can be found in [LapLu-vF 1]. 


Definition 13.65. Given a point a € Q, and a positive real number r = p”, 
let B= B(a,r) = {x €Q): |x —alp <r} be a metrically closed ball in Qp, 
as above. We call S = S(a,r) = {x € Q,: |x — alp =r} the sphere of B. 
We then define the metric boundary BL, of the p-adic fractal string 
Ly = UR B(a;,r;) to be the disjoint union of the corresponding spheres, 


BLy = |) S(ay,15). 


j=l 


Given a real number ¢ > 0, define the thick p-adic inner €-neighborhood 
(or “inner tube”) of L, to be 


Ne= NA Le) = 126 Lede Pla) <2} 


where d,(z, S) = inf{|x — y|p: y € S} is the p-adic distance of x € Q, toa 
subset S of Q,. Then the volume Ve, (€) of the thick inner e-neighborhood 
of £L, is defined to be the Haar measure of Naz, 


Ve, (€) = ba (Ne). 
The first part of the following lemma implies that for « < p~”, the thick 
inner €-neighborhood N.(B) coincides with S = 6B if B = B(a,p~”) and 
S = S(a,p-") is the corresponding sphere. This fact may be rather sur- 


prising at first and is a reflection of a purely nonarchimedean phenomenon. 
It will be key to our subsequent discussion and choice of definitions. 


Lemma 13.66. Let B = B(a,r) and S = S(a,r), as in Definition 13.65. 
Then, for any positive number e <r, we have 


N(B) := {2 € B: d(x, 8) <e} = 8. (13.70) 
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Hence, if r= p—™ for some m € Z, then for all ¢ <r, 
ta (N.(B)) = (1—p7*)p™™. (13.71) 


Proof. Clearly S C {x € B: d,(x,S) < e} since for any x € S, d,(x,S) = 0. 
Next, let c € B be such that d,(z,5') < ¢. Then there exists y € S such 
that |x — y|p < e. But, since |y — al, = r, we deduce from (13.65) that 
|x — al, =r and thus x € S. This completes the proof of (13.70). 

We next establish formula (13.71). In light of Equation (13.70), it suffices 
to show that 

Uy(S) = (1—p*)p-™. (13.72) 

Let S' = $(0,1) = {x € Q): |z|, = 1} denote the unit sphere in Q,. Since 
S=S(a,p-™) =a+p™S", we have that wy(S) = wy(S!)p-™ 

Next we note that B(0,1) = $1 U B(0,1/p) is a disjoint union, so that 
in (S') =1—p~', from which (13.72) follows. 


Lemma 13.67 (Volume of thick inner tubes). Let Lp = Uj, Blaj,p-™) 
be a p-adic fractal string. Then, for any € > 0, we have 


k 
Ve,(e)=(1-p") Sop ™ +> ps (13.73) 
j=1 j>k 
1 k 
=Cc,()-->S op”, (13.74) 
ara 


where k = k(e) is the largest integer such that p-"* > «. 


Proof. For notational simplicity, let B; = B(a;,p-™4) and S$; = S(a;,p-"4) 
for 7 > 1. First, we may arrange the sequence {p—”/} in descending order, 


pO ap Pep ee 0. 


With k = k(e) defined as above, we have (in light of Equation (13.70) of 
Lemma 13.66) 


n= Ut @ € By: dp(2,S; <u 8 = Usu Um 


j>k j>k 
(13.75) 


Since this is a disjoint union and p-™ < « for 1 < 7 < k, we deduce from 
Equations (13.70) and (13.71) of Lemma 13.66 that 


Ve, (€) Se m+ Sop, 


Ik 


Equality (13.74) also follows since Cc, (1) = 052, p7™ < 00. 
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Corollary 13.68. The following limit exists in (0,00): 
lim Vz, (€) = wn(BLp) = (1—p7")éc, (1). (13.76) 
e—>O0t 


Proof. Note that k = k(e) + co as « + 07. Hence, it follows that on 
the right-hand side of (13.73), the first sum tends to soe 1p ™ = Cc, (1) 
as € + 0*, while the second sum tends to zero. Therefore, 


Ve, (€) = HH (Ne(Lp)) > ee oe -on(U s,) = pH (Lp), 


as desired. (Observe that, in light of (13.75), N-(£,) increases to BL, = 
Ujz1 9; as e — OF.) 


Corollary 13.68 leads us naturally to formulate the following definition. 
Definition 13.69. Given ¢ > 0, the thin p-adic inner e-neighborhood (or 
‘inner tube’) of Ly is given by?4 

Ne = Nel(L5) = Nel Lp) Oko: (13.77) 
Then, in light of Corollary 13.68, the volume Vz, (e) of the thin inner e- 
neighborhood of Ly is defined to be the Haar measure of N- and is given 
by 
Ve, (€) = Ha (Ne) = Ve, (€) — ta (BLp) = Ve, (€) — jim, Ves (0). 
(13.78) 


We next state the counterpart of Lemma 13.67, which is the key result 
that will enable us to obtain an appropriate p-adic analogue of the frac- 
tal tube formula as well as of the notion of Minkowski dimension and of 
Minkowski content (see Sections 13.2.11 and 13.2.12). 


Lemma 13.70 (Volume of thin inner tubes). For any ¢ > 0, we have 


=i or ape (13.79) 


j>k jip "i<e 


where, as before, k = k(e) := max{j > 1: p"™ <e}. 

Proof. In light of Equations (13.73), (13.76) and (13.78), we have 
Ve,(€) = Ve, (€) — pr (BL,). 

Since Cc, (1) = ijcnP + jan RP 4, We see that Vz, (€) is given by 


ae a+ 5S p nj (l-p aa ae nj 


j>k j>k 


?4Note that for any given realization Q of Lp, we have BLp C N-z(Lp) for every € > 0. 
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Remark 13.71. Observe that because the center a of a p-adic ball (ie., 
interval) B = B(a,p~”) can be chosen arbitrarily, the metric bound- 
ary BB = S(a,p~") depends on the choice of a. However, in view of 
Lemma 13.66, 7 (N-(B)), and hence also wy (Ne (B)), does not depend on 
this choice. Similarly, even though the decomposition of a p-adic string 
(i.e., Zp) into maximal intervals B; = B(a;,p-"’) is canonical, the met- 
ric boundary BL, = Ujz1 S (a;,p-"4) depends on the choice of the cen- 
ters a;. However, according to Corollary 13.68, x (GL) is independent 
of this choice, and hence, neither Vz, (¢) nor Vc, (€) depends on the choice 
of the centers. Indeed, in light of Lemma 13.67 and Lemma 13.70, Vc, (€) 
and Ve, (€) depend only on the p-adic lengths p~™’, and hence solely on 
the p-adic fractal string Lp. 

Although it is not analogous to it, this situation is somewhat reminis- 
cent of the fact that the volume V;(e) of the inner ¢-neighborhoods of an 
archimedean fractal string depends only on its lengths l;, 7 = 1,2,..., and 
not on the representative 0 of £ as a bounded open set; see Equation (8.1). 


Remark 13.72. Note the difference between Equation (8.1), the expres- 
sion for Vc(e) in the case of a real fractal string and (13.79) (respectively, 
(13.73)—(13.74)), the expression for its nonarchimedean thin (respectively, 
thick) counterpart Vc, (€) in the case of a p-adic fractal string Lp. It fol- 
lows, in particular, that Vc(e) is a continuous function of € on (0,00), 
whereas Vc,,(€) (and hence also Vz, (€)) is discontinuous (because it is a 
step function with jump discontinuities at each point p~”5, for 7 = 1,2,...). 
More importantly, observe that Vz, (¢) does not tend to zero for ¢ + 0*, 
but instead tends to (1 — p~')¢c,(1), whereas Ve, (e) does tend to zero. 
This is the reason why the Minkowski dimension must be defined in terms 
of Vz, (€) (as will be done in Section 13.2.11) rather than in terms of Vz, (¢). 
Indeed, if Vc, (€) were used instead, then every p-adic fractal string would 
have Minkowski dimension 1, which is clearly absurd and uninformative. 
(This would be the case even for a trivial p-adic fractal string composed of 
a single interval.) This is also why, in the p-adic case, we will focus only 
on the tube formula for Vz, (€) rather than for Vc, (€) (although the latter 
could be obtained by means of the same techniques). 

These discrepancies between the archimedean and the nonarchimedean 
theory help explain why the tube formula for real and p-adic fractal strings 
have a similar form, but with different expressions for the correspond- 
ing “tubular zeta function” (in the sense of Section 13.1 and [LapPe2-3, 
LapPeWil]); see Sections 13.2.4 and 13.2.5. 

We note that a minor aspect of these discrepancies is that 2¢ has been 
replaced by ¢. Interestingly, this is due to the fact that [0, 1] has inradius 1/2 
in R = Qo whereas Zp has inradius 1 in Q,. 

Finally, we point out that for an archimedean fractal string £, there is no 
reason to distinguish between Ve(e) and Ve(e). Indeed, for any realization 
Q= Uj, I; of £ as a bounded open subset of R, the metric boundary 6Q 
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consists of the endpoints of the real open intervals J;. Hence, 8Q is disjoint 
from 2 and so from NV¢(e). Therefore, for any ¢ > 0, Nce(e) = Ne(e), and 
Ve(e) = Ve(e). Next, leaving aside the fact that 6Q is disjoint from Q, 
note that it follows from the above discussion that GQ is at most countable 
and hence, its Lebesgue measure vanishes: vol) (8Q) = 0, no matter which 
realization of £ we choose. 


As a first application of Lemma 13.70, we obtain, via a direct compu- 
tation, a tube formula for the p-adic Euler string €,; that is, an explicit 
formula for the volume of the thin inner ¢-neighborhood, Vg, (€), as given 
in Definition 13.69. Later on, we will similarly obtain a tube formula for 
the nonarchimedean counterpart of the Cantor string and of the Fibonacci 
string, as introduced in [LapLul] and [LapLu2], and discussed in Exam- 
ples 13.82 and 13.102 respectively; see Example 13.83 and Section 13.2.9. 
We will also show how to recover these results from the general theory 
developed in the next subsection. 


Example 13.73 (Tube formula for the p-adic Euler string €,). For the p- 
adic Euler string €p defined in Example 13.63, given ¢ > 0, let k = [log,, e~"] 
be the largest integer such that puy(a, + p*Z,) = p-* > e. Then, by 
Lemma 13.70, we have, since k = log, e~'— {log, e~'}, where {x} = x — [a] 
denotes the fractional part of z, 


1 


co = —1 
2 pe on LD “1 
West So PS = eee 
n=k+1 ae oe 


Next we use the Fourier series expansion for b~‘*, as given by Equa- 
tion (1.13), for b= 1/p and x = log, e~', to obtain (since €?7""* = e~'P) 


e7inp 


iD 


~ logp a 1—inp’ 


and so, in view of Equation (13.69) for the set Dg, of complex dimensions w 
of Ep, 


el-inp 1 el-w 


1—inp peep 2 1-—w’ 


Ve, (€) = a aa Ss? 


pred log p neZ 


with p = 27/logp. Finally, using the fact that res(Ce, (s);w) = 1/log p for 
all w € De,, we obtain 


Ve,() == > res(¢e, (8);) (13.80) 


weDe, 


l-w 
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18.2.4 Tube Formulas for p-Adic Fractal Strings 


In this section we obtain distributional tube formulas for p-adic fractal 
strings, with or without error term; see Theorem 13.74 and Corollary 13.75. 
As an illustration, we will apply this tube formula to recover the tube 
formula for the p-adic Euler string obtained in Example 13.73. 

The following result, obtained in [LapLu-vF 1], is the counterpart of Theo- 
rem 8.1 (the distributional tube formula for real fractal strings) in the 
present nonarchimedean context. 


Theorem 13.74 (Distributional tube formula for p-adic fractal strings). 
Let Ly be a languid p-adic fractal string for some real exponent & and a 
screen S that lies strictly to the left of the vertical line Res = 1. Further 
assume that oc, < 1, where oc, is the abscissa of convergence of Cr,.- 
Then the volume of the thin inner tubular neighborhood of radius € of the 
boundary of L, is given by the following distributional explicit formula, on 
test functions in D(0, co): 


Ve, (€) = Se res (Pee a) + Ry(E). (13.81) 
) 


l-s 
wEDc,,(W 


The distributional error term R, is given by 


RiGy= Lf PSE as (13.82) 
S 


l-s 
It is estimated distributionally (as in Definition 5.29) by 
R,p(e) = O(c" P5), ase OF” (13.83) 


Moreover, if Ly is strongly languid,?® then we can take W = C and 
Rp(e) = 0, provided we apply this formula to test functions supported on 
compact subsets of [0, A). 


Proof. Since the proof of Theorem 13.74 parallels that of its counterpart 
for real fractal strings (see Theorem 8.1), we only provide here the main 
steps. We will explain, in particular, why the p-adic tube formula takes 
a different form than in the real case. As will be clear from the proof, it 
all goes back to the difference between Lemma 13.70 and its archimedean 
analogue, Equation (8.1). In order to facilitate the reading of the proof, 
whenever possible, we will try to use the same notation as in the proof of 
Theorem 8.1. 


25This is the case, for example, for an arbitrary self-similar p-adic fractal string Ly, 
in the sense of Section 13.2.5. 
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According to Lemma 13.70, 


/ * 1h (dx) = (PE, ve), 


t/e © 


1 > 1 

Ve Ej) Ss ls 

n{e) Reece ‘ Pp 
ji p JI<eée 


where pel = 1 := D721 Ogprs} is viewed as a distribution and 


(ine 0 if < L/e 
"Vil (px) if x > Le. 


Fix y € D(0, co). Then 


[ eeweteae == [oleae 
0 PL Si /x 
=p ‘yi (zx), 


where y; is a smooth, but not compactly supported, test function, given 
by 


Thus 


We,(e),¢)= fle) velo) n(dz)ae 
0 0 
= (Pll, pp (2)). (13.84) 
The Mellin transform (see Equation (5.43)) of y; is computed to be 


1 
Ai(s) = = p(2—s) for Res <1. (13.85) 


Furthermore, by analytic continuation, and since £(s) is entire for yp € 
D(0, 00), the equality in (13.85) continues to hold for all s € C. 
Now, let UV = p~'yy,. Its Mellin transform is 


= p(2 — 
Tog Pl2— 5); 


which holds for all s € C. Note that it follows from our previous discussion 
that U(s) is meromorphic in all of C, with a single, simple pole at s = 1. 
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Next, we deduce from (13.84) and Theorem 5.26 (the extended distrib- 
utional explicit formula, with error term) that 


(Ve,(e),~) = > res (¢e,(s)¥(s)iw) + Rple) 


wEDe, 


[= (Geese) vom 


weEDe, 


I 


+ [ Rryle)y(e) de. 


Therefore, 


Vc, (€) = S- res (See) + Rp(e). 
(Ww) 


ae p(l—s) 


In closing this proof, we note that in the strongly languid case, we use Theo- 
rem 5.27 (the extended distributional formula, without error term) instead 
of Theorem 5.26 in order to conclude that (13.81) holds with R,(e) = 0. 


Corollary 13.75 (Fractal tube formula). If, in addition to the hypotheses 
in Theorem 13.74, all the visible complex dimensions of Ly are simple, 
then 


1l-w 


+ R,p(é), 


l-—w 


where C,, = res (Cc, (s);w) p_'. Here, the error term Ry is given by (13.82) 
and estimated by (13.83) in the languid case. Furthermore, if we choose 
W =C, we have Rp(e) = 0 in the strongly languid (and hence, for example, 
for any p-adic self-similar string, cf. Section 13.2.5). 


Remark 13.76 (p-Adic tubular zeta function). If we think of the p-adic 
fractal string £, as a (p-adic) fractal spray 7, with generator Gp := Zp, 
then, according to Equation (13.81) of Theorem 13.74 and in the terminol- 
ogy of Section 13.1 (borrowed from [LapPe2-3, LapPeWil]), we have that 
the (p-adic or nonarchimedean) tubular zeta function of T, is given by 


heer" 
76, 8) = p(1 — s) 


Note the difference between this expression and the expression for the 
(archimedean) tubular zeta function of a (real) fractal string £ (viewed as 
an archimedean fractal spray T on the generator G := (0, 2)): 


Cr(é, 8) = ee (13.87) 


(13.86) 
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See Theorem 8.1 and the discussion in Example 13.14 and Remark 13.15 
of Section 13.1. 

Note that with the above notation in (13.86), formula (13.81) can be 
rewritten as 


Ve,(e)= >> res(Cr, (,8);3 = w) +R,(e), (13.88) 


weEDey(w) 


while (13.82) simply becomes 


Rp(e) = = [ by (€,8) ds, (13.89) 


stressing the analogy between the nonarchimedean and archimedean tube 
formulas in the p-adic and the real case. (Compare with Theorem 8.1 and 
Example 13.14.) In this light, and from the present perspective of tube 
formulas, the only difference between the p-adic case and the real case is 
the expression for the corresponding tubular zeta function, along with the 
fact that D7,(W) := Dc, (W) U {0} (because, in contrast to what happens 
in deriving (13.87), s = 0 is not a pole of the Mellin transform (13.85); 
compare with the discussion in Example 13.14. 


Example 13.77 (Recovering the tube formula for the Euler string). We 
now explain how to recover from Theorem 13.74 (or its corollary) the tube 
formula for the Euler string €, obtained via a direct computation in Ex- 
ample 13.73. Indeed, it follows from Corollary 13.75 applied to €, that 


1l-w 


Ve, (€) = z S- res(Ce, (s);w) a (13.90) 


weDe, 


which is exactly the expression obtained for Vg, (€) in formula (13.80) of Ex- 
ample 13.73. Note that Corollary 13.75 can be applied here in the strongly 
languid case with W = C and R,(¢) = 0 since, in light of the discussion 
in Example 13.63, all the complex dimensions of €, are simple (and Cg, is 
clearly strongly languid of order k := 0 and constant A := p~!; cf. Equa- 
tions (13.68) and (6.35)). Furthermore, it follows from Equation (13.68) 
that res(Ce,(s);w) = 1/logp for all w € De,, and hence formula (13.90) 
can be rewritten in the following more concrete form: 


1 el-w 
Ve,(€) = i ye I 
plogp weDe, Ww cians 
= 1 3 el-inp 
plogp cae inp’ 


where (as in Examples 13.63 and 13.73) De, = {inp: n € Z} and the 
oscillatory period is given by p = 27/ log p. 
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Finally, note that since the Fourier series }7,,¢7 e~'"P"/(1 — inp) con- 
verges pointwise, the p-adic fractal tube formulas (13.90) and (13.91) con- 
verge pointwise (for any 0 < € < 1) instead of merely distributionally. 


18.2.5  Self-Similar p-Adic Fractal Strings 


In this section we summarize (mostly without proof) some of the material 
in [LapLul, 2], as well as recast and supplement some of the main results 
therein in light of the results obtained in Section 13.2.4. The latter set of 
results concerning tube formulas for p-adic self-similar strings (and related 
topics) are obtained in [LapLu-vF2]. 


Definition 13.78. A map ®: Z, — Z, is called a similarity contraction 
mapping of Z, if it is the restriction to Z, of a similarity contraction of Q,, 
i.e., of amap ©: Q, > Q, such that there exists r € (0,1) satisfying 


|O(x) — Py) |p = 7: |e — lp 
for all x,y € Qp. 


In the nonarchimedean world, there are many non-affine similarity trans- 
formations of Q,, but every analytic”® similarity of Q» is affine; see, for 
example, [Sch]. Hence, from now on, we assume that every similarity con- 
traction mapping ®: Z, —> Zp used in Section 13.2 is affine. Thus we assume 
that there exist constants a,b € Z, with |a|, < 1 such that ®(z) =ar+6 
for all « € Z,. Regarding the factor a of the contraction, it is well known 
that it can be written as a = u-p”, for some unit u € Zp (i-e., |ulp = 1) 
and n € N* (see [Neu]). Then r = |a|, = p~”. We summarize this fact in 
the following lemma. 


Lemma 13.79. Let ®(x) = ax +b be an affine similarity contraction 
mapping of Zy, with scaling ratio r. Then b € Zp and a € pZy, and the 
contraction factor is r = |a|, =p” for some n € N*. 


For simplicity, let us take the unit interval (or ball) Z, in Q, and con- 
struct a self-similar p-adic fractal string L, as follows: Let N > 2 be an 


integer and ®,,...,®): Z, —> Z, be N affine similarity contraction map- 
pings of Z, with the respective scaling ratios r1,...,rn € (0,1) satisfying 
Lory 21g So ty > OD; (13.92) 


see Figure 13.7. Assume that 


N 


yo <1, (13.93) 


j=l 


264 map from Q, to itself is analytic if it admits a power series expansion (about 0) 
with coefficients in Q, that converges in all of Qp. 
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Lp 
wa. 
®ii(Zp) --- Oi (Gi) O1(Gx) Oni (Zp) «-. On (Gi) On(Gxx) 


Figure 13.7: Construction of a p-adic self-similar fractal string. 


and the images ®;(Z,) of Z, do not overlap, i.e., ®;(Zp)M ®i(Zp) = @ for 
all 7 £ 1. Note that it follows from Equation (13.93) that Ws ®;(Zp) is 
not all of Z,. We therefore have the following (nontrivial) decomposition 
of Z, into disjoint p-adic intervals: 


N K 
Zy = (J ®)(Zp) U LJ Ge, (13.94) 
k=1 


j=l 


where Gy, is defined below. 

In a procedure reminiscent of the construction of the Cantor set, subdi- 
vide the interval Z, by means of the subintervals ®;(Z,). Then the convex?” 
components of 


N 
Zy\ U ®; (Zp) 


are the first substrings of the self-similar p-adic fractal string Lp, say 
G1,G2,...,GxK, with K > 1. These intervals Gy, are called the genera- 
tors of Ly, the deleted intervals in the first generation of the construction 
of £,.*° The length of each G;, is denoted by gx = 1H(Gx). We assume 
that the lengths 91, 92,...,g« of the first substrings satisfy 


1> gr 2 go 2 ++ 2 9K > 0. (13.95) 


It follows from Equation (13.94) that 
N K 
Sorjt > oe =1. (13.96) 


27We choose the convex components instead of the connected components because Zp 
is totally disconnected. Naturally, no such distinction is necessary in the archimedean 
case; cf. Section 2.1.1. 

28They are called “gaps” in Chapter 2 and Section 8.4, in particular. 
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We then repeat this process with each of the remaining subintervals ®,(Z,), 


for 7 =1,2,...,N. As aresult, we obtain a self-similar p-adic fractal string 
Ly =, lz, 13,..., consisting of intervals of length 1, given by 
Tuy Tyg °° * Tyg Gk, (13.97) 


fork =1,...,& and all choices of g € N and 1,...,v € {1,..., N}. Thus, 
the lengths are of the form r{’...rQ gx with e1,...,en EN. 

In [LapLu2], the classic notion of self-similarity is extended to the nonar- 
chimedean setting, much as in [Hut], where the underlying complete metric 
space is allowed to be arbitrary. We note that the next result follows by 
applying the classic Contraction Mapping Principle to the complete metric 
space of all nonempty compact subsets of Z,.?° 


Theorem 13.80 (p-Adic self-similar set). There is a unique nonempty 
compact subset S, of Z, such that 


N 
Sp = U ®; (Sp). 
j=l 


The set S, is called the p-adic self-similar set associated with the p-adic 
iterated function system ® = {®1,...,Py}. 


The relationship between the p-adic self-similar string £p and the p- 
adic self-similar set S, is given by the following theorem, also obtained 
in [LapLu2]. 


Theorem 13.81. (i) Lp = Zp\Sp, the complement of S, in Zp. 


(ii) Ly = bees Weird Unni (Gx), while Sp = (5 Uwew, ®,,(Zp), 
where W,, = {1,2,...,N}* denotes the set of all finite words on N sym- 
bols, of length a, and ®y = ®y, 0--:0®y, for w = (wi,...,Wa) € Wa.” 


Example 13.82 (3-adic Cantor string). Let ®,,®2: Z; —>+ Zs be two 
similarity contraction mappings of Q, given by 


®\(%)=32 and (4%) =2+4+ 32, (13.98) 


with the same scaling ratio r = 1/3 (ie., r1 = rg = 1/3). By analogy with 
the construction of the standard Cantor string, subdivide the interval Z3 
into subintervals 


®, (Zs) = 0 + 3Z3 and ®2(Z3) = 2 + 3Z3. 


?9Recall from Section 13.2.1 that Zp is complete since it is a closed subset of the 
complete metric space Qp. 
30By convention, Pw(G_) = 0 if w € W-1. 
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The remaining convex component 


2 
Zs\ \|_) ®;(Zs) =1+3Z3 =G 
j=l 
is the first substring of a self-similar 3-adic fractal string, called the non- 
archimedean (or 3-adic) Cantor string and denoted by CS3 [LapLul]. The 


length of G is 
l) = py(14+ 3Z,) = 1/3. 


By repeating this process with the remaining subintervals ®;(Z3), for j = 
1,2, we obtain a sequence CS3 = 1), l2,13,..., associated with the open set 
consisting of intervals of lengths J, = 3~” with multiplicities m, = 2’~1. 
The nonarchimedean Cantor string CS3 can also be written as 


By definition, the geometric zeta function of CS3 is given by 
Ges, (s) = (wa (1 + 3Z3))° + (un (3 + 9Z))° + (un(5 + 9Z3))° +++ 


gv-1 3-8 


= fe log 2/1 . 
ai ioe, tO Res > log 2/log3 


The meromorphic extension of (cs, to the entire complex plane C is given 
by 


6es3(s) = — = (13.100) 
with poles at 
_ log 2 Lah 20 
log 3 log 3’ 
Therefore, the set of complex dimensions of CS3 is given by 
Des, ={D+inp: n€ Z}, (13.101) 


where D = log2/log3 is the dimension of CS3 and p = 27/log3 is its 
oscillatory period. Finally, note that ¢cs, is a rational function of z = 37°, 


ie., 
z 
Cess(s) = Taoy: 


We refer the interested reader to [LapLul] and Section 13.2.8 below for 
additional information concerning the nonarchimedean Cantor string and 
the associated 3-adic Cantor set C3. In particular, C3 is the self-similar set 
associated with the family of contractive similarities {®,, ®2}, as in Theo- 
rem 13.80, and by part (i) of Theorem 13.81, CS3 = Z3\C3, the complement 
of the 3-adic Cantor set in Z3. (See Theorems 13.103 and 13.104.) 
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Example 13.83 (Tube formula for the 3-adic Cantor string). Let ¢ > 0. 
By Lemma 13.70, we have 


1 le) gn-1 1/2 k+1 c 2 n 1/2 k 
me - 3 n=k+1 3” 6 (3) n=0 (3) 3 (5) sa 


where k = [log,e—!] = x — {x}, with x := loge}. Since (2/3)” = e1-? 
and exp(2rinz) = e~‘"P, and using the Fourier expansion for b— {2}, as 
given by Equation (1.13), for b := 2/3, we obtain an expansion in fentaa of 
the complex dimensions D + inp, with D = log; 2 and p = 27/1log3. More 
specifically, we have 


9) oe e2ting 
3 5 
(3) 7, log (2/3) + 2min 
1 
~ Qlog3 y 1—(D-+ inp)’ 


e7inp 


and hence, in light of (13.102) and since (2/3)* = «'~?,, we deduce that 


1 el- D—-inp 
Vess(€) = pe DoT: 1—D—inp 
3-1 el-w 
oes ys on (13.103) 
wEDes, 


where Des, = {D + inp: n © Z}, as in Equation (13.101). Using Equa- 
tion (13.100), we easily see that res(¢cs,;w) = 1/2log3, independently of 
w € Des,, and so the explicit tube formula for the 3-adic Cantor string is 
found to be 


1l-w 


Vess(€) = 3 oy res(es,iw) = —. (13.104) 


wEDess 


Note that since CS3 has simple complex dimensions, we may also apply 
the fractal tube formula of Corollary 13.75 (in the strongly languid case) 
to precisely recover Equation (13.104). Alternatively, in order to derive this 
tube formula, one can use Theorem 13.97 in Section 13.2.8 below. 

Finally, we note that since the Fourier series )>,,¢7 e~'"?” /(1— D —inp) 
is pointwise convergent, the above direct computation shows that (13.103) 
and (13.104) hold pointwise (rather than merely distributionally). 


18.2.6 The Geometric Zeta Function 


The following expression for the geometric zeta function will be further 
simplified in Theorem 13.90 of Section 13.2.7 below. 
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Theorem 13.84. Let L, be a self-similar p-adic fractal string. Then the 
geometric zeta function of Lp has a meromorphic extension to the whole 
complex plane C and is given by 


Drei 9 
Cc, (s) = ae for s EC. (13.105) 
1- ae ré 

Corollary 13.85. The set of complex dimensions of a self-similar p-adic 
fractal string £L, is contained in the set of complex solutions w of the Moran 
equation paar r? = 1. If the string has a single generator (i.e., if K = 1), 
then this inclusion is an equality; see Examples 13.82, 18.102 and Theo- 
rem 18.90. 


Theorem 13.86. Every self-similar p-adic fractal string is lattice. 


Remark 13.87. Theorem 13.86 follows from the fact that all the scaling 
ratios r; must belong to the multiplicative group p”. In fact, much more is 
true since the gaps gz must also belong to p”, as will be discussed below 
in more detail. It follows that p-adic self-similar strings are lattice strings 
in a very strong sense, namely, their geometric zeta functions are rational 
functions of p~* (see Theorem 13.90 below). 


Remark 13.88. Theorem 13.86 is in sharp contrast with the usual theory 
of real self-similar strings developed in Chapters 2 and 3. Indeed, there are 
both lattice and nonlattice strings in the real case. 


Remark 13.89. The p-adic Euler string €,, discussed in Example 13.63, is 
not self-similar because €, has dimension D = 0, whereas the requirement 
that N > 2 in the definition of a self-similar string implies that D > 0 for 
any self-similar p-adic fractal string. 


18.2.7 Periodicity of the Poles and the Zeros 


A small modification of the above argument (in Section 13.2.6) enables us 
to show that every self-similar p-adic fractal string is “lattice” in a strong 
sense, aS we now explain. It will follow (see Theorem 13.92) that not only 
the poles (i.e., the complex dimensions of £,) but also the zeros of ¢¢,, are 
periodically distributed. 

We introduce some useful notation. First, by Lemma 13.79, we write 


rj=p ™, withn; €N* for 7 =1,2,...,N. 
Second, we write 
Gk = boH(Gr) =p ™*, with mz € N* fork =1,2,...,K. 
Let d= ged{ni,...,2N,™m1,...,mM«} and define 


ni, =n;/dandm, =m ,/d for j7 =1,2,...,N andk=1,...,K. 
(13.106) 
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Finally, we set 
Q=pt=1/r. (13.107) 


Without loss of generality, we can assume that the scaling ratios r; (re- 
spectively, the gaps g,) are written in nonincreasing order as in Equations 
(13.92) and (13.95), so that 


O< ni <ny<---<ny and0< mj <my<---<m. (13.108) 


Theorem 13.90. Let L, be a self-similar p-adic fractal string and let 
z2=Q-°%=r°%, with Q = p* as in Equation (13.107). Then the geometric 
zeta function Cc, of Lp is a rational function in z. Specifically, 


C238) Sean ar (13.109) 


where mi,,n', € N* are given by Equation (13.106). 
Definition 13.91. The oscillatory period of Ly is 


— a an 
~ logQ dlogp’ 


p 


The next result is the counterpart of Theorem 2.16 for nonarchimedean 
self-similar strings. Its proof follows that of Theorem 3.6 in Chapter 3. 

To avoid any confusion, we stress that in the statement of the next theo- 
rem, C¢, is viewed as a function of the original complex variable s. More- 
over, we will prove in Section 13.2.11 that the abscissa of convergence of 
the Dirichlet series defining ¢-,, coincides with the Minkowski dimension 
Dau = Duc, of Lp. 


Theorem 13.92 (Structure of the complex dimensions). Let Ly be a self- 
similar p-adic fractal string. Then 

(i) The complex dimensions of Lp and the zeros of Cc, are periodically 
distributed along finitely many vertical lines, with period p, the oscillatory 
period of Ly. 

(ii) Furthermore, along a given vertical line, each pole (respectively, each 
zero) of Cc, has the same multiplicity. 

(iii) Finally, the dimension D of Ly is the only complex dimension that 
is located on the real axis.?! Moreover, D is a simple pole of Cc, and is 
located on the right most vertical line. That is, D is equal to the maximum 
of the real parts of the complex dimensions. (See also Remark 13.94 below.) 


Remark 13.93. As will be clear to the expert reader, the situation de- 
scribed above—specifically, the rationality of the zeta function in the vari- 
able z = Q-*, with Q = p%, and the ensuing periodicity of the poles and 


31 By contrast, it is immediate to check that there are no real zeros. 
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the zeros—is analogous to the one encountered for a curve (or more gen- 
erally, a variety) over a finite field Fg; see, e.g., Chapter 3 of [ParsSh1]. In 
this analogy, the prime number p corresponds to the characteristic of the 
finite field. 


Remark 13.94. By Theorem 13.109 below, D is also the (inner) Min- 
kowski dimension Dy, of the self-similar set associated with the present 
self-similar system (or iterated function system, IFS): D = Dy =o, the 
abscissa of convergence of the geometric zeta function. It is also the simil- 
arity dimension of the IFS. Namely, D is the unique real solution of the 
equation Se re =: 


N 
soy =: (13.110) 


j=l 


Asaresult, D =o = Dy < 1 (since by assumption, ae rj; <1). This last 
observation will enable us, in particular, to apply the fractal tube formula 
(Theorem 13.74 and Corollary 13.75) to any p-adic self-similar string. 


We next supplement the above results by establishing a theorem obtained 
in [LapLu-vF 2] and which will be very useful to us in Section 13.2.8 in order 
to simplify the tube formula associated with a self-similar p-adic fractal 
string. 

According to part (i) of Theorem 13.92, there exist finitely many poles 


W1,.++,Wq, 
with w; = D and Re(w,) <--- < Re(w2) < D, such that 
Dz, = {Wu +inp:n¢€ Zu=1,...,q}. 


Furthermore, each complex dimension D + inp is simple (by parts (ii) 
and (iii) of Theorem 13.92) and the residue of ¢c,(s) at s = D+ inp is 
independent of n € Z and equal to 


kK m',D 
Dike ns (13.111) 


res(¢c,,(s); D + inp) = —. 
(Ce, (8) = Bet ee 


The latter fact (concerning residues) is an immediate consequence of the 
following result. 


Theorem 13.95. (i) For each v =1,...,q, the principal part of the Lau- 
rent series of Cc,(s) at s = Wy + inp does not depend on n. 

(ii) Moreover, let u € {1,...,q} be such that wy, (and hence also w,+inp, 
for every n € Z) is a simple pole. Then the residue of Cc,(s) at s = wy+inp 
is independent of n € Z and 


Se matin 


N ra 
loge ar 


res(Cc,, (8); Wu + inp) = (13.112) 
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In particular, this is the case for w, = D. 


The dimension D is always simple, but the other complex dimensions 
can have a multiplicity. Indeed, much as in Section 2.3.4, one can construct 
examples for which Cr, has multiple poles of arbitrary order. 


Note that in the archimedean theory of self-similar strings developed in 
Chapters 2 and 3, especially Theorem 2.16, we had to assume that the gap 
sizes are integral powers of r. See also Remark 2.18. 


Remark 13.96. Part (i) of Theorem 13.92 shows that in a very explicit 
sense, the theory of self-similar p-adic fractal strings is significantly sim- 
pler than its archimedean counterpart. Indeed, not only is it the case that 
every self-similar p-adic string Ly is “lattice”, but both the zeros and poles 
of ¢c,,(s) are periodically distributed (along vertical lines), with the same 
period. By contrast, even if an archimedean self-similar string £ is as- 
sumed to be “lattice”, then the zeros of ¢c(s) are usually not periodically 
distributed. See Chapters 2 and 3. 


18.2.8 Exact Tube Formula for p-Adic Self-Similar Strings 


In view of Equation (13.105), it follows from the argument given at the 
beginning of Section 6.4 that every self-similar p-adic fractal string Ly 
is strongly languid, with « := 0 and A := NIK in the notation of 
the latter part of Definition 5.3. Indeed, Equation (13.105) implies that 
Ic, (s)| « (ry gx) |Res!, as Res + —oo. Hence, we can apply the dis- 
tributional tube formula without error term (i.e., the last part of Theo- 
rem 13.74 and of Corollary 13.75). Since by Theorem 13.86, £, is a lattice 
string, we obtain (in light of Theorems 13.90, 13.92 and 13.95) the following 
simpler analogue of Theorem 8.25, which is obtained in [LapLu-vF2]: 


Theorem 13.97. Let L, be a self-similar p-adic fractal string with multi- 
plicative generator r. Assume that all the complex dimensions of Ly are 
simple. Then, for all ¢ withO<e< OKT y the volume Vz, (€) is given by 
the following exact distributional tube formula: 


q 
Ve, (€) = Set Gi, (logy /, e*), (13.113) 


u=1 


where 1/r = Q = p® (as in Equation (13.107)), and for each u=1,...,4q, 
the real-valued function G,, is periodic on R with period 1 (corresponding to 
the line of complex dimensions through wy; w1 = D > Rew, >--- > Rewg), 
and is given by the following conditionally convergent Fourier series: 


res(ep(s)iwu) g~ __etins 
= P 13.114 
Gu(w) ee (13.114) 


neZ 
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where (as in Equation (13.112) of Theorem 13.95), 


res(Cc,,(s);Wu) = ah. mala (13.115) 


Moreover, G, is nonconstant and bounded away from zero and infinity.°? 


Remark 13.98. In comparing these results with the corresponding results 
in Chapter 2 and Section 8.4, the reader should keep in mind the simplifi- 
cation brought upon by the “strong lattice property” of self-similar p-adic 
fractal strings; see Theorem 13.92 and Remark 13.96 above. 


Remark 13.99. The analogue of Corollary 8.27 holds in the present con- 
text, with 2¢ replaced by ¢. In particular, for any nontrivial p-adic self- 
similar string (and since the complex dimensions with real part D are all 
simple, by Theorem 13.92), we have the following “truncated tube formula”: 


V(e) = eG (log /> e') + E(e), (13.116) 


where G = G; is the nonconstant, bounded periodic function of period 1 
given by Equation (13.114) of Theorem 13.97 (with u = 1 and w; = D). 
Here, E(e) is an error term that can be estimated much as in Corollary 8.27. 
In particular, there exists 6 > 0 such that e~“-?) E(e) = O(e°), ase + OF. 


Remark 13.100. Note that in light of Remark 13.94, we have D=o0 <1 
for any (nontrivial) p-adic self-similar string £,. Hence, we can also apply 
the distributional tube formula of Theorem 13.74 in the general case (when 
the complex dimensions of £, are not necessarily simple) or, in the present 
special case of simple complex dimensions, Corollary 13.75, in order to 
obtain a distributional tube formula in this situation, with or without error 
term. 


Theorem 13.101. A self-similar p-adic fractal string is never Minkowski 
measurable because it always has multiplicatively periodic oscillations of 
order D in its geometry. 


The notion of Minkowski measurability for a p-adic fractal string will be 
defined towards the beginning of Section 13.2.11, much as in the archime- 
dean case. 


Example 13.102 (Nonarchimedean Fibonacci String). Let ®; and ®2 be 
two similarity contraction mappings of Z2 given by 


®i(4)=2x and Oo(x) =1+4 42, 


32Indeed, Gy, is a periodic extension of an exponential function, and hence is bounded 
away from zero and infinity. 
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Figure 13.8: The complex dimensions of the nonarchimedean (or 2-adic) Fibonacci 
string. D = log, ¢ and p = 27/ log 2. 


with the respective scaling ratios r; = 1/2 and rg = 1/4. The self-similar 
2-adic fractal string with generator G = 3 + 4Z is called the nonarchi- 
medean Fibonacci string and denoted by FS2 (compare with the archime- 
dean counterpart discussed in Section 2.3.2). It is given by the sequence 
FS = |, le,13,... and consists of intervals of lengths 2~™” with multi- 
plicities F,,_1, the Fibonacci numbers, for m > 2.°° More specifically, the 
nonarchimedean Fibonacci string is the following disjoint union of intervals, 


FS». = (3+ 4Z2) U (6 + 8Z2) U (12 + 16Z2) U (13 + 16Z2) U.... 
By Theorem 13.84, the geometric zeta function of FS is given by 


4-8 


——— 13.11 
ees eer a 


CFS2(8) = 
The set of complex dimensions of FS2 is given by 


Drs, ={D+inp: ne Z}U{-D+i(n+1/2)p:neZ}, (13.118) 


33These numbers are defined by the recursive formula Fy,41 = Fm + Fm-1, Fo = 0 
and Fi = 1. 
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with D = log, ¢, where ¢ = (1+/5)/2, the golden ratio, and p = 27/ log 2, 
the oscillatory period of FS2. (See Figure 13.8.) We refer the interested 
reader to [LapLu2] for additional information concerning the 2-adic Fi- 
bonacci string. 

Note that ¢rs, does not have any zero (in the variable s) since the nu- 
merator 4~* never vanishes. Moreover, by Theorem 13.90, Crs, is a rational 
function of z = 27°, Le., 


Pe 
1l—z-22° 


CFS» (s) 


13.2.9 Tube Formula for the 2-Adic Fibonacci String 


In this subsection, we provide the main steps for a direct computation of 
the exact tube formula of the 2-adic Fibonacci string FS2 introduced in 
Example 13.102. The calculation is rather long and we leave the omitted 
details to the interested reader. As we will see, however, the general tube 
formula for nonarchimedean self-similar strings yields the same result very 
quickly. 

Let DE (respectively, De) be the set of complex dimensions of the 
form w, = D + inp (respectively, of the form wy = —D + i(n + 1/2)p), 
with n € Z. According to (13.118), the set of complex dimensions of FS»2 
is a disjoint union, Drs, = oe. U Oey Recall that all of these complex 
dimensions are simple. Then, in light of (13.117), we have 


3-6 
res(CFs,3 1) = 5log 2’ (13.119) 
(1) 
for all w, € Deg, and 
on) 2+ 
res(CFs,;W2) = Blond’ (13.120) 


for all wz € DEY. 


First note that ¢? = ¢+1, so that —1/¢ =1- 4¢, and 


logy(1 — ¢) = logs(—1/¢) = —D + ip/2. 


Let = := log, e~*, so that (¢/2)* = <1—? and ((1— )/2)® =e? -P?, 
where, as in Example 13.102, D = log, ¢@ and p = 27/log2. Using the 
Fourier series expansion for b~{*} in Equation (1.13) with b := @/2 and 
b := (1 — $)/2, we find for k = [a] = 2 — {x}, 


6\* el 
($) = 0-9 Dress) 


wi EDE) 


(13.121) 


Wy 
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and 


el-we 


= k 
( =*) = (-1-3¢) > res(Crs,i2) (13.122) 
WE FS 


By an application of Lemma 13.70, and in light of (13.121), (13.122), 


and the well-known formula F,, = eae, valid for n = 0,1,2,..., we 


ae} 


obtain successively: 


1 
Vesa (€) = 5 SN ee 


2-"<e 


1 ~ n—-1 n—-1 —n 
ar ie ee a 


n=k+1 
_ 1 (= (1 = o) 
— W/5 \ 2-6 1+¢ ; 


Using V5 = 2¢ — 1, and (2¢ — 1)(2 — ¢) = 3¢ — 4 in the first Fourier 
expansion (13.121), and (2¢ — 1)(1+ ¢) = 1+ 3¢ in the second Fourier 


expansion (13.122), we obtain, since Drs, = DE, UDP? , 


l—w 


1 E 

Vrs,(€) = 5 S> res(Crs,;w) = (13.123) 
WEDF Sy 

Since p = 2 here, this is in agreement with the result provided by Corol- 

lary 13.75. The reader can also check that this result is in agreement 

with the tube formula obtained in Theorem 13.97. Indeed, (13.123) can 


be rewritten as follows: 
Vso (e) =e! Gi (logy e~') +e! FP "PG (logy e7*), 


where G, and G2 are periodic functions of period 1 given by their respective 
conditionally convergent Fourier series 


CG as 7 Qos o S e2ring 
mn" Wlog2 <4 1— (D+ inp) 
and 
Q+ @ e2ting 
Go(x) = 
2(2) TOlog3 2 1—(-D+i(n+1/2)p) 


Finally, we note that the above computation yields an exact tube formula 
which is valid pointwise, and not merely distributionally. 
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Z, 
To le 
Ty 0+3Z5 Lt 3% 942875 


eS 


Tz 0+9Z3 3+ 9Z3 6+9Z3 2+ 9Zs 5+ 9Z3 8+ 9Z3 
T, : : : : 


Figure 13.9: Construction of the nonarchimedean Cantor set C3 = (\7°_9 Tn- 


13.2.10 The 8-Adic Cantor Set 


The 3-adic Cantor string CS3 was introduced in [LapLul] and discussed 
in Example 13.82 above. We will define the 3-adic Cantor set C3 (also 
introduced and studied in [LapLul]) and exhibit its relationship with CS3. 
In particular, we will show that CS3 = Z3\C3, the complement of the 3-adic 
Cantor set C3 in Z3. For more information, see [LapLul]. 

Consider the set of 3-adic integers Z3. In a procedure reminiscent of the 
construction of the classic Cantor set, we construct the 3-adic (or nonar- 
chimedean) Cantor set. First, we subdivide To = Zs into 3 equally long 
subintervals. We then remove the “middle third” subinterval 1 + 3Z3 to 
obtain T; = (0+3Z3)U(2+3Z 3). We then repeat this process with each of 
the remaining subintervals. The nonarchimedean Cantor set is then defined 


by 
C3 = () Tn; 
n=0 


where {T;,}>°_9 is a decreasing sequence of compact subsets of Z3; see Fig- 
ure 13.9. 
The next theorem is a special case of Theorem 13.80 above. 


Theorem 13.103. The 3-adic Cantor set C3 is self-similar. More specif- 
ically, it is the unique nonempty, compact invariant set in Z3 generated 
by the family {®1,®2} of similarity contraction mappings of Z3 into itself 
given by (13.98). That is, 


C3 = ©) (C3) U ®2(Cs). 


Theorem 13.104. Let W, = {1,2}" be the set of all finite words on two 
symbols of a given length k > 0. Then 


C3 = () U ®,,(Z3), 


k=0 wew, 


440 13. New Results and Perspectives 


Z3 
1 (Zs) 1+ 3Z3 ®2(Z3) 


ge ote 


11 (Zs) 3+ 9Z3 ®21(Z3) ®i2(Z3) 5+9Z3 ®20(Z3) 


Figure 13.10: Construction of the nonarchimedean Cantor set via an iterated 
function system. 


where Py = By, 0-+-0Py, for w= (wi,...,we) € We and the maps By, 
are as in Equation (13.98). It follows that CS3 = Z3\C3. 


The next result is the nonarchimedean analogue of the well-known char- 
acterization (in terms of the ternary expansions) of the classical (archime- 
dean) ternary Cantor set. 


Theorem 13.105. The 3-adic Cantor set is characterized by the 3-adic 
expansion of its elements. That is, 


C3 = {7 € Z3: T = a9 +413 4 493" +--- ,a; € {0,2} for alli > 0}. 


Theorem 13.106. The ternary Cantor setC and the 3-adic Cantor set C3 
are homeomorphic. 


Proof. Let p: C — C3 be the map sending 


Sas 4 Sas, (13.124) 
1=0 1=0 


where a; € {0,2} for all i > 0. We note that on the left-hand side of (13.124), 
we use the ternary expansion in R, whereas on the right-hand side we use 
the 3-adic expansion in Q3. Then, clearly, p is a continuous bijective map 
from C onto C3. Since both C and C3 are compact spaces in their respective 
natural metric topologies, p is a homeomorphism. 


Remark 13.107. In view of Theorem 13.106, like its archimedean coun- 
terpart C, the nonarchimedean Cantor set C3 is totally disconnected, un- 
countably infinite and has no isolated points. That is, it is a perfect metric 
space. 
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18.2.11 The Minkowski Dimension 


In the sequel, the (inner) Minkowski dimension and Minkowski content of 
a p-adic fractal string £, (or, equivalently, of its metric boundary 6L,) is 
defined exactly as the corresponding notion for a real fractal string (see 
Definition 1.2), except for the fact that we use the definition of BL, and of 
V(e) = Ve, (€) provided in Definition 13.65 of Section 13.2.3. (For reasons 
that will be clear to the reader later on in this section, we denote the 
Minkowski dimension of £, by Dy = Dyz,c, instead of D = Dz,.) 
Just as in Equation (1.4), the Minkowski dimension of L, is given by 


Du = Dm,c, = inf{a > 0: Ve, (e) = O(e"%) ase 07}. (13.125) 


Moreover, Ly is said to be Minkowski measurable, with Minkowski con- 
tent M, if the limit 


M = lim Vg, (e)e79-P™?) (13.126) 


e Or 


exists in (0,00). 
For later use, we note that an equivalent definition of Dy = Dy,c, is 
given by 


Du =inffa>0: lim e~"-Y, =0 
mu = inf{a> Jim ¢ 7, (E) } 


=sup{a>0: lim e~°-% Vz (e) = too}. (13.127) 
e>0+ 


Furthermore, we mention that we could define the upper Minkowski con- 
tent M* of £, as the upper limit as « > 0+ of e—A-Dw) Ve (e), and 
similarly for M.,, the lower Minkowski content of £,, with the lower limit 
instead of the upper limit. 


Remark 13.108. We stress that in order to define the Minkowski dimen- 
sion of Ly, we use the volume Ve, (€) of the thin e-neighborhoods (as given 
in Definition 13.69 and explicited in Lemma 13.70) and not the volume 
Ve, (€) of the thick e-neighborhoods (as given in Definition 13.65 and ex- 
plicited in Lemma 13.67). Indeed, as was noted earlier, if instead we had 
used the latter definition, then for any p-adic fractal string £,, we would 
have Dyy,c, = 1, which would be uninformative. (See Remark 13.72.) 

Note that since Ve, (€) = Ve, (€) — HH (OLp), the above definition of the 
Minkowski dimension is somewhat analogous to that of “exterior dimen- 
sion”, which is sometimes used (in the archimedean case) to measure the 
roughness of a “fat fractal” (i.e., a fractal with positive Lebesgue measure), 
like a fat Cantor set, for example. The notion of exterior dimension has 
been useful in the study of nonlinear dynamics; see, e.g., [Gre MOY] and 
the survey article [Ott]. 
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The goal of the rest of this section is to establish the following theorem 
from [LapLu-vF 1], which is the exact analogue for p-adic fractal strings of 
Theorem 1.10 of Section 1.2.34 


Theorem 13.109. Let L, be a p-adic fractal string composed of infinitely 
many intervals. Then the Minkowski dimension Dy = Dy,c, of Lp equals 
the abscissa of convergence oc, of the geometric zeta function ¢c,. That 
18, Du =0OfL,- 


Theorem 13.109 will be established in Theorem 13.111 below in greater 
generality, namely for any summable sequence of numbers |;. This is the 
object of the technical Lemma 13.110, which is of independent interest. 

When applied to a p-adic fractal string, the following lemma relates the 
thin volume with the zeta function. For completeness, but independently 
of this, we also formulate the counterpart for the counting function of the 
reciprocal lengths of an arbitrary fractal string. The lemma holds in general, 
independently of the fact that in the present situation, the lengths are 
integer powers of p. Recall from Definition 13.69 and Lemma 13.70 that 


1 
Vey=- SoG, (13.128) 
P 5liy<e 


writing V instead of Vc, since what follows holds for arbitrary sequences 
of positive numbers 1; such that ay Ll; is convergent. Also, 


N(z)= So 1 


lj; >1/ax 


is the number of reciprocal lengths up to x, and 


= Sk, 
j=l 


at least for s > 1. 


Lemma 13.110. We have the following two expressions for Cc(s) : 


qh 
Cc(s) = Cc(Ilf t+ (1 - » [ pV (e)e*? de, (13.129) 
0 
and 
¢c(s) =s | N(a)a~*—* de. (13.130) 
0 
Each of these integrals converges if and only if ei I converges. 


34Note that we need to assume that Ly has infinitely many lengths since if Lp is 
composed of finitely many intervals, then o¢,, = —oo. 
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Proof. For n > 0, we compute 


ly n-1 l; 
(1- » | pV (e)e* * de = Sot - » | pV (e)e*? de 
Li j=l bpd 
n—-1 oc lj 
= S- S- n(r—s) | e*? de, 
j=l k=j+1 Lita 


since for 1,41 <e < 1,, the function pV(e) is constant, equal to pare. lk 
We compute the integral to obtain 


ly n—-1 oo 
a-s) f Wee c=) SY kl -h): 
In j=l k=j+1 


Next, we split the sum and interchange the order of summation, to obtain 


n oo n-1l oo 
aD DRO 
J=2 k=j J=lLk=jt+1] & min{k,n} oo min{k,n}—1 
“Sa ye 
k=2 j=2 k=2 j=l 


In this formula, the two double sums clearly converge, since }>,., /, con- 
verges. Simplifying, we obtain ~ 


ly foe) o-) 
(1-8) / pV (e)e* 2 de = >_ lnleiorany — Det 
In k=2 k=2 
n-1 oe) co 
=SR+) bit - 4 Sk. 
k=2 k=n k=2 


Now, [18-1 < lf for k > n (if s > 1, we estimate instead I~! < 1, provi- 

ded n is so large that J, <1). Hence we can let n approach infinity if and 

only if }*7°. 1% converges, and then the middle sum converges to zero. In 

that case, we obtain 7,5, g —1f7'¢c(1) = Cc(s) — Gc (L)If + for the limit. 
In a similar way, we compute 


Ls eS a ae 
>| N(a)x2~*~1 dx = S- 8 N(a)x~*~1 da = Si - 4), 
0 _ 7 _ 
j=l j j=0 


since N(x) = 0 for a <I7', and N(x) = 9 for iE KTS pice We find 
Ls 1 


s N(a) de = Duh = Lym 


0 
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Now, nli < 250% in/2} 43, provided s > 0. It follows that we can let n 
approach infinity if and only if a I; converges, in which case we find 
the value ¢r(s) for the limit, again since the tail ae n/a] 8; converges to 


Zero. 


Recall the Minkowski dimension, defined by 
Dy = inf{a > 0: V(e) = O(e'~*) as e OF. (13.131) 
We also define (as usual) 
= inf{a > 0: N(x) = O(2*) as x > co}. (13.132) 


Theorem 13.111. The abscissa of convergence of Cc coincides with Dy 
and with D, 


o=Dy =D. 


Proof. We only prove that ¢ = Dy. In light of (13.130) of Lemma 13.110, 
the proof that o = D is similar. 

If V(e) < Ae!®, then (1 — s) fo! V(ee*2 de < A(1— 8) ft e802 de. 
This integral converges for s > a, hence, in light of (13.129) of Lemma 13.110 
and of Equation (13.131), 0 < a. Since this holds for all a > Djy, we con- 
clude that 0 < Dy. 

Conversely, if a < Dy, then V(e) is not O(e!~%) as e > 0*. This means 
that there exists a sequence 1; > €9 > €, > €2 > --: > 0 converging to 0 
such that V(e,;) > jG for every j. Then, for s < 1, 


ve g-1 


(1—s) e** de 22 (l-s yf ge, Ce de; 


0 


since V(e) is increasing. We estimate (1—s) er * 68? de > e& 1, to obtain 


qy 


(1—s) V(e)e*? de > me 
j= 


0 


For s < a, this sum diverges. Again by Equations (13.129) and (13.131), 
we conclude that o > a. This holds for all a < Dy, hence o > Dy. 


In light of Theorem 13.111, our next result follows directly from the 
definition (13.131) of Djs, since V(e) = O(1) as e + 0°. 


Corollary 13.112. For any p-adic fractal string with infinitely many 
lengths, we have 0 < D= Dy = oc, <i. 
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Remark 13.113. Note that the definition of the Minkowski dimension as 
given by (13.131) is the same as that given by (13.125). Indeed, in light of 
Definition 13.69 and Lemma 13.70, V(e) = Vz, (e€) (as given by (13.128)) 
coincides with the volume of a thin (inner) e-neighborhood of £,. Finally, 
recall from the latter part of Remark 13.72 that for any archimedean (or 
real) fractal string £, we have V(e) = Ve(e) = Ve(e). Hence, it does not 
matter whether we use thin or thick (inner) ¢-neighborhoods to define the 
Minkowski dimension of such a string. 


18.2.12 The Average Minkowski Content 


According to Theorem 13.101, a self-similar p-adic fractal string does not 
have a well-defined Minkowski content because it is not Minkowski measur- 
able. Nevertheless, as we shall see in Theorem 13.115 below, it does have a 
suitable “average content” May, in the following sense: 


Definition 13.114. Let £, be a p-adic fractal string of dimension D. 
The average Minkowski content, Mav, is defined by the logarithmic Cesaro 
average 


Mav = as log T 


1 
d 
/ e-A-D)y (2) 
1/T E 


provided this limit exists and is a finite positive real number. 


Theorem 13.115. Let L, be a self-similar p-adic fractal string of dimen- 
sion D. Then the average Minkowski content of Ly exists and is given by 
the finite positive number 


1 eis coe 
p= Dy iogr-1 So nia 
(13.133) 


Mav = res(¢r,,(s);D) = 


ee 
pil-D) 


Proof. The proof parallels that of Theorem 8.30, but we provide the main 
steps because the small differences in the expressions involved could other- 
wise lead to some computational errors. 

According to Remark 13.99 above, we have for all 0 < ¢« < 1 and for 
some 6 > 0, 


eG-D)V(¢e) = G (logy /, e~*) + O(e°), 


where G is the nonconstant and bounded periodic function of period 1 
given by Equation (13.114) of Theorem 13.97 (with u = 1 and w; = D). 
Hence, the change of variable x = log; ;, e~' yields 


: [ go PNV{e) ae : eo ‘ G(x) dx + o(1) 
——_ = x)dx+o 
logT Jiyr é  log,-1T Jo y 
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which converges to is G(a)dz as T — +00. Therefore, in light of Defin- 
ition 13.114, the average Minkowski content Ma, exists and is given by 


, 1 
Mav -| G(a)dxz = nD) res(¢c,,(s); D). (13.134) 


Here, we have used the well-known fact according to which the mean value 
of the periodic function G is equal to its zeroth Fourier coefficient, as given 
by the term corresponding to n = 0 in Equation (13.111) (or in Equa- 
tion (13.112), with u = 1 and w; = D). 


Example 13.116 (Nonarchimedean Cantor string). The average Minkow- 
ski content of the 3-adic Cantor string CS3 is given by 


1 


Aes 6(log 3 — log 2)" 


Indeed, we have seen in Examples 13.82 and 13.83 that D = logs 2, the 
residue is res(¢c¢s,(s);D) = 1/2log3, and p = 3. 


Example 13.117 (Nonarchimedean Fibonacci String). The average Min- 
kowski content of the 2-adic Fibonacci string FS is given by 


3—¢ 
10(log 2 — log ) ” 


Indeed, we have seen in Example 13.102 and Section 13.2.9 that p = 2, the 
dimension is given by D = log, ¢, and res(¢rs,(s);D) = (3 — $)/5log 2. 
Hence, the above expression for M,, follows from Theorem 13.115. Fur- 
thermore, note that ¢~! = (V5 — 1)/2 and so 


Mav — 


log 2 — log ¢ = log(2/¢) = log(W5 — 1). 
Hence, Ma, can be rewritten as follows: 


v _5-Vv5 1 7 1 
“20 log(V5—1) (5+ V5) log(V5 — 1) 


18.2.18 Concluding Comments 


We close Section 13.2 with some brief comments regarding several possi- 
ble directions for future research in this area, as discussed in [LapLu2-3, 
LapLu-vF 1-2]. 

As we have seen in Section 13.2.5, there can only exist lattice self-similar 
p-adic fractal strings, because of the discreteness of the valuation group 
of Q,. However, in the archimedean setting, there are both lattice and 
nonlattice self-similar strings. We expect that by suitably extending the 
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notion of a self-similar p-adic fractal string to Berkovich’s p-adic analytic 
space [Berk, Duc] (and especially, the Berkovich affine or projective line), 
it can be shown that self-similar p-adic fractal strings are generically non- 
lattice in this broader setting.?° Furthermore, we conjecture that every 
nonlattice string in Berkovich space can be approximated by lattice strings 
with increasingly large oscillatory periods (much as occurs in the archime- 
dean case; see Section 3.4.1 and Theorem 3.23). Finally, we expect that, by 
constrast with what happens for p-adic fractal strings, the volume V (e) will 
be a continuous function of ¢ in this context. (Compare with Remark 13.72.) 

Once such results are established, it would then be interesting to obtain in 
the context of Berkovich spaces the analogue of the fractal tube formulas 
obtained in [LapLu-vF1, 2], both for nonarchimedean self-similar strings 
and possibly, for more general fractal strings; see Sections 13.2.4 and 13.2.8. 

Moreover, it would be worth obtaining a nonarchimedean counterpart 
of the higher-dimensional theory of fractals and of the fractal tube formu- 
las for nonarchimedean fractal sprays, and in particular, for p-adic self- 
similar systems and the associated nonarchimedean tilings (which are yet 
to be precisely constructed), along the lines of Section 13.1; cf. [LapPe2, 3] 
and [LapPeWil]. (Later on, one can attempt to tackle a similar question 
for the higher-dimensional analogue of the Berkovich line, keeping in mind 
that at the moment, such a space is much less studied and appears to be a 
rather complicated topological and geometric object.) 

Finally, much as was briefly discussed in the latter part of Remark 13.64, 
it would be interesting to develop several new aspects of nonarchimedean 
functional analysis and operator theory (in the setting of Berkovich spaces, 
for example) in order to obtain a nonarchimedean (and later, an adelic) 
counterpart of the (archimedean) “fractal membranes” (or “quantized frac- 
tal strings”) introduced in [Lap10] and further studied in [LapNes1]; see 
Section 13.5 below for a brief discussion of fractal membranes in the archi- 
medean context. In light of [LapNes1] and [Lap10, §4.2], this would entail, 
in particular, obtaining a suitable nonarchimedean analogue of Bergman 
spaces and Toeplitz operators; see [LapLu3] and [LapLu-vF 1-2]. 


13.3 Multifractal Analysis via Zeta Functions 


Multifractals are used to model natural phenomena which have very irregu- 
lar structure. Phenomena such as the distribution of stars, the distribution 
of minerals in a mine, and the formation of lightning are considered to be 
multifractal. Mathematically, a multifractal measure has a distribution of 
mass which varies widely over its support. Heuristically, the support of this 
measure may be separated into disjoint sets that are described by their 


35 Unlike Qp or Zy, Berkovich’s line is connected, even pathwise connected. 
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Hausdorff dimensions and defined by their behavior with respect to the 
distribution of mass. A useful result obtained from this perspective is the 
multifractal spectrum: a function whose output values are, classically, the 
Hausdorff dimensions of the sets which correspond to the input values in 
some way. The multifractal spectrum is a well-known tool in multifractal 
analysis and, along with the present theory of fractal strings via geometric 
zeta functions (as expounded earlier in [Lap-vF5] and [Lap-vF11]), moti- 
vates the definition of the multifractal zeta functions found in this section. 

The multifractal zeta functions, as discussed in Sections 13.3.2-13.3.4, 
were introduced by Michel Lapidus, John Rock and Jacques Lévy-Véhel 
in [LapLévRo] (see also [LapRo1] and [Rock]). They have been further stud- 
ied in [LapRo3] for a full family of singular measures (see Section 13.3.5), 
and further refined in various forms in [LapRo2, Rock] and [LévyMen] in 
order to study, in particular, the classic multinomial and related multifrac- 
tal measures from the present perspective (see Section 13.3.6 for a brief 
discussion of these “partition zeta functions” and extensions thereof). 

The emphasis throughout this section will be on describing the main 
analogies and differences between the current theory of geometric zeta func- 
tions and their complex dimensions for (homogeneous) fractals and its still 
rapidly evolving counterpart for multifractals (i.e., strongly heterogeneous 
mass distributions). In the theory of multifractal zeta functions, in partic- 
ular, one associates a family of zeta functions ¢(a, s) to an inhomogeneous 
fractal (or rather, measure), and hence a full family of complex dimen- 
sions D(a) (here, a is a possibly extended real number). One should be 
able to recover the classic multifractal spectrum in this setting by consid- 
ering the abscissae of convergence D(a) of (the Dirichlet series associated 
with) ¢(a, s). 

We shall see several realizations of this central idea in this section, based 
on the aforementioned work in [LapLévRo,LapRol-2, Rock, LévyMen]. We 
stress, however, that the theory of multifractal zeta functions and their 
complex dimensions has clearly not yet reached maturity and that much 
work remains to be done in this direction, both technically and concep- 
tually. We especially point out the fact that appropriate analogues of the 
tube formulas of Chapter 8 (as well as of Sections 12.2.1, 13.1 and 13.2), or 
of other explicit formulas presented in this book, have yet to be obtained 
in this context in order to reveal the direct connections between multifrac- 
tality, oscillatory phenomena, and the underlying spectra of (multifractal) 
complex dimensions. 

Multifractal zeta functions were initially designed to create their own ver- 
sion of a multifractal spectrum which could (potentially) be used to more 
precisely describe the properties of multifractal measures. However, atten- 
tion is especially focused in Sections 13.3.2—13.3.4 on the gain of topological 
and geometric information for the boundary of a fractal string, informa- 
tion which cannot be obtained through use of the geometric zeta function. 
This information follows from the use of a special case of multifractal zeta 
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functions called topological zeta functions. Topological zeta functions are 
studied in [LapLévRo, LapRol, 3, Rock]. 

The interested reader can find more information on various mathema- 
tical and physical approaches to multifractals in [BrowMP,CawMau,Fa3, 5, 
Jafl—2, KahPey, LévyTr, Man1, 4, Oll-2, PariFri] and [Lap-vF10, Part 2], 
as well as the relevant references therein. 


18.8.1 Regularity 


Multifractal zeta functions are parameterized by the extended real numbers 
according to the notion of regularity. Regularity connects the size of a closed 
interval with its mass and is key to the development of the multifractal zeta 
functions. 


Definition 13.118. The regularity of a Borel measure yu is the function a 
which assigns to each closed subinterval U of [0,1] the value 


_ log u(U) 


where |U| = vol, (U) is the length of the interval U.%° 


The regularity is also known as the coarse Hélder exponent,?’ which 
satisfies 


[er 


Regularity values a € [—00, co] are considered. In particular, 
a = oo if and only if u(U) = 0 and |U| > 0, 


and 
a = —oo if and only if (VU) = oo and |U| > 0. 


Under very mild conditions, it can be shown that the parameter a = oo 
yields the multifractal zeta function which precisely recovers the geometric 
zeta function of the fractal string (see Theorem 13.121 in Section 13.3.3 
below). Other parameter values are investigated and, in particular, for cer- 
tain measures and under further conditions, the parameter a = —oo yields a 
multifractal zeta function, called the topological zeta function, whose prop- 
erties depend heavily on the topological configuration of the fractal string 
in question (see Sections 13.3.3 and 13.3.4). 


36For notational simplicity, in this section we will use |B| for the Lebesgue measure 
of BCR. 

37We note that the notion of “regularity” (of a function or of a measure) occurs in 
various forms throughout much of multifractal analysis; see, e.g., [Jafl—-2, LévyTr] or 
[Man4]. 
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18.8.2. Multifractal Zeta Functions 


In order to define multifractal zeta functions, one must understand the be- 
havior of the measures with respect to their regularity values in significant 
detail. As such, more tools are provided below before the definition is given. 


Let the collection of closed intervals with length 7 € (0,1) and regularity 
a € [—00, co] be denoted by R,,(a). Namely, 


Ry (a) = {[a,a +n] S [0,1]: p([a,a+7]) = n°}. 


We only consider discrete sequences of scales 


N = {tebe a ’ 


with 7, strictly decreasing to zero. For each n € N, we consider the union 
of the sets in R,(a), 


Ria= YU vU. 


UERnn (@) 


We decompose this set as a union of connected intervals, denoting its num- 
ber of components by r,,(q@) and its p-th component, for p < rn(a), by 


Ry (a) = [ar(@,p), br(a, Pp), 


to obtain 
Tn (a) 


R"(a) = U He (@) 


Clearly, b%(a, p) > a’k(a, p) +1. Since the intervals in R,,,, (a) may overlap, 
this inequality may be strict. In other words, the interval Rj(a) may be 
longer than 7,,. Moreover, this interval may not be closed. 


Given a Borel measure p on [0,1], one examines the way yu changes with 
respect to a fixed regularity a between stages n—1 and n and considers only 
components that are new from each stage. Thus, consider the symmetric 
difference (6) between R"~!(a) and R"(qa), and further eliminate some 
redundant terms. (See Figure 13.11.) 

Let J+(a) = R'(a), and for n > 2, let 


J™(a) = R®“*(a) 6 Ra). 


For all n € N, J"(q) is also a disjoint union of intervals J?(a), each of 
which may be open or closed at either endpoint. Then 


jn(@) 
a= VU FE), 
p=1 
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Figure 13.11: Approximation of the fractal string Qcs3 and the construction of 
Cxe 83 (—0o, 8). The solid black bars represent the intervals K;’(a) with a = —oo 
that generate the terms of the multifractal zeta function. The fractal string Qcs3 
has the same associated sequence of lengths as the classic Cantor string, but 
has a different topological configuration; its precise definition can be found in 
Section 13.3.4. 


where j,(a@) is the number of connected components J7(a) of J"(a). The 
left and right endpoints of each interval J/’(a) are denoted by a’;(a,p) and 
b%(a, p), respectively. 

Let K'(a) = J'(a) = R\(a). For n > 2, let K"(a) be the union of the 
subcollection of intervals in J”(a) comprised of the intervals that have left 
and right endpoints distinct from, respectively, the left and right endpoints 
of the intervals in R’~1(a). Then, 


ken (x) 
Ka) = UJ Ka)  J*(a), 
p=1 


where ky(a) is the number of connected components Kj(a) of K"(a). 
That is, the intervals K7}(q) are the intervals J}(a) such that a’;(a,p1) 4 
an ' (a, p2) and b%(a,pi) # b?" (a, pe) for all pi < jn(a@) and po < 
T—1(Q). 

Collecting the lengths of the intervals Aj}(a) allows one to define a gen- 
eralization of the geometric zeta function by considering a family of zeta 
functions which are parameterized by the regularity values attained by p. 
See Figure 13.11 for an approximation of the fractal string Qcg3 (defined 
in Section 13.3.4 below) with the intervals used in the construction of a 
multifractal zeta function of a related measure. 


Definition 13.119 ([LapLévRo, LapRol, Rock]). Given a measure yz and 
a sequence of scales N, the multifractal zeta function with associated regu- 
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larity value a € [—co, x] is 


co kn(a) 


Gwla,s)= > 2 KP @)l, 


n=1 p=1 
for Res large enough. 


Just as for the geometric zeta function, we assume that, as a function of s, 
¢\r(@, 8) admits a meromorphic continuation to an open neighborhood of a 
window W. The poles of these zeta functions are then complex dimensions. 


Definition 13.120. For a measure jz, sequence NV’ which tends to zero and 
regularity value a, the set of complex dimensions with parameter a is given 
by 

Diy (a,W) = {w € W: Cy-(a, 8) has a pole at w}. 


When W = C, we simply write D\;-(q). 


Although the multifractal zeta functions were initially designed to study 
the multiscale behavior of multifractal measures, they can be used to study 
fractal strings when certain measures are considered. 


18.8.3 Results for Fractal Strings 


For a given fractal string, one can define a measure whose support is con- 
tained in its boundary. This allows for the use of the multifractal zeta 
functions in the investigation of the geometric and topological properties 
of fractal strings. The theory of complex dimensions and geometric zeta 
functions of fractal strings provides a wealth of information about the geo- 
metry and spectrum of these strings, but the information is independent of 
the topological configuration of the open intervals that comprise the strings. 
The multifractal zeta functions can be used to recover this geometric in- 
formation as well as to detect some of the topological (and geometric) 
differences between strings which have the same family of lengths CL. 

The geometric zeta function is recovered as a special case of multifractal 
zeta functions. Specifically, regularity value a = oo yields the geometric 
zeta function of the complement of the support of a given positive Borel 
measure ji on [0, 1]. 


Theorem 13.121 ([LapLévRo, Theorem 4.2]). The multifractal zeta func- 
tion of a positive Borel measure pu, any sequence N such that ny \, 0 
and regularity « = 00 is the geometric zeta function of the open set?® 
Q,, = (supp(“))°, viewed as an ordinary fractal L,. That is, 


Cw (00, 8) = Ce,, (8). 


38 AC denotes the complement of A in [0, 1]. 
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Proof. Since ny, \, 0 and a(U) = co if and only if u(U) = 0 and |U| > 0, 
each disjoint open interval in the fractal string (supp(j))° is eventually 
detected. Taking the symmetric difference in the construction of the multi- 
fractal zeta function assures the correct correspondence of the multiplicities 
of the lengths. 


An immediate consequence of Theorem 13.121 is the recovery of the usual 
complex dimensions. 


Corollary 13.122. Under the assumptions of Theorem 13.121, the com- 
plex dimensions of the fractal string Q, = (supp(s))° coincide with the 
poles of the multifractal zeta function CK-(co, 8). That is, 


Dy (00, Ww) =D (W) 


for every (admissible) window W. 


Remark 13.123. Assume supp(j:) has empty interior. It then follows from 
Theorem 13.121 that the abscissa of convergence o,, of ¢K-(0o, 8) is equal 
to Dz,, the Minkowski dimension of 00,, = supp().°? Note that as long 
as the sequence decreases to zero, the choice of sequence of scales N’ does 
not affect the result of Theorem 13.121. This is not the case, however, for 
other regularity values. 


To avoid trivial cases, consider fractal strings that have a countably in- 
finite number of lengths. For a finite number of lengths, it can be easily 
verified that all of the corresponding zeta functions are entire. Thus, con- 
sider certain measures that have infinitely many unit point-masses. More 
specifically, consider a fractal string to be a subset of [0,1] comprised 
of countably many disjoint open intervals (a;,b;) such that |Q| = 1 and 
OQ = [0, 1]\Q (or equivalently, Q° = [0, 1]\Q) has empty interior. We also 
associate to 


2 = )(ay,b)) 
j=l 


its sequence of lengths £. For such Q, the set of endpoints of the intervals 
(a;,6;) is dense in OQ. This allows one to define measures with a countable 
number of point-masses contained in the boundary of 2. Namely, 


Co 


Hn = SY" (6a; + 56;)- (13.135) 


j=l 
For @ = 00, Ry,, (0) is the collection of closed intervals of length 7, which 


have no mass. For a = —oo, Ry, (—00) is the collection of closed intervals 


39Except in the trivial case when Q, consists of finitely many intervals; see the next 
paragraph. 
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of length 7, which contain infinitely many point-masses. In other words, 
Rn, (—00) is the collection of closed intervals of length 7, that contain a 
(possibly one-sided) neighborhood of an accumulation point of the end- 
points of 2. This connection motivates the following definition. 


Definition 13.124 ([LapLévRo, LapRol]). Let Q be a fractal string and 
consider the corresponding measure jug given by (13.135). The topologi- 
cal zeta function of Q with respect to the sequence WN is ¢4?(—oo, s), the 
multifractal zeta function of we with respect to NV and regularity —oo. 


When the open set 2 has a perfect boundary, there is a relatively simple 
breakdown of all the possible multifractal zeta functions for the measure Liq. 
Recall that a set is perfect if it is equal to its set of accumulation points. 
For example, every self-similar set is perfect (see, e.g., [Fa3]). Since the 
boundary of a fractal string is closed, it is perfect if and only if it does not 
have any isolated point. The simplicity of the breakdown is due to the fact 
that every point-mass is a limit point of other point-masses. Consequently, 
the only parameters a that do not yield trivial multifractal zeta functions 
are oo, —0o, and those that correspond to each length of NV’ and one or two 
point-masses. 


Theorem 13.125 ({LapLévRo, Theorem 5.2]). For a fractal string Q with 
sequence of lengths L = {ln}nen« and perfect boundary, consider the mea- 
sure [lq given by (13.135). Suppose that N is a sequence of scales such that 
In > 27n > Mn > lng for all n € N*. Then 


One (00, 8) = Cc(8) 
and 


CKP(—00, 8) = A(s) +S) ma(ln — 21n)*, 
n=2 


where h(s) is the entire function given by h(s) = ey |K> (—00)|* and 


the integers my, are the multiplicities of the (distinct) lengths l, of L. 
Moreover, for every real number a (i.e., for a # 00,—00), CKP (a, 8) és 


identically zero, or at least entire. 


If one were to envision a kind of multifractal spectrum for the mea- 
sures fq which satisfy the conditions of Theorem 13.125 in terms of a 
function f(a) whose output values are abscissae of convergence of multi- 
fractal zeta functions, the spectrum would be very simple: only regularity 
values a = +00 could generate positive values for f(a). If the weights of 
the point-masses for some iq were not all the same, as in the measure o 
which will be discussed shortly, other values of a may be shown to yield a 
more interesting multifractal spectrum. 

Theorem 13.125 has the following corollary: 
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Q¢s3 


Figure 13.12: The fractal strings Q. (the a-string, depicted here for a = 1), Qcs1 
(the classic Cantor string on the unit interval), as well as two variants of the 
Cantor string, Qcs2 and Qes3. 


Corollary 13.126 ([LapLévRo, Corollary 5.2]). Let Q be a fractal string 
with perfect boundary, total length 1, and distinct lengths L given for all 
n € N* by ln = ca” with multiplicities mn, for some a > 2 and c > 0, 
and let N be the sequence of scales ny, = ca~"—!. Then 


Cw (—00, 8) = fo(s) + fils)Ce(s), 
where fo(s) and fi(s) are entire, while f(s) does not have any zeros. 


Remark 13.127. Corollary 13.126 shows that the topological zeta func- 
tions of the form ¢,(—oo, s) may have poles. Indeed, since f;(s) has no 
zeros, Dk;(—00, W) = De(W) for any window W. 


Remark 13.128. For regularity a = oo, the form of the multifractal 
zeta function is independent of the choice of the sequence of scales NV and 
the topological configuration of the fractal string in question. For other 
regularity values, however, this is not the case. In particular, regularity 
value @ = —oo sheds some light on the topological properties of the fractal 
string in a way that depends on V. This dependence on the choice of scales 
is a very common feature in multifractal analysis. 


18.8.4 Variants of the Cantor String 


In this subsection, we close the discussion of [LapLévRo] (as well as the rel- 
evant parts of [LapRol] and [Rock]). In particular, we illustrate by means of 
various examples the way multifractal zeta functions (especially the topo- 
logical zeta function) allow us to distinguish between different topological 
and geometric configurations of the same fractal string (viewed as a mere 
sequence of lengths, as in much of the rest of the book). We also use and 
naturally refine the definition of “fractality” in terms of nonreal complex 
dimensions corresponding to different regularity values a € [—00, co] (com- 
pare with the discussion of fractality in Sections 12.1 and 12.2). 
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The examples considered here are the a-string Q, and three variants of 
the Cantor string; see Figure 13.12. In particular, the fractal string Qcs1 
is the classic Cantor string on the unit interval. Qcg2 and Qcg3 have the 
same sequence of lengths £ as the Cantor string, but the disjoint open 
intervals are arranged differently. In Qcge2, these intervals are arranged in 
nonincreasing order by length from right to left so that the boundary has 
a single accumulation point at 0, as in the case of the a-string. (See also 
Section 6.5.1, especially Theorem 6.21, for a discussion of the a-string.) 
In Qgg3, the intervals are arranged so that the interval of length 1/3 is 
adjacent to an interval of length 1/9, two intervals of length 1/27 are each 
adjacent to an interval of length 1/81, etc., with leftover intervals arranged 
so that the boundary takes the form of a set which is the union of a Cantor- 
type set and a countable set with a single accumulation point at 1. 

We have computed the geometric zeta functions of these four fractal 
strings earlier in this book. Specifically, 


Cn’ (co, ) = Ce, (8), (13.136) 


and ae 

Cyr * (00, 8) = Cesq(s) = Ces(s) = [-2 3-8? 
for g = 1, 2, 3. The last expression was obtained in Equation (1.29) for 
the classic Cantor string discussed in Chapter 1, especially Sections 1.1 
and 1.2. In particular, in light of Theorem 13.121, the second series of 
equations holds for g = 1, 2, 3 since the corresponding fractal strings have 
the same sequence of lengths £ as the classic Cantor string. 

As was already pointed out in Section 12.1, the strings Q, and Qcg2 are 
not to be considered fractal. This opinion is reinforced when we compute 
their topological zeta functions (multifractal zeta functions with regularity 
—oo). Indeed, since 


pcu l 
a(U) _ oahseu 
log |U| 
we only obtain the value a(U) = —oo if the interval contains infinitely many 


points a; or 6;. Since these points only accumulate at 0, this only happens 
for U = [0,nn]. Therefore, R"(—oo) = [0,7] which means J1(—o0o) = 
K!(—oo) = [0,m] and for n > 2, J"(—00) = (1m, n-1]. All of the terms 
from J"(—oo) are redundant. Therefore, K"(—oo) = §) and we obtain the 
desired topological zeta functions of Q, and Qgsge: 


Cnt (—00, 8) = CAP"? (—00, 8) = TH 


These multifractal zeta functions are entire, so there are no complex di- 
mensions for the parameter @ = —oo in either case. 

On the other hand, the sets 0Ac¢s1 and 0Qc¢s3 (the boundaries of the 
fractal strings Qcs1 and Qcg3, respectively) are very much considered to 
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be fractal, in the spirit of Sections 12.1 and 12.2. In particular, 0Q¢s51 
is the classic Cantor set on the unit interval. The differences in config- 
uration of the disjoint intervals for the fractal strings Qcs, with q = 
1, 2,3 are detected by the topological zeta functions. Application of Theo- 
rem 13.125 yields the following topological zeta functions and complex di- 
mensions for Qos; and Qc¢s3, with the choice of the sequence of scales 
N= eo ann ee and with the distinct lengths of the Cantor string begin- 
ning with 1/9: 


crper(-oo.s)=2(5+5) +2" (ge - ga) 


= 4 on 2 1 
~ “Vg 27° \1—2-3-8] 


The set of poles of ¢\"°"(—oo, s) is the set of poles of the geometric zeta 
function of the Cantor string. (See Equation (1.30).) They are given by 


2% 
Die (=60) = {log Q4 Sous, me Zz} = Dogg. 


log 3 
For Q¢¢3, 
Cyr’? (—00, 8) = h3(s) + S- Mn (lon—1 + lon — 2M2n-1)” 
n=2 
gst 1 
ee) ( 81° ) (G05) 


where h3(s) is entire. Therefore, the poles of ¢x"°* (—oo, s) are given by 


Dir ®* (—00) = {logy 2+ ae me Z}. 

To summarize the results for the variants of the Cantor string, choose 
the sequence of scales N to be occas are For q = 1, 2, 3, the multi- 
fractal zeta function of each measure icgq with regularity a = oo is equal 
to the geometric zeta function of the Cantor string, as follows from Theo- 
rem 13.121. Thus, the collections of poles Dk’ ** (co) each coincide with the 
complex dimensions of the Cantor string. 

For regularity a = —oo, the multifractal zeta functions are the topo- 
logical zeta functions for the fractal strings Qc¢s,. The respective sets of 
complex dimensions Di;'**(—oo) differ for each q = 1, 2, 3. Specifically, 
Diy *'(—oo) is exactly the same set of poles as DIMES (0) (and Dos), 
corresponding to the fact that the Cantor set 0Qc¢s1 has equal Minkow- 
ski and Hausdorff dimensions. Since ¢\°?(—oo, s) is an entire function, 


458 13. New Results and Perspectives 


Diy °? (—oo) is the empty set. Additionally, 9Q¢s2 has Hausdorff dimen- 
sion equal to zero. Finally, D\** (—oo) is a discrete line of poles above and 
below the Hausdorff dimension of 0Q¢g3, which is logy 2. In all of these 
cases, the multifractal zeta functions with regularity —oo and their corres- 
ponding poles (i.e., complex dimensions) depend heavily on the choice of 
the sequence of scales NV. 


18.8.5 A Full Collection of Multifractal Zeta Functions 


In this subsection, based on the paper [LapRo3] by John Rock and the 
first author, the full family of multifractal zeta functions for a measure a 
is considered. The structure of o is similar in some ways to that of the 
measures jiq defined in (13.135), but different enough that we consider 
this new measure to be multifractal. Furthermore, the zeta functions which 
appear in [LapRol—2, LévyMen, Rock], the partition zeta functions and 
other zeta functions, will be discussed in the next subsection with regard 
to a generalization of a classic multifractal measure, the binomial measure. 
The simple multifractal measure o is defined below by developing its en- 
tire family of multifractal zeta functions with respect to the sequence of 
scales N = {3-"}°—-_,. Let 


C= > 3-J 3-3. 
j=l 


Thus, o is the measure supported on the set {3~"}~, with point-mass 
equal to the value of the coordinate of the point in the unit interval. See Fig- 
ure 13.13 for an approximation of the fractal string Q, = (supp(a)U{1})* = 
Ur, (3",3"~'), along with the first few lengths from the construction of 
the multifractal zeta function of o with regularity a = 1. 


Remark 13.129. The measure o is similar to the measures 4g from the 
previous subsection in two primary respects: The complement of its sup- 
port with the point 1 adjoined, Q,, is a fractal string very much like the 
a-string, and the measure o comprises a sum of a countable collection of 
point-masses. On the other hand, the total mass of a is finite. Thus, the cor- 
responding topological zeta function is identically zero and contains neither 
geometric nor topological information regarding the structure of Q,. 


The collection of regularity values that can be obtained in our current 
setting is a countable set. In fact, one can specify exactly what these val- 
ues are and how they create their respective multifractal zeta functions. 
For instance, every closed interval with length 3~” that contains only the 
point 3~” has regularity a = 1. For intervals of length 372” which contain 
only the point-mass at 37”, 

log37-™" m4 


aber ta) = io gman — img 
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Figure 13.13: The measure o and the intervals from the first three stages of the 
construction of the multifractal zeta function with regularity a = 1. 


for all n, m, and mz € N*. 

All regularity values come from intervals U of length 3-™” where M € N*. 
Given that the distance between point-masses in consecutive decreasing 
order is 2-3~”", U can contain just one point-mass which has mass greater 
than 3~™” at a time. On the other hand, U may contain any finite or 
infinite sequence of point-masses tae? a we Where k > M and k may tend 
to infinity, allowing for the fact that U may contain all point-masses of size 
less than or equal to 3~™. 


To summarize, the positive values of o(U) are obtained in one of the two 
following ways: 


Case 1: U contains exactly one point-mass of size 3- where j < M. 


Case 2: U contains two or more point-masses, necessarily including the 
point-mass 3~™. If any other smaller point-mass 3~" is also contained 
in U, so are all point-masses 3-7 between 3~* and 3~™ (ie., M < 
jk). 


Case 1 yields the regularity values a(m1, m2) as above. Case 2 yields ayy (k), 
the regularity corresponding to the intervals U where |U| = 3-™ and U 
contains any finite or infinite sequence of point-masses {374 ie u> Where 
k > M. Theorem 13.131 below provides a complete summary of the forms of 
the multifractal zeta functions for the measure o and sequence of scales NV. 
Before breaking down the multifractal zeta functions, careful consideration 
of the breakdown of the possible regularity values is required. 


Proposition 13.130 ([LapRo3]). For the measure o and sequence of scales 
N = {3-"}~~_,, the possible finite regularity values of U where |U| = 3-“ 
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R2(1/2) 
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Figure 13.14: Approximation of the fractal string 2, and the construction of 
cx (1/2, s). The solid black bars represent the sets Kj (a) with a = 1/2 that gen- 
erate the terms of the multifractal zeta function. Observe that the sets R?"~+ (1/2) 
are all empty. 


for some fixed M € N* are: 


my 
a(my,, m2) = ma’ 


where my < mg, M2 divides M, gcd(mi1, m2) = 1 for m1,me2 € N*, and 


1 a 
am (k) = a(k+1 + logs 2 — log, (3*t1-M — 1)); 
1 
am(oo) =1— i log; 2, 


where k € N* U {co} such that k > M. Moreover, these regularity values 
are all distinct from one another. 


Sketch of the proof of Proposition 13.130. Case 1 above produces the reg- 
ularity values 1 and every m1/m2 where m,,m2 € N*. It is not possi- 
ble for an interval of length 37”? to contain just the point-mass 37™! 
when m, > mg since the point-masses are too close together at that scale. 
Case 2 corresponds to the remaining possible values of o(U). Finally, we 
refer to [LapRo3] for the elementary but somewhat lengthy proof of the 
fact that the regularity values obtained in Case 2 are different from each 
other and from those in Case 1. 


The breakdown for all possible regularity values associated with the mea- 
sure o and sequence N provided by Proposition 13.130 allows for the com- 
plete breakdown of all the possible multifractal zeta functions of o with NV. 
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Theorem 13.131 ([LapRo3]). The multifractal zeta functions for the mea- 


sure a and sequence of scales N = {37 2 , have the following forms: 


Car(—oo, s) = 0, 


cons) = ale) (5) = (5) (25) 


where Lo = {2-37 ae ©, ts the sequence of lengths of the intervals of Q., 


and 
ee) s 2 s 1 
Cn (m1/ma, §) 2 (==) = (=) (; = ==) ? 


sein ()+(Gh)'- (+ 8) (5). 


where m1 < m2 and ged(m1,m2) = 1 for all m1,m2 € N*. For all other 
regularity values, the corresponding multifractal zeta functions are entire. 


Sketch of the proof of Theorem 13.131. The first equation holds since a(U) 
is bounded for every closed interval and thus R"(—oo) = @ for all n € N*. 
The second equation holds by Theorem 13.121. Proposition 13.130 validates 
that one need only consider the regularity values 1 and every m1/mz2 where 
my, > Mg and ged(m1,m2) = 1 for all m; and mz € N*. When the regu- 
larity a is 1, as in Figure 13.13, there is an overlap of the intervals which 
comprise the sets R"(1) at every stage n € N*. Thus, after the appropriate 
symmetric differences and redundant terms are taken, the formula in the 
fourth equation is produced. As for the third equation, there are no redun- 
dant terms after symmetric differences are taken. Stages are skipped due 
to the fact that regularity a(m1,mz2) occurs only when the intervals have 
length 37" for mg > 2 and n, mg € N* (see Figure 13.14). This means 
that the distinct intervals that make up the nonempty sets R"(m, /mz2) con- 
tribute directly to the terms in the series expansion of CX; (m1/ma, 8). 


The formulas for the multifractal zeta functions in Theorem 13.131 im- 
mediately yield the following collections of complex dimensions for each 
regularity value. 


Corollary 13.132. The complex dimensions with parameter a of the mea- 
sure a and sequence of scales N = {a- _, for the values of a described 
in Proposition 13.180 are 


Dx-(—oo) =0 and D§;-(co)=Dze,, 


462 13. New Results and Perspectives 


and, for gcd(m1,mz2) = 1, my < me,*° 


Qriw 
Dx (mi/m2) = Vales VE zh. 


For other regularity values, DX;(a) = 0. 


Remark 13.133. Note that all of the poles in the above collections have 
real part zero. Consider the space R x C, where to R we associate the col- 
lection of finite regularity values a and to C we associate the corresponding 
complex dimensions with parameter a. For the measure o and sequence NV, 
the full family of complex dimensions of all regularity values a is a dense 
subset of the strip in R x C given by [0,1] x {s € C: Res = 0}. Specifically, 
we get the set 


Qniv 


{(a,w): a € [0,1] NQ, Rew = 0, Imw = klog3 


for k EN and v € Z}. 
Much work remains to be done in determining the families of multifractal 
zeta functions for truly multifractal measures. In fact, for measures such as 
the binomial measure ( discussed in the next subsection, the multifractal 
zeta functions have yet to be determined because their developments are 
much more delicate and difficult than that of the measures ve and a. Other 
types of zeta functions, discussed in the following subsection, have been 
defined in the mold of the multifractal zeta functions but from a different 
perspective in order to help deal with these technical difficulties. 


18.8.6 A Classic Multifractal and Other Zeta Functions 


A property shared by natural multifractal phenomena is the irregular struc- 
ture they have at many scales. A typical mathematical framework for mul- 
tifractals is measure theory, where the measures studied can be shown to 
have irregular structure at all scales. A heuristic way to understand the 
multifractal spectrum f(a) of a multifractal measure sz is to imagine that 
a regularity value is assigned to each point x in the support of yw through 
some sort of limiting process. When gathered according to their regular- 
ity a, these points split the support of yz into disjoint, Cantor-like sets So, 
where f(a) then assigns to each S, its Hausdorff dimension. The process 
adopted in [LapRol, 2] differs from this one, as described below. We begin 
the discussion with perhaps the simplest and most well-known example of a 
mathematical multifractal—the binomial measure—and illustrate for this 
example the main definition (the so-called “partition zeta function”) and 
results of John Rock and the first author in this context [LapRol-2, Rock]. 


40Note that this includes the case when a = 1, which corresponds to the choice 
mi=m=1. 
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Figure 13.15: (a) Construction of the binomial measure (. (b) The multifractal 
spectrum f(a) of the measure (3. 


Example 13.134 (A multifractal measure on the Cantor set). The bino- 
mial measure 2 is a multifractal measure that is supported on the classical 
Cantor set. To construct 8, mass is distributed in the construction of the 
Cantor set which consists of a countable intersection of a nonincreasing 
sequence of closed intervals whose lengths 3~” tend to zero. Specifically, 
in addition to removing open middle thirds, weight is added at each stage. 
On the remaining closed intervals of each stage of the construction, place 
pi = 1/3 of the weight on the left interval and pz = 2/3 on the right, 
ad infinitum (see Figure 13.15(a)). The measure found in the limit, de- 
noted £, is a multifractal measure. The multifractal spectrum of ( is given 
in Figure 13.15(b). (See, e.g., [Fa3, 5].) 


In the current setting, regularity values are defined only for intervals con- 
tained in a partition P, € 8, where P is the family of partitions of the it- 
erated function system which generates the measure (as in Figure 13.15). 
The lengths of these intervals are then used to define zeta functions param- 
eterized by regularity—the partition zeta functions. These zeta functions 
each have an abscissa of convergence which is then taken to be the di- 
mension associated with the specified regularity. Thus, in our setting, the 
multifractal spectrum f(a) is a function which assigns to each regularity 
value a the abscissa of convergence of a corresponding partition zeta func- 
tion, as done in [LapRol-2, Rock]. Furthermore, the classical multifractal 
spectrum f(a), as described in [Fa3], is reformulated. 

The notion of a partition zeta function was inspired by both the multi- 
fractal and the geometric zeta functions. Like the multifractal zeta func- 
tions, the partition zeta functions are parameterized by regularity values. 


Definition 13.135 ({LapRol-—2, Rock]). For a measure yz on the interval 
[0,1] with an ordered family of partitions 8, the partition zeta function 
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| 


Figure 13.16: The first stages in the construction of the partition zeta function 
Cn (a(1, 2), s) whose regularity a = a(1,2) yields the maximum value of the mul- 
tifractal spectrum f(a) of the binomial measure 3. The solid black bars contribute 
their lengths to the series formula of the partition zeta function. 


with regularity a is 
Co 
Cu(a,s)= 7 So IPE, 


where the inner sum is taken over the intervals Eh in the partition P, which 
have regularity a, and Res is large enough. 


As with the multifractal zeta functions, knowledge of the complete col- 
lection of possible regularity values is imperative. Unlike the multifractal 
zeta functions, however, there are no symmetric differences taken and no 
removal of redundant terms. Rather, the intervals which make up the family 
of partitions $8 form a countable set and each interval contributes directly 
to a term of a partition zeta function. 

In the case of the measure (, the regularity value of the jth interval fe 
at stage q = nk, with q,n, ko € N*, is determined by the length 3~”"*2 
and the number of times nk, the interval receives 2/3 of the mass in the 
construction of 8. The regularity value of such an interval is 


lop (2°*1 /3""?) 


a(P?) = a(ky, kz) = log (1/3”*2) 


q 


ky 
=1 ho logs 2. 


Note that the conditions kj < kg and gced(ki,k2) = 1 for ki, kg € N* is 
required to correctly determine and collect intervals according to regularity. 
Further, and as seen in Figures 13.15 and 13.16, the number of intervals at 
stage q = nkg with regularity a(k1, k2) is given by the binomial coefficient 


& ~ (") ~ oo nk)! 
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The partition zeta functions of 6 with respect to the family of weighted 
partitions 8 that define 8 have the following form (see [LapRol,LapRo2)): 


GBla(ka sta) s) = So (ames 


n=1 


where the regularity a = a(k),k2) is parameterized by scale and weight in 
terms of nonnegative integers k, and ko, s is in C accordingly, and (7) 
are binomial coefficients. See Figure 13.16 for the construction in the case 
of regularity a = a(1,2) which yields the maximum value of the spectrum 
(and which is also the Minkowski dimension of the support of 3). The value 
of the function f(a), in this case, is defined as the abscissae of convergence 
of the functions cna, 8). 

Given the above family of partition zeta functions, one may now con- 
sider the resulting version of the multifractal spectrum. In fact, under the 
generalization of the construction of @ obtained by replacing the smaller 
weight 1/3 with the reciprocal of some w > 2 and the length 1/3 with 
h > 2, one has the following theorem: 


Theorem 13.136 ({LapRol-2]). As a function of the regularity values a, 
the abscissa of convergence function f associated with the partition zeta 
function of the generalized measure B with h > 2 and w > 2 has the form 


_ (a= log, w) —(a — log), w) 
We) = ater) (Fogerty) 
oa), (a= logy, w) 
(14 =a gg, (14 (=), asm 


As the abscissa of convergence function, f is defined on a dense subset 
of the interval [log, w — log, (w — 1), log, w], and it attains its mazimum 
at 


a = a(1,2) = log, w — (1/2) log, (w — 1). (13.138) 


This maximum value coincides with the Minkowski dimension of the support 
of the measure u(h,w). That is, 


dim yy (supp(@)) = max{f(a(k1, k2)): gcd(ki, ko) = 1} = log, 2. (13.139) 


Sketch of the proof of Theorem 13.186. Replacement of the binomial coef- 
ficients (Cy) in the formula for the partition zeta function Gn (a(kr, ka), 8) 
with the approximation provided by Stirling’s formula and some calculus 
produces the desired results. 


Remark 13.137. The domain of the function f(a) is taken to be the 
countable collection of regularity values in [log, w — log, (w — 1), log; w]. 
So, the classic multifractal spectrum of {, as recalled in Figure 13.15(b), is 
then the convex envelope of the function f(a). 
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Remark 13.138. In a recent paper [EllLapMR] by Kate Ellis, Michel 
Lapidus, Michael Mackenzie and John Rock, the results of [LapRo2] on par- 
tition zeta functions described here in Section 13.3.6 have been significantly 
generalized in various directions, to apply, in particular, to self-similar mea- 
sures (associated with self-similar systems or more precisely, weighted it- 
erated function systems), including certain multinomial measures. More- 
over, these results have been connected with an important approach to the 
multifractal formalism, based on symbolic dynamics; see [EllLapMR, Sec- 
tions 3 and 5], along with the relevant references therein, including the 
papers by A. S. Besicovitch [Bes1, 2], H. G. Eggleston [Eg], R. Cawley and 
R. D. Mauldin [CawMau] (as well as P. A. P. Moran [Mor]). Finally, sev- 
eral additional examples (partly inspired by the work in [LapRo3] on the 
example discussed in Section 13.3.5 above) are considered and the assoc- 
iated “tapestries of complex dimensions” are computed explicitly; see [Ell- 
LapMR, Section 6]. 


Remark 13.139. It is natural to wonder whether the partition zeta func- 
tions considered in this section (that is, in [LapRol, 2] and, in view of 
Remark 13.138, in [ElILapMR]) have a meromorphic continuation, and if 
so, what are the associated poles (i.e., complex dimensions). This question 
is addressed in the work in preparation [EssLap], by Driss Essouabri and 
the first author. It turns out that one should use the classic extension of the 
notion of analytic function, in order to work on a suitable Riemann surface 
associated with the logarithm (or, equivalently, the square root). Once this 
is done (and, of course, after a certain amount of work), the answer can 
be given explicitly for the examples considered thus far in Section 13.3.6 
(i.e., in [LapRo2]) and should also be obtained, at least in principle, for 
the measures considered in the later work [El]LapMR] briefly discussed in 
Remark 13.138. We refer to [EssLap] for details. 


Other zeta functions which are defined in a fashion quite similar to the 
above partition zeta functions have been discussed by Jacques Lévy-Véhel 
and Franklin Mendivil in [LévyMen]. The corresponding definitions are 
motivated in part by the work in [LapLévRo, LapRol-2, Rock], in addition 
to the earlier theory of fractal strings and their complex dimensions (as, 
for example, in [Lap1-3, LapPol-3, LapMal—2, HeLap2] and [Lap-vF4-7, 
11]). We briefly focus here on the main definition. More specifically, the 
zeta function, called the modified multifractal zeta function, depends on a 
given measure jz and a sequence of partitions P,, of [0, 1] with mesh tending 
to zero, which, as in the current setting, corresponds to a natural family 
of partitions in the case of the binomial measure (. This zeta function has 
the following form: 


¢qs)= >> > w(U)4UL. 


n=1UEPn 
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Note the analogy and the differences between the expression of ¢(q,s) and 
that of the partition zeta function Gala, s) in Definition 13.135. 
When yp is a self-similar probability measure with weights p; and scal- 


ing ratios r; (for 7 = 1,...,.N),*! the modified multifractal zeta function 
becomes: 
1 
¢(¢,8) = ——=y— 


For fixed g € R, the negative of the abscissa of convergence a(q) of ¢(q, s) 
is the Legendre transform of the multifractal spectrum of yz. Again, note 
the close parallel between the expression of ¢(q, s) in this case and that of 
the geometric zeta function ¢¢(s) of a self-similar fractal string £ with the 
same scaling ratios r; as yw for 7 = 1,..., N (and with a single gap as well 
as normalized so as to have first length 1); compare with Theorem 2.8 and, 
especially, Equation (2.15) above. 

In the spirit of the theory of complex dimensions, the poles of the modi- 
fied multifractal zeta function may allow for the detection and measurement 
of the possible oscillatory behavior of the so-called “continuous partition 
function” in the self-similar case. In this case as well as in the other situ- 
ations considered in this section, however, we are still far from obtaining 
good counterparts*? of the tube formulas of Chapter 8 and Section 13.1 or 
of the other explicit formulas obtained in Chapters 5, 6, and 7 above. This 
issue remains an interesting problem for later work. 

The use of a zeta function or families of zeta functions to extrapolate 
information regarding multifractal measures, especially multinomial mea- 
sures with constructions similar to that of the measure {, as well as (poten- 
tially) measures with a nonmultiplicative structure, seem to be a fruitful 
source of further research in the analysis of fractals and multifractals. 


13.4 Random Fractal Strings and their Zeta 
Functions 


In the paper [HamLap], Ben Hambly and the first author develop a random 
counterpart of the theory of fractal strings and their associated complex di- 
mensions. Typical examples of random fractal strings studied in [HamLap] 
include random Cantor-type sets, random self-similar sets or random re- 
cursive constructions (defined via random trees and branching processes), 
as well as the zero set of Brownian motion (and its analogue for a one- 
parameter family of stable strings). An interesting aspect of this work is 
that random fractal strings and their associated complex dimensions and 


41This includes the case of a multinomial measure. 
42 expressed in terms of the underlying “spectra of multifractal complex dimensions”. 
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zeta functions exhibit a broader variety of behaviors than their determin- 
istic counterparts. 

More specifically, the authors obtain tube formulas, as well as explicit for- 
mulas for the geometric and spectral counting functions of random fractal 
strings, expressed (as in the deterministic case) in terms of the underly- 
ing complex dimensions. The latter complex dimensions are defined as the 
poles of a suitable random zeta function (defined almost surely and denoted 
henceforth ¢r(s) or ¢,(s)) associated with the random fractal string. 

It is useful in this context to consider the random measure (or random 
generalized fractal string) 7 representing the random string, much as in 
the deterministic theory developed in this book (see especially Chapters 4 
and 5) and in [Lap-vF5].4° The random geometric zeta function of L (or 
of 7) is defined as the Mellin transform of the random measure y, 


Gn(s) = Cc(s) = ie x *n(dx), for Res>1, (13.140) 
0 


and then meromorphically continued (wherever possible). As such, ¢, is a 
random zeta function (i.e., a zeta function-valued random variable) and is 
therefore only defined almost surely (i.e., for almost every realization of 7). 
Then, as could be expected in a probabilistic setting, most of the statements 
in [HamLap] hold almost surely; that is, for almost every realization of the 
random fractal string. These statements include, for example, the existence 
of the analytic continuation of the random zeta function, the tube formulas, 
and the spectral and geometric asymptotic expansions, but exclude those 
concerning the mean zeta function to be discussed below. 

A main new difficulty in this probabilistic context is to show that under 
suitable conditions the (pointwise) random zeta function ¢¢(s) admits al- 
most surely a meromorphic continuation to a nontrivial region (i.e., beyond 
the abscissa of convergence, which coincides with the dimension of £) and 
is languid there. (The latter is significantly easier to verify than the former 
for the type of random strings studied in that work.) It follows that the 
explicit formulas of Chapter 5 (or of [Lap-vF5, Chapter 4]) can be applied 
to almost every sample path (i.e., to almost every realization of the random 
string) to yield the desired tube formula or eigenvalue asymptotics. 

Typically, in [HamLap], one first studies the mean zeta function, E(Cc), 
defined as the average (or expected value) of the (pointwise) random zeta 
function Cr over all possible realizations of the random string £. Then, 
after having established the existence of the meromorphic continuation 
of E(¢-) to a suitable domain, one uses an argument based on a variant of 
the Central Limit Theorem to control the fluctuations of the random zeta 


43 As usual, we have 7 = eec 6-1, where the sum is extended over the lengths 
of the random fractal string £. However, the lengths @ of a random fractal string are 
themselves random variables and hence 7 is a random measure (i.e., a measure-valued 
random variable). 
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function around its mean and deduce the existence almost surely of the de- 
sired analytic continuation of Cc to some half-plane of the form Res > a, 
with —oo < a < D and where D is almost surely the dimension of CL. 

This method works well for random self-similar strings (obtained via 
random recursive constructions), as well as for stable strings (including 
the random fractal string having for boundary the zero set of Brownian 
motion), as will be further discussed below. On the other hand, in [Ham- 
Lap, Section 6], one exhibits a spatially homogeneous random string arising 
from a random Cantor set C' for which these techniques break down. In- 
deed, the random Cantor set C is chosen in such a way as to have violent 
random irregularities at all scales. (Random fractals of this type were also 
studied earlier from a different point of view in [BarHam].) This has the 
effect of introducing much stronger fluctuations in the scale geometry of 
the string and prevents one from controlling the error term (beyond the 
mean) in the Euler—Maclaurin approach to analytic continuation. It is pos- 
sible (and is raised as an open problem in [HamLap]) that for such random 
strings, almost surely, the random zeta function ¢¢(s) admits the verti- 
cal line Res = D as a natural boundary (i.e., cannot be meromorphically 
continued beyond the region where it is holomorphic); see the end of Prob- 
lem 13.146. 

We now briefly comment on one of the main classes of random strings 
studied in [HamLap]. One type of randomness considered in [HamLap] is ex- 
pressed in terms of the theory of branching processes [Harr], with (roughly 
speaking) each sample path corresponding to a suitable choice of random 
tree and associated functions (such as the reproduction process describing 
the offspring being produced, and the life-span function, a random char- 
acteristic that assigns a score or weight to each individual). We refer, for 
example, to Section 3 of [HamLap] for a description of the general notion 
of branching process and of the hypotheses made in that work, as well as 
to Section 4 of [HamLap] for the way in which this general construction is 
applied to random recursive strings (also called random self-similar strings, 
but allowing for a random and possibly infinite number of scaling ratios). 


Remark 13.140. Branching processes (also called Galton—Watson pro- 
cesses) arose from Galton’s 19th century study of the extinction of family 
names and provide useful mathematical models for understanding the time 
evolution of populations whose members reproduce and die according to 
suitable probabilistic laws. In their simplest form, they can be described as 
follows (see, e.g., [Harr]). The initial ancestor (represented by the root of the 
associated random tree) has a random number of children (or offspring); 
in turn, these children have offspring (or families), etc. Each successive 
generation corresponds to a different level of the tree. It is important to 
note that all the offspring are assumed to reproduce independently of one 
another. Furthermore, each additional offspring is an independent copy 
of the initial one. In the case of random self-similar strings modeled by 
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random trees, this property enables one to obtain a suitable functional 
equation satisfied by the mean zeta function E(¢(s)), and to deduce from 
it an explicit expression for this function. (See [HamLap, Section 4].) 


18.4.1 Random Self-Similar Strings 


We now discuss in more detail some of the results obtained in [HamLap], 
first in the case of random self-similar strings, and then for random stable 
strings. The random recursive constructions considered in [HamLap] enable 
one to have a different number of scaling ratios {r; 4 and gaps {g,}/_, 
for each generation (i.e., at each level of the random tree). Moreover, these 
numbers can be infinite; i.e., N = oo or K = ow is allowed. In the simplest 
cases, the potential complex dimensions of the resulting random self-similar 
string are contained among the complex solutions of an expectation Moran 
equation 


N 
(25) =1. (13.141) 


a 


(Cancellations may occur with the solutions of i o) = 0, much as 
was shown in the deterministic case in Section 2.3.3 above.) Indeed, it is 
shown in [HamLap, Lemma 4.4] that 


103 at) 
1-E(SjLi rf) 


In other situations when the underlying randomness is of a more intricate 
nature, one may obtain more complicated expressions for E(¢c(s)) (and 
hence for the ensuing expectation equation), involving certain continuous 
integrals, for example. Note that the expectation symbol E (with respect 
to the underlying probability measure) is needed in Equations (13.141) 
and (13.142) because both the scaling ratios r; and the gaps g; are ran- 
dom variables. If the family size is finite (see Remark 13.140 above), then 
’(¢c) can be meromorphically continued to all of C. Otherwise, under suit- 
able assumptions, it can be analytically continued up to the vertical line 
Res = 0. In either case, (13.142) (and hence (13.141)) holds for s in C 
or {s: Res > O}, respectively. 

The main result in [HamLap, Section 4] asserts the existence of a suitable 
analytic continuation for the pointwise or random (and not just the mean) 
zeta function, for almost every realization of the random fractal string CL. 


(Cc) (8) = (13.142) 


Theorem 13.141 ([HamLap, Theorem 4.5]). Almost surely, the random 
zeta function ¢c(s) of the random self-similar string admits a meromorphic 
continuation to a nontrivial open half-plane Res > D—T, where D is the 
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Minkowski dimension of £L and the positive constant T is estimated in terms 
of the parameters specifying the underlying branching process. Further, £L 
is languid in the corresponding window. It follows that the set Dg of visible 
complex dimensions of L (i.e., the poles of the random zeta function) is con- 
tained in the set of complex solutions s to the expectation equation (13.141) 
such that Res > D—T. 


One deduces from the above result (and our earlier work on explicit 
formulas, see Chapters 5 and 8) an inner tube formula for random self- 
similar strings (see Theorem 7.6 in [HamLap]). In particular, for almost 
every realization of £, the volume of the inner tubular neighborhoods is 
given, for « > 07, by 


VE > res( SHE...) I {2eCc(0)} + o(e!-P+7-8) (13.143) 


for every fixed 6 > 0, where the term between braces is included only if 0 
is not a complex dimension of £. We refer to part (1) of Theorem 7.8 
of [HamLap] for the resulting estimate in the nonlattice case. 


18.4.2 Stable Random Strings 


We now discuss the family of stable random strings {La}ae(o,1), induced 
by the one-parameter family {Ca}ae(0,1) of random Cantor sets defined by 
the excursions of stable subordinators, as studied in [HamLap, Section 5] 
(see [Pit Y] for an extensive survey of such random sets).*4 Hence, for exam- 
ple for a = 1/2, the boundary of Lj /2 coincides with C1/2, the set of zeros 
of one-dimensional Brownian motion. If, for each 0 < a < 1, we write the 
lengths of the a-stable string in the form Ly = {bio i—is then it follows 
from a result obtained in [Pit Y] that almost surely 


Lad!“ —+ My as j +00, (13.144) 


for some positive and finite constant M,. Hence, according to the Minkow- 
ski measurability criterion obtained in [LapPo2] (see Remark 8.19 above), 
almost surely, £_ is Minkowski measurable with Minkowski dimension a 
and Minkowski content 


gi-a 


= Ta (Ma)®. (13.145) 


Ma 


In particular, almost surely, the zero set of a Brownian path is Minkowski 
measurable and has dimension 1/2. 


44We note that the focus in [PitY] was not on the fractality of the resulting random 
set. 
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Moreover, it is shown in [HamLap, Lemma 5.3] that the mean zeta func- 
tion E(¢c,, ) can be meromorphically continued to the whole complex plane 
and is given by 


I(s— a) 
T(1—a)P(s)’ 


U(r, )(s) = for s EC. (13.146) 
Recall that the gamma function I'(s) is meromorphic in all of C. Fur- 
ther, it has no zeros and has only simple poles, which lie on the real axis 
at s = 0,—1,—2,—3,.... Therefore, in view of (13.146), the poles of E(¢-, ) 
are all simple and lie on the real axis at the values a,a — 1,a—2,a—83,.... 
Recall that a = D is the Minkowski dimension of almost every realization 
of the random fractal string Ly. It follows, in particular, that almost surely, 
the random (or pointwise) zeta function is holomorphic for Res > a. 


Remark 13.142. To avoid any possible confusion, we note that unlike 
random self-similar strings, random stable strings are not defined in terms 
of random trees and branching processes. Instead, they are derived from 
stable subordinators (increasing functions). 


Remark 13.143. The aforementioned results concerning the Minkowski 
content and the poles of the mean zeta function of a random stable string 
(with parameter a) are reminiscent of those obtained earlier for the a- 
string defined in Section 6.5.1 and for which all the complex dimensions 
were also located on the real axis. Compare, for example, the present results 
and those stated in Theorem 6.21 and Section 8.1.2. (Note, however, that 
even if we set a = cH or, equivalently, a = =o, so that the Minkowski 
dimensions of the strings coincide, the other poles on the real axis do not 
coincide.) 


The next result provides information about the analytic continuation of 
the random zeta function Cr, . 


Theorem 13.144 ([HamLap, Theorem 5.7]). Almost surely, the geometric 
zeta function Cc, of the random stable string La admits a meromorphic 
continuation to the open half-plane Res > a/2 and has a simple pole 
at s =a but no other visible poles (in that window). Moreover, the value of 
the residue at s =a is a(M,)°, where My is given by Equation (13.144). 


One deduces that for every fixed 6 > 0, the volume V(e) of the tubular 
neighborhoods of La is almost surely given by 


M,,(2¢)!-% 
MaQe)-* .. 


ies l-a 


o(et-*/?-8), ase 3 0t," (13.147) 


and that for every fixed 6 > 0, the spectral counting function N,(x) of Lo 
is almost surely given by 


Ny (a) = e+ Met(a)e* + orn a), as © —> 00 (13.148) 
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(see [HamLap, Theorems 7.8 and 7.9]). For the expert reader, we mention 
that the a-th power of the (positive and finite) constant M, occurring 
in Equations (13.144), (13.145), as well as in (13.147) and (13.148), has 
an interesting probabilistic interpretation. In particular, the square root 
of Mj; is equal to the (Lévy) local time at 0 of Brownian motion run for 
a unit length of time. 


The following comment may help to clarify one aspect of Theorem 13.144 
that is not immediately obvious. This will be helpful in the following dis- 
cussion. 


Remark 13.145. According to Theorem 13.144, D = a is the only pole 
in the window W = {s: Res > a/2}, which is the window for which ¢- 
has been shown in [HamLap] to be both languid and meromorphic, almost 
surely. (Indeed, a— 1 < a/2, since 0 < a < 1.) However, by (13.146), 
even if ¢¢ were shown to have, almost surely, a meromorphic continuation 
that is languid in a region W’, larger than W, the only poles of ¢¢ in W’ 
would still be located on the real axis. Indeed, according to (13.146) and 
the discussion following it, the only poles of £ in W’ are the same as those 
of the mean zeta function (13.146) and hence are all simple and located 
at a—n, for all n such that a—n € W’. 


18.4.3 A Refinement of the Notion of Fractality 


In light of the above discussion, it is natural to wonder whether the random 
zeta function ¢c of a random fractal string may have a natural boundary 
(ie., cannot be meromorphically continued beyond a certain vertical line, 
or more generally curve, then called a natural boundary for ¢¢ or for L, 
in short). The following open problem—stated (in somewhat more concise 
form) at the very end of [HamLap|—addresses this question. 


Problem 13.146. Find natural classes of random fractal strings £ for 
which, almost surely, the random zeta function ¢; admits a natural bound- 
ary. Consider, especially, the case of random self-similar strings and that 
of stable random strings (studied in [HamLap, Sections 4 and 5]). 

In particular, because of their strong scale-irregularity, the random Can- 
tor strings (or homogeneous random strings) considered in [HamLap, Sec- 
tion 6] are potential candidates for having the vertical line Res = D itself 
as a natural boundary. Is that really the case? 


We close this section by recalling that by Theorem 13.144 above, the vis- 
ible complex dimensions of a stable random string £ (i.e., the visible poles 
of ¢c) must all lie on the real axis; see Remark 13.145 above. In light of the 
definition of fractality proposed at the beginning of Section 12.1, this would 
seem to go against our intuition that the zero set of Brownian motion, for 
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example, is a (random) fractal.+° However, if ¢¢ does have a natural bound- 
ary L (say, along some vertical line Res = 0, with o < D/2)—as may be 
expected according to Problem 13.146 above—then, in some intuitive sense, 
it implies that ¢- has a dense subset of singularities accumulating along L. 
Hence, almost surely, ¢- would have infinitely many nonreal singularities 
accumulating along L. An analogous comment would apply to the strongly 
scale-irregular random Cantor sets considered in [HamLap, Section 6], ex- 
cept that the natural boundary might be along the line Res = D, in which 
case the object would be strongly fractal. This leads us naturally to supple- 
ment the definition of fractality given at the very beginning of Section 12.1: 


A geometric object is fractal if it has at least one nonreal com- 
plex dimension (with positive real part) or if the associated zeta 
function has a natural boundary along a screen*® (located in the 
open half-plane Res > 0). 


Clearly, such a definition can be easily adapted at the spectral or dynamical 
level, as well as to the random case. 


13.5 Fractal Membranes: Quantized Fractal Strings 


In the book [Lap10] (announced in [Lap9]), the first author has proposed 
the notion of quantized fractal string, called fractal membrane, and has de- 
veloped an analogy between self-similar geometries and arithmetic geome- 
tries. In particular, lattice strings (or membranes) correspond to varieties 
over finite fields whereas nonlattice strings (or membranes) are viewed as 
a counterpart of algebraic number fields.4” Moreover, the scaling ratios of 
self-similar geometries (or of self-similar membranes [Lap10]) play the role 
of the generalized primes attached to fractal membranes, while expressions 
like (2.10) for the geometric zeta function of a self-similar string (with 
possibly infinitely many scaling ratios and gaps) correspond to the Euler 
product representation (of the same nature as that for the classical Rie- 
mann zeta function, see [In, Pat, Tit]) of the partition function of a fractal 
membrane (as obtained in [Lap10]). Finally, in joint work of the first author 
with Ryszard Nest [LapNes1], it was recently shown that the fractal mem- 
branes (respectively, self-similar membranes) introduced in [Lap10] can be 
rigorously constructed as the second quantization of fractal strings by us- 
ing bosonic (respectively, Gibbs—Boltzmann or free) statistics, along with 


45 Another possibility would be to draw on the analogy with the a-string (as discussed 
in Remark 13.143 above) and recall from Section 12.1.2 that the latter string is not 
fractal in our sense. 

46In the sense of this book, see Sections 1.2.1 and 5.3. 

47 Finite extensions of the field of rational numbers; see, e.g., [ParsSh1, I & II]. 
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aspects of the theory of operator algebras and of Connes’ noncommutative 
geometry [Con]. (See also [LapNesz2, 3].) 

We next provide some additional information about fractal membranes 
and their associated zeta functions (or partition functions). 


18.5.1 Noncommutative, Infinite Dimensional Tort 


We first discuss the basic intuition behind the notion of fractal mem- 
brane. Heuristically, a fractal membrane (or quantized fractal string) can 
be thought of as a noncommutative, adelic, infinite dimensional torus. 
(See [Lap10, Chapters 3 and 4].) In particular, it can roughly be con- 
sidered as an infinite dimensional restricted product of circles, ie eae S; 
(or a restricted Hilbert cube, with opposite faces identified). Hence, in- 
stead of vibrating independently of one another, as is the case for a stan- 
dard fractal string, all the intervals I; (or circles S;, for 7 = 1,2,...) of 
the quantized fractal string*® are now vibrating in mutually perpendicu- 
lar directions within a potentially infinite dimensional space. One adds the 
physically natural constraint that for each given mode of vibration of the 
membrane (i.e., for each eigenfunction of the underlying Dirac operator D, 
to be discussed in Remark 13.147 below), only finitely many circles (or pairs 
of opposite faces of the corresponding Hilbert cube) are actually vibrating. 
Of course, different modes of vibration usually involve different finite sub- 
sets of circles. The above constraint explains the use of the term “adelic” 
as a qualification of the infinite dimensional torus associated with a fractal 
membrane.*? Furthermore, its mathematical counterpart in this context is 
the notion of restricted tensor product of Hilbert spaces, as discussed in 
the following remark. 


Remark 13.147. The adjective “noncommutative” also used above to 
qualify the infinite dimensional torus associated with a fractal membrane 7 
indicates that as a mathematical object, 7 is not truly a set of points. In- 
stead, it is viewed as a noncommutative geometric object (in the sense of 
Alain Connes [Con]) and is given by a spectral triple 


T =(A,H,D), (13.149) 


where A is a suitable algebra of operators (the noncommutative algebra of 
coordinates on the membrane) represented on a separable, infinite dimen- 
sional Hilbert space H, and D is an appropriate analogue in this context of 
the Dirac operator. Namely, D is a suitable unbounded self-adjoint operator 
acting on the Hilbert space H, with compact resolvent (and hence, discrete 


48that is, all the strings of the fractal harp, see Chapter 1, Figure 1.1. 
49 Another image used in [Lap10] is that of a noncommutative, adelic, Riemann surface 
of infinite genus. 
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spectrum), and such that the commutators [D,a] are bounded operators 
for all a in some dense subalgebra Ap of A. 

According to a well-known analogy in the theory of operator algebras, 
the C*-algebra A can be thought of as the space of continuous functions on 
the underlying noncommutative space. Similarly, the dense subalgebra Ag 
plays the role of the space of Lipschitz continuous functions” on this same 
noncommutative space. Indeed, intuitively, [D,a] is the (quantized) differ- 
ential of a. The boundedness of this differential means heuristically that 
the gradient of a is bounded and hence that a is ‘Lipschitz’ for a € Ag. We 
note, in addition, that the Dirac operator D (or rather, the inverse of its 
restriction to the orthogonal complement of the kernel of D) enables one 
to define an analogue of the infinitesimal length element or, more precisely, 
the noncommutative counterpart of a Riemannian metric in this context. 
(See, e.g., [Con, Chapters IV-V]].) 

A spectral triple like (13.149) provides a way to completely describe the 
fractal membrane 7. In the rigorous construction given in [LapNes1], H is 
obtained as a restricted tensor product of the Hilbert spaces H; associated 
with each circle S; (or interval I;, see below) composing the membrane, 
relative to a suitable vacuum vector (here, the zero energy mode of the 
Dirac operator D). Furthermore, A, the algebra of quantum observables, 
is defined in terms of a tensor product of Toeplitz algebras, one for each 
circle. Each of these Toeplitz algebras (see, e.g., [B6tSil]) is an algebra of 
bounded linear operators acting on a Hilbert space of holomorphic functions 
on the unit disc (one unit disc for each circle S;, or one for each endpoint 
of the j-th interval I;). 

An outline of the formal construction will be provided in the second to 
next unnumbered subsection. In addition, we refer to [LapNes1] for the pre- 
cise and complete construction of a fractal membrane and for the relevant 
definitions. See also [Lap10, Chapter 3] for a heuristic definition, and Chap- 
ter 4, in conjunction with Chapter 2 of [Lap10], for the physical motivations 
(coming from conformal field theory and string theory) leading to the rep- 
resentation of a fractal membrane as a noncommutative geometric object; 
namely, as the stringy spacetime describing the propagation of strings in 
an adelic, infinite dimensional torus. 

Finally, we note that one of the new heuristic and mathematical insights 
provided by the construction given in [LapNes1] is that once fractal strings 
have been quantized, their endpoints are no longer fixed on the real axis 
but are allowed to move freely within a suitable copy of the unit disc in 
the complex plane. This seems to be analogous to the notion of D-brane 
in nonperturbative string theory, in the spirit of (but somewhat different 
from) [Lap10, Chapter 2]. Hence, a fractal membrane may be viewed as 
some kind of fractal D-brane. 


50Sometimes simply referred to as the space of smooth functions. 
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Fractal Membranes and their Zeta Functions 


In order to describe the zeta function (or partition function) of a fractal 
membrane, we need to introduce some additional notation. Let 


2= |) (a. af) (13.150) 
j=l 


be a fractal string, viewed as an open subset of R, or equivalently, a disjoint 


union of bounded open intervals I; = (Ge ai), each of length 1; := ay — a, 


and thought of heuristically as being attached to a circle of radius 


27 
log |; 
for j = 1,2,.... (This value of R; is dictated by spectral considerations.) 


Moreover, let £ = {lj} denote the associated sequence of lengths, as- 
sumed to be written in nonincreasing order according to their multiplicities 
as follows: 


Tt oy eee SS ad (13.152) 


with 1; + 0 as 7 + oo. 

Then the resulting fractal membrane 7, obtained after second (or Dirac) 
quantization of the fractal string £, has a discrete eigenvalue (or energy) 
spectrum o(T) = {An}>—_, and its spectral (or quantum) partition func- 
tion Z7(s), defined by 


Zr(s):= Soe, for Res > 1, (13.153) 
n=1 
is shown in [Lap10, Chapter 3] to be given by the Euler product 
Zr(s)=[] (1-ls)", for Res > D, (13.154) 
j=l 


where D = Dg is the Minkowski dimension of £.°! In other words, the 
reciprocal lengths p; := ag are the generalized primes (also called g-primes 
or Beurling primes) of the fractal membrane 7 and the (spectral) partition 
function Z7(s) is the associated Beurling zeta function. 


51Tn fact, it can be proved that D is also equal to the abscissa of convergence of the 
Dirichlet series in (13.153), as in Equation (1.20) of Definition 1.9. It follows that Z77(s) 
is given by both (13.153) and (13.154) for Res > D, much like the Riemann zeta function 
is given by both the Dirichlet series }77°., n~° and the Euler product |], (1- p7*)~* 
for Res > 1. 


478 13. New Results and Perspectives 


Equivalently, the Euler product representation given by Equation (13.154) 
means that if the spectrum o(7) = {An}>_, is written in nondecreas- 
ing order according to multiplicity, with A, - co as n — ov, it then 
consists of the logarithms of the corresponding generalized integers (also 
called g-integers or Beurling integers in the literature), obtained by tak- 
ing all the finite products of (nonnegative integer) powers of the general- 
ized primes p; = i, and counted according to their natural multiplicity— 
exactly like the positive integers are obtained from the standard rational 
primes. 


Remark 13.148. Such zeta functions were considered by Arne Beurling 
in [Beu] for purely analytical reasons, in order to extend the classic Prime 
Number Theorem to a suitable sequence {pibiei of g-primes, with 


dps pe eS DK yen (13.155) 


and p; —> oo as j — oo. See, for example, [Lap10, Appendix D] and [HilLap], 
along with the relevant references therein, for an exposition of some of their 
main properties. 


Remark 13.149. In the rigorous construction of the fractal membrane 
given in [LapNes1], the spectrum o(7) of the fractal membrane T is nothing 
but the spectrum of the Dirac operator D discussed in Remark 13.147 
above: o(7) = o(D). Note that o(D) is shown in [LapNes1] to be discrete 
and hence consists of the sequence of eigenvalues of D. 


Remark 13.150. As was mentioned earlier, in [Lap10, Section 3.3], the 
first author has also introduced the parallel notion of self-similar mem- 
brane. Formally, it corresponds to allowing the above g-integers (i.e., the 
logarithms of the eigenvalues of the given self-similar membrane) to ap- 
pear with the exact same multiplicities as the lengths of a self-similar 
string expressed as monomials in the scaling ratios (see Section 2.1 above 
and |[Lap10, Section 3.3]).°? Note that in this analogy, the lengths 1; now 
play the role of the scaling ratios r;, allowed here to be in infinite number. 
Furthermore, as was shown in [LapNes1], this new choice of multiplicities 
corresponds to a different type of quantum statistics in the mathematical 
construction of the membrane; namely, free (or Gibbs—Boltzmann) statis- 
tics for self-similar membranes instead of bosonic (or Bose-Einstein) statis- 
tics for ordinary fractal membranes. 

Let £L= {heey be a fractal string, constructed with the sequence of 
lengths /;. The (spectral) partition function Zs(s) of the self-similar mem- 
brane S is then given by 


1 


Z. SS 


for Res > D, (13.156) 


52For simplicity, we only consider here the case of a single gap, as in Section 2.2.1. 
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where D = Dg is the Minkowski dimension of the fractal string £.°? Hence, 
formally, Zs(s) coincides with the geometric zeta function of a normalized 
self-similar string with a single gap (as in Section 2.2.1) and with infinitely 
many scaling ratios r; = 1;, for 7 = 1,2,.... (Compare formula (13.156) 
above with Equation (2.15) following Theorem 2.8.) This is the starting 
point of the aforementioned analogy between self-similar and arithmetic 
geometries developed in [Lap10]. 


18.5.2. Construction of Fractal Membranes 


We next outline the mathematical construction of fractal membranes (and 
of their self-similar counterparts) given in [LapNes1]. As was mentioned 
earlier, it builds on the heuristic notion of fractal membrane introduced 
in [Lap10] but also brings new insights into its properties. The present 
overview complements Remark 13.147 in which we gave a nontechnical 
description of the spectral triple T = (A,H,D) associated with a frac- 
tal membrane, viewed as a noncommutative space. (See also the exposition 
in [Lap10, Section 4.2], on which our description is based. Further, see [Lap- 
Nes1] for more details, references, and definitions.) This spectral triple can 
be described as follows. (Recall from Remark 13.147 that A is a C*-algebra 
represented on the complex Hilbert space H, and that D is a Dirac-like 
operator, thought of as a first-order differential operator and acting on H 
as an unbounded, self-adjoint operator.) 
Let 


D={zeEC: |z| <1} (13.157) 


denote the closed unit disc of C and let Q = Uj (a; a7) denote the 
fractal string to be quantized (as in formula (13.150) above), with bound- 
ary OQ. Consider the space F of functions f = f(a#,z): dQ x D> C 
such that |f| = 1 and the map «4 f(z,-) is a continuous map from 0 
to L*(D). Denote by Fo the subset of F consisting of functions f = f(z, z) 
such that both the map «+> f(z,-) and its derivative, given by x +> g(z,-) 
with g(x, z) := z0f /0z(a, z), are Lipschitz functions from 02 to L°*°(D).>4 


53 Caution: As is explained in [Lap10, Section 3.3], a self-similar membrane is not a 
special case of fractal membrane, even though the constructions of both types of mem- 
branes turn out to be very analogous (see [LapNes1]). Hence (13.156) is not incompatible 
with (13.154), since each of these formulas applies to a different type of mathematical 
object. See also the end of the next unnumbered subsection. 

54Some mild modification is required in order to take into account fractal strings of infi- 
nite length (such as the fractal string of lengths {1/p: p a rational prime}) or, more gen- 
erally, arbitrary fractal strings CL = {Uy }5o4 such that )77°j(1;)* < 00, for some a > 0. 
Indeed, we must then replace “Lipschitz” by “uniformly continuous”, with respect to a 
suitable modulus of continuity. (The above Lipschitz condition corresponds to fractal 
strings of finite length.) The resulting fractal membranes—including the prime mem- 
branes [Lap10, Chapter 3]|—play an important role throughout [Lap10]. 


480 13. New Results and Perspectives 


Here, L°(D) denotes the space of essentially bounded functions on D, 
equipped with the supremum norm. Clearly, F is a commutative algebra, 
for the standard algebraic operations, and Fo is a subalgebra of F. 

For each fixed j > 1, let H; be a copy of the Hilbert space L?-Hol(D) of 
square-integrable holomorphic functions on D. We then let 


H=Q)H; (13.158) 
j=l 


be the (restricted) tensor product of the Hilbert spaces H,, relative to the 
vacuum vector V := (4 1;, where 1; is the constant function equal to 1 
on D (viewed as an element of H,). 

Given y € L™(D), an essentially bounded function on D, we denote by T,, 
the Toeplitz operator with symbol y, viewed as a bounded linear operator 
on L?-Hol(D) (or, equivalently, on any of the Hilbert spaces H.;). Thus Ty, 
is defined as the compression to L?-Hol(D) of the multiplication operator 
by y acting on L?(D). (See, e.g., [BotSil, Chapters 1 and 2].) Given f € F, 
set 


Co 


Af) = QUA), (13.159) 


viewed as a bounded linear operator on the Hilbert space H, where for each 
j 21, T;)(f) = To, is the Toeplitz operator (acting on H;) with symbol 


+ 
pf (13.160) 
f(a; ’ ‘) 
(The operator Q(f) can be thought of as the quantization of the clas- 
sical observable f.) The C*-algebra A is then defined as the C*-algebra 
generated (in B(H), the space of bounded linear operators on #1) by the 
set {Q(f): f € F}. Further, using the notation of Remark 13.147, the dense 
subalgebra Ag C A is defined as the algebra generated (in B(H)) by the 
set {Q(f): f € Fo}, where Fo C F is the space of smooth classical ob- 
servables defined earlier. Intuitively, A is the space of quantum observables 
associated with the space of classical observables F, while Ao is the space 
of admissible quantum observables associated with the space of smooth 
classical observables Fo.°° 
Finally, for each j > 1, with Rj = 27/logl;* as in formula (13.151) 
above, let 


D; = Pa a. (13.161) 


551t can be checked that A = Oe Aj, where for each 7 > 1, Aj is the Toeplitz 
algebra generated by the operators T;(f), with f € F. 
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denote the scaled Dirac operator on the unit circle S$ = OD,°® restricted to 

its positive energy subspace—so that its eigenvalues are simple, nonnegative 

and consist of the numbers 27n/R,; = nlog lees for n = 0,1,2,.... (Note 
d 


that viewed as acting on the isomorphic copy L?-Hol(D), if becomes z5-, 


and that zt (2”) = nz" for every n = 0,1,2,....) It then suffices to let 


co 


D=®)D,, (13.162) 
j=l 


viewed as an unbounded, self-adjoint operator on H. It follows that the 
spectrum of D consists of the logarithms of m, where m ranges through all 
the generalized integers based on the generalized primes p; := is? (7 > 1) 
(see Remark 13.149 and [Lap10, Chapter 3 and Appendix D]), and hence 
that the spectral partition function of the fractal membrane, 


Zry(s) = Trace (e~*”) , 


is given by the Euler product (13.154), for Res > De, as stated in [Lap10, 
Section 3.2]. 

We close this brief overview by noting that if in the above construction, 
we replace the bosonic Fock space H. by its free counterpart (in the sense 
of noncommutative probability theory [Voi], and thus with a free tensor 
product instead of a bosonic one in formula (13.158) above), and make 
analogous changes elsewhere, we then obtain a spectral triple defining a 
self-similar membrane S (in the sense of [Lap10, Section 3.3]), viewed as a 
noncommutative space. As discussed in Remark 13.150 above, the corres- 
ponding spectral partition function Zs(s) is then given by formula (13.156), 
and therefore coincides with the geometric zeta function of a self-similar 
string with infinitely many scaling ratios r; := 1;, for 7 > 1. Indeed, the 
spectrum of the associated Dirac operator now consists of the logarithms 
of the self-similar integers m’ based on the primes p; = les We note that 
the only difference between those integers m’ and the g-integers m dis- 
cussed just above consists in their multiplicities, which are defined exactly 
as the multiplicities of the lengths of a self-similar string with a single gap; 
see [Lap10, Section 3.3]. 


18.5.3 Flows on the Moduli Space of Fractal Membranes 


In [Lap10, Chapter 5], a moduli space of fractal strings is introduced, 
M,;,, and also its quantum counterpart, the moduli space of fractal mem- 
branes, denoted by Mim. These moduli spaces can be thought of as moduli 


56Here, @ is the angular variable along the circle. Further, Dj; acts as an unbounded, 
self-adjoint operator on H;. 
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spaces of zeta functions. Further, they are noncommutative spaces, ini- 
tially defined as singular quotient spaces (of equivalence classes of fractal 
strings or of fractal membranes, respectively). For example, M,, is viewed 
in [Lap10, Section 5.1] as a generalization of the noncommutative space 
of Penrose tilings ([Con] or [Lap10, Appendix F]); namely, two fractal 
strings £ = {Ij};", and L’ = {I,};°, (written in nonincreasing order) are 
considered to be equivalent if there exist jo,qo € N such that U' = logs 
for all 7 > jo (so that ¢c-(s) — Cc(s) is an analytic function without poles). 
The moduli space M5, is defined similarly as a quotient space (but then, 
for £ and L’ in the same equivalence class, Z¢/(s)/Zc(s) is a holomorphic 
function without zeros). 

The advantage of My over My, is that each equivalence class in Men 
is associated to a multiplicative class of zeta functions (i.e., partition func- 
tions) having the same poles and zeros, whereas only the poles are invari- 
ants of a given equivalence class in Mg, (i.e., of the associated additive 
class of zeta functions). This key difference between Mfr and Mg, is due 
to the fact that according to formula (13.154) above, the zeta function (i.e., 
spectral partition function) of a fractal membrane has an Euler product, 
whereas by Equation (13.156) above, this is not the case in general for the 
(geometric) zeta function of a fractal string, at least not in the standard 
sense of number theory. 

Still in [Lap10, Chapter 5], the first author then proposes to consider a 
suitable noncommutative one-parameter flow on Mm, the modular flow. 
The latter induces continuous flows of zeta functions and their zeros (or 
poles), as well as corresponding continuous deformations of the g-primes. 
By considering the fixed points of these flows (or rather, their noncommu- 
tative analogue), the first author then gives a new dynamical interpretation 
of the Riemann hypothesis and of the class of zeta functions (or L-series) 
expected to satisfy its natural generalization. In particular, it is conjectured 
in [Lap10, Section 5.5] that a suitable section of zeta functions obeying a 
generalized functional equation (GFE)°’ can be chosen over the effective 
part of the moduli space Mg, and hence that the fixed points (or w-limit 
sets) of the flow correspond to the zeta functions satisfying a self-dual 
functional equation,°® i.e., to all the arithmetic zeta functions (such as the 
Riemann zeta function and other L-series). 

Needless to say, these flows of fractal membranes, as well as of zeta 
functions and their associated zeros, still need to be rigorously constructed 
and their conjectured properties to be verified in order for the research 
program outlined at the end of [Lap10] to be fully realized. 


57In short, a GFE for Z (s) is (after suitable completion by appropriate gammaz-like 
factors) of the form Z7(s) = Z7«(1— s), where J* is interpreted as a dual fractal 
membrane. See [LapNes2, 3] and [HilLap], along with the relevant references therein, for 
results along these lines in this and a related context. 

58In [Lap10], a GFE is said to be self-dual if T = T*; i.e., Z7(s) = Zr (1—s). 
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Various extensions of the present theory of complex dimensions are con- 
sidered in [HamLap] and in several works in preparation. In short, they 
deal with the following situations: (i) Random (for example, statistically 
self-similar) fractals [HamLap]; see Section 13.4. (ii) Multifractals (non- 
homogeneous fractals which typically have a continuum of real fractal di- 
mensions [Fa3, Chapter 17; Man4; Lap-vF 10, Part 2]); see [LapLévRo]. (iii) 
Self-similar fractals (or systems) in higher dimension, along with related 
scaling fractals and tilings; see [Pe2] and [LapPe2, LapPe4, LapPeWi3], 
building upon [LapPel] and the present work, briefly discussed in Sec- 
tion 13.1. (iv) Also, along a somewhat different direction, fractal graphs; 
see [GulsLap1]. (See also [GuIsLap2-4].) 

Section 13.4: random fractals of various types (and not necessarily in R) 
have been studied earlier from several points of view in a number of pa- 
pers, including [Fa2, MauWi, PitY, Ham1—2, Gat] and the relevant refer- 
ences therein. Among those papers, [MauWi] and [Ham1-—2] also consider 
certain random recursive constructions. Moreover, we point out that as is 
well known (see, e.g., [Man2]), random fractals have been used in the appli- 
cations to obtain more realistic models of natural phenomena (in physics, 
chemistry, geology and biology) and of certain problems motivated by com- 
puter science and electrical engineering. See also [Que] and the references 
therein for interesting earlier work on random Dirichlet series, with rather 
different motivations and goals. 

A suitable form of the Renewal Theorem, adapted to branching processes, 
plays an important role in the theory of Section 13.4. See [HamLap, Sec- 
tion 3] for details and for the relevant terminology. 

Section 13.5: in [LapNes2, 3], the authors introduce a model of (general- 
ized) fractal membrane and of the associated moduli space—based on quasi- 
crystals ([Sen, Moo; Lap10, Appendix F])—and a corresponding continuous 
flow of zeta functions having some of the properties expected in [Lap10]. 


Appendix A 


Zeta Functions in Number Theory 


In this appendix we collect some basic facts about zeta functions in number 
theory to which our theory of explicit formulas can be applied. We refer 
to [Lan, Chapters VIII and XII-XV], [ParsSh1, Chapter 4] and [ParsSh2, 
Chapter 1, §6, Chapter 2, §1.13] for more complete information and proofs. 


A.1 The Dedekind Zeta Function 


Let K be an algebraic number field of degree d over Q, and let O be the 
ring of integers of kK. The norm of an ideal a of O is defined as the number 
of elements of the ring O/a: 


Na=#0O/a. (A.1) 


The norm is multiplicative: N(ab) = Na- Nb. Furthermore, an ideal has a 
unique factorization into prime ideals, 


A=py cpp. (A.2) 


where pj,..., Px are prime ideals. 

We denote by r; the number of real embeddings K — R and by re 
the number of pairs of complex conjugate embeddings K — C. Thus we 
have that rj + 2r2 = d. Further, w stands for the number of roots of unity 
contained in kK. Associated with K, we need the discriminant disc(/’), the 
class number h, and the regulator 9%. We refer to [Lan, p. 64 and p. 109} 
for the definition of these notions. 
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The Dedekind zeta function of K is defined for Res > 1 by 


¢x(s) = 50 (Na) * = 50 Ayn. (A.3) 


a 


Here, a runs over the ideals of ©, and, in the second expression, A, denotes 
the number of ideals of O of norm n. This function has a meromorphic con- 
tinuation to the whole complex plane, with a unique (simple) pole at s = 1, 
with residue 

2"! (Qr)"2AK 


wy/disc(K) - 


(See [Lan, Theorem 5 and Corollary, p. 161].) 


(A.4) 


From unique factorization and the multiplicativity of the norm, we de- 
duce the Euler product for ¢x(s): for Res > 1, 


1 
¢x(s) = | | ———— (A.5) 
. II 1— (Np) 


where p runs over the prime ideals of O. 


Example A.1 (The case K = Q). Ideals of Z are generated by positive 
integers, and the norm of the ideal nZ is n, for n > 1. Hence, 


Co(s) = Son? = (5), (A.6) 


so that the Dedekind zeta function of Q is the Riemann zeta function. The 
Euler product for Gg(s) is given by 


ols) =] (A.7) 


where p runs over the rational prime numbers. 


A.2 Characters and Hecke L-series 


Let y be an ideal-character of O, belonging to the cycle c (see [Lan, Chap- 
ter VIII, §3 and Chapter VI, §1] for a complete explanation of the terms). 
The L-series associated with y is defined by 


L.(s,x)= > x(a) (Na)~*. (A.8) 


(a,c)=1 
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By the multiplicativity of the norm, this function has an Euler product 


1 
L.(s,x) = U f=yaQe (A.9) 


This zeta function can be completed with factors corresponding to the 
divisors of c, to obtain a function L(s, x), called the Hecke L-series assoc- 
iated with x. It is related to the Dedekind zeta function as follows: Let D 
be the class field associated with an ideal class group of O, and let ¢z be 
the Dedekind zeta function of LZ. Let y run over the characters of the ideal 
class group. Then, 


¢x(s) = || L(s, x). (A.10) 


Example A.2 (The case K = Q). A multiplicative function . on the 
positive integers gives rise to a Dirichlet L-series 


L(s,x) = 5) x(n)n-*. (A.11) 


The value y(n) only depends on the class of n modulo a certain positive 
integer c. The minimal such c is called the conductor of x. 


A.3 Completion of Z-Series, Functional Equation 


The fundamental property of the Dedekind zeta function and of the L-series 
is that it can be completed to a function that is symmetric about s = 5. 
Let I'(s) be the gamma function. Let 


Gals) =n-8T (5/2) and Co(s) = (2n)"*T (s). 
Denote by disc(A’) the discriminant of kK. Then the function 
x (s) = dise(K)*/? (Ge(s))™ (c(s))"?Cx(s) (A.12) 


has a meromorphic continuation to the whole complex plane, with simple 
poles located only at s = 1 and s = 0, and it satisfies the functional 
equation 


Ex(1— 8) = &x(8). (A.13) 
We deduce from this key fact that the function 


WxK(a) := limsup log |G (o + it) 


A.14 
£00 logt ; el) 
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defined for o € R, is given by the following simple formula for o ¢ (0, 1): 


0, foro > 1, 
o)=<Sd 
VE) 3 (1-20), foro <0. 


It is known that wx is convex on the real line. (The Lindelof hypothesis 
says that 7% (1/2) = 0.) We deduce the following property (see [Lan, Chap- 
ter XIII, §5]): For every real number o and ¢ > 0, there exists a constant C, 
depending on o and ¢, such that for all real numbers t with |t| > 1, 


Ix (o + it)| < ClePa te. (A.15) 


Thus ¢x(s) satisfies the hypotheses L1 and L2 of Chapter 5. (See also 
Remark A.5 below.) 

The formalism required to prove for general L-series the functional equa- 
tion (A.13) and the estimate (A.15) about the growth along vertical lines 
was developed in Tate’s thesis [Ta]. We refer to [Lan, Chapter XIV] for the 
corresponding results. 


Remark A.3. Our theory also applies to the more general L-series as- 
sociated with nonabelian representations of Q, such as those considered 
in [RudSar]. (The abelian case corresponds to the Hecke L-series discussed 
above.) These L-series can also be completed at infinity, and they sat- 
isfy a functional equation, relating the zeta function associated to a given 
representation with the zeta function associated to the contragredient rep- 
resentation. Moreover, they have an Euler product representation, much 
like that of L(s, x), except that the p-th Euler factor may be a polynomial 
in p_* of degree larger than one. 

These zeta functions are called primitive [-series in [RudSar]. According 
to the Langlands Conjectures, they are the building blocks of the most 
general L-series occurring in number theory. See, for example, [Gel, KatSar, 
RudSar]. 


A.4_ Epstein Zeta Functions 


A natural generalization of the Riemann zeta function is provided by the 
Epstein zeta functions [Ep|.! Let q¢ = q(x) be a positive definite quadratic 
form of x € R%, with d > 1. Then the associated Epstein zeta function is 


1See, for example, [Ter, Section 1.4] for detailed information about these functions. 
However, we use the convention of [Lap2, §4], which is different from the traditional one 
used in [Ter]. 
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defined by 
Gas SS aa. (A.16) 


n€ZA\ {0} 


It can be shown that ¢,(s) has a meromorphic continuation to all of C, 
with a simple pole at s = d having residue 7@/2(det q)~!/2T (d/2)~' . Fur- 
ther, ¢,(s) satisfies a functional equation analogous to that satisfied by ¢(s); 
namely, for the completed zeta function 


Eq(s) =@ PP (s/2) Cq(s), 


we have 


€4(s) = (det q)~1/7E,-1(d — s), (A.17) 


where q_~ is the positive definite quadratic form associated with the inverse 
of the matrix of q. (See [Ter, Theorem 1, p. 59].) 

In the important special case when q(x) = z7+---+23, the corresponding 
Epstein zeta function is denoted ¢q(s) in Section 1.4, Equation (1.47), and 
can be viewed as a natural higher-dimensional analogue of the Riemann 
zeta function ¢(s). Indeed, we have ¢)(s) = 2¢(s). (See, for example, [Lap2, 
§4] and the end of Section 1.4.) Since in this case, q is associated with the d- 
dimensional identity matrix, we have q~' = q and det q = 1, so that (A.17) 
takes the form of a true functional equation relating Ca(s) and ¢a(d — s). 
Moreover, ¢4(s) has an Euler product like that of ¢(s) if and only if d= 1, 
2, 4 or 8, corresponding to the real numbers, the complex numbers, the 
quaternions and the octaves, respectively. (See, e.g., [Bae].) 


di 


Remark A.4. More generally, one can also consider the Epstein-like zeta 
functions considered in [Ess1]. Such Dirichlet series are associated with 
suitable homogeneous polynomials of degree greater than or equal to one. 


Remark A.5. For all the zeta functions in Sections A.1—-A.4, hypothe- 
ses L1 and L2’ (Equations (5.19) and (5.21), page 147) are satisfied with 
a window W equal to all of C. Moreover, for the example from Section A.6 
below, one can take W to be a right half-plane of the form Res > oo, for 
a suitable oo > 0. 


A.5 Two-Variable Zeta Functions 


Let C be an algebraic curve over a finite field, as in Section 11.6. In that 
section, we introduced the zeta function of C, ¢c(s). In the paper [Pell], 
Pellikaan introduced a zeta function ¢c(s,t) that specializes to ¢c¢(s) for 
t = 1. Later, Schoof and van der Geer introduced the analogue for the 
integers, inspired by their work on positivity for Arakelov divisors [SchoG]. 
We present here a brief summary of their results. 
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A.5.1 The Zeta Function of Pellikaan 


We consider a complete nonsingular curve C’ over the finite field with q 
elements F,. A divisor of C is a formal sum of valuations of k = F,(C), the 
field of functions on C. In particular, the divisor of a function f is 


(f) =} ord(f, vu, 


where the sum is over all valuations of k. The degree of a divisor 
D= 3 Dyv 


is given by 
deg D = ye D, deg v, 

where degv is the dimension of the residue class field at v over Fy. Two 
divisors are said to be (linearly) equivalent if their difference is the divisor of 
a function. Let Cl = Cl(C) be the group of divisor classes of C’. This group 
has a grading by the degree, since deg(f) = 0 for any nonzero function f 
on C, and we write Cl, for the subset? of classes of degree n. A divisor 
is said to be positive if D, > 0 for all v. Let 1(®) denote the dimension 
over F, of the vector space of functions f such that D + (f) > 0. We will 
need the theorem of Riemann—Roch, 


I(D) =degD+1—g4+l(RK-D), 


where & is the canonical divisor of C, and g = I(R) is the genus of C. 
It follows that 1(D) = 0 for degD < 0, and l(D) = degD+1-g 
for deg D > deg R = 2g — 2. 

Define, for Ret < Res < 0, the function of two complex variables 


S- gt) g-s(dee D+1-9) (A.18) 
DECI 


1 
Cc(s,t) = od 


We first derive an expression for this function that converges for all s and t. 
Note that for g = 0, that is, when C = P! is the projective line, as dis- 
cussed in Example 11.34 for the case of the one-variable zeta functions, we 
have 1(D) =0 for degD < 0 and Il(D) = degD + 1 for degD > 0. Also, 
there is only one divisor class of degree 0; i.e., h = 1. Hence the sum over 
the divisor classes in (A.18) becomes, for Ret < Res < 0, 


Fal oo 
y iat sfe »y eee ga eoeel) 
n=0 


n=— Co 


?Thus Cl is isomorphic to the product Clo x Z. It is known that Clg is a finite group. 
We denote its order by h. 
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Thus we find i 


a a Ca 


In general, we write h = #Clo = #Cl, for the class number of C' (see 
also Section 11.6). Then 


= q max{0,n+1—g} qroointi-9) 


qg-1 


n=—-C DECI, 


h = max n = —s(n = 
+a J) gimex(Ointi-a}ga(nti-9) 


n=—oo 
The first sum is finite, and the second sum equals h¢p:(s, t). Hence we find 
tl(D t max{0,n+1—g} 


is = 
q qd —s(n+1— 
ceo= Ss a gq "t1-9) + h¢p(s, t). 


n=—0Co DECIy 


(A.19) 


We see that ¢¢(s,t) has poles at g° = 1 and at q® = q'. Using the Riemann— 
Roch formula, we can continue to verify that ¢c(s,t) = ¢c(t — s,t). More- 
over, we see from (A.19) that q~*°9¢c¢/G is a polynomial in q~* and q! of 
degree 2g in q-*. 


Remark A.6. In [Na], Naumann proves that this polynomial is irreducible. 
Thus the zeros of ¢¢(s, t) lie in an irreducible family. It is well known that 
for t = 1, ¢c(s,t) satisfies the Riemann hypothesis; i.e., all zeros in s 
of ¢o(s, 1) have real part 1/2. 


To relate this function to the divisors of C (and not to the classes of 
divisors), and hence derive the Euler product for ¢o(s,1), we use that 


UD) _ 4 
pee (A.20) 
q-1 

equals the number of positive divisors in the divisor class D. Note that 


oo {tmax{0,n+1—g} _ 1 


qd —s(n+1— 
S ge —1 q tts) = p(s, 2). 


Hence we find for Res > max{0, Ret} that 


ey y oS 


n=0D€ECl, 


UD) _ 1 
geen (A.21) 
g¢-1 
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Hence by (A.20), for t = 1, we find the Euler product 


= 1 
Ga(s, 1) = ge » Il PhS gq sdesv : 


The value t = 0 is also interesting. Taking the limit as t — 0 in Equa- 
tion (A.21), we find that 


Co(s,0)=S> So UD)g tt), 


n=0 DECI, 


A.5.2. The Zeta Function of Schoof and van der Geer 


An Arakelov divisor is a formal linear combination of valuations of Q, where 
the archimedean valuation has a real coefficient and the p-adic valuations 
have an integer coefficient. For example, the divisor of a number f is 


(f) = —(log |fl)vco + SJ ord (fF, p)vp, 


where the sum is over all prime numbers. The degree of a divisor 
D= SS Dyv 
U 


is given by 
deg D = Dx. + S” Dy logp, 
Pp 
which is a real number, not necessarily an integer. Clearly, the group of 
divisor classes of Q is isomorphic to R. Thus, there is only the grading by 
the degree, and h = 1. Let 


n=—Co 


We use this function to measure positivity of a divisor at the archimedean 
valuation. A divisor is said to be positive if Dp > 0 for all p-adic valuations, 
and log @(e~??~) is large.? We have the theorem of Riemann—Roch, 


log 0(1/u) = log u + log 0(u), (A.22) 


for u > 0. This is proved using the Poisson Summation Formula; see [Tit, 
Section 2.3], [Pat, Theorem 2.2] or [Schw1, Eq. (VII.7.5)]. It follows that 


O(u) =1+ Oe) for u— oo, 


3Positivity is not a definite notion: the larger log O(e~2P x), the more positive the 


divisor is said to be. 
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and 
O(u) =u + O(urte-*/) for u > 0. 


Define, for Ret < Res < 0, 


1 se d 
C2(s,t) = al 6(u)tue —. (A.23) 
t Jo u 
We first derive an expression that converges for all s and t: 


¢z(s, t) = a (O(u)* — max{1/u, 1}*) u® “ 


t 
1 Gs 4 att i m) 
hy UEP ue — |. 
t \Jo U 1 Uw 


The first term converges for every s and t, and the second is defined 
for Ret < Res < 0, but we can easily compute it to find 


1 


¢z(s, t) = 7 [ (0(u)* _ max{1/u, 1}*) we 4 


Seay A) 


for every s,t € C. We see that ¢z(s,t) has poles at s = 0 and at s = t. 
Using the Riemann—Roch formula, we can continue to verify the functional 
equation ¢z(s, t) = ¢z(t — s,t). 

To relate this function to the divisors of Q, and hence derive the Euler 


product for ¢z(s,1), we use that 6(u) — 1 ‘equals’ the number of positive 
divisors in the same divisor class as u. Note that 


is mee a Moodie. = od 
7 t hae? s(s—t) 


Hence we find for Res > max{0, Ret} that 


Go(s,t) = [ ee 


t U 
For t = 1, we find the Euler product 


cn =ar0($) Ht = r( eto. 


l—p-§ 


Remark A.7. Considering the zeros of ¢z(s,t) for varying t, we see that 
the zeros of the Riemann zeta function lie in an analytic family. In analogy 
with the geometric case (see Remark A.6), we might conjecture that this 
family is irreducible. 
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There is also an Euler product for t = 2, 4 and 8, corresponding to the 
Gaussian integers, the quaternions and the octonions, respectively. Surpris- 
ingly, there is also an Euler product for t = 0, as we verify directly (see 
also [LagR]). Taking the limit as t > 0, we find that 


du 


¢z(s,0) = is (log A(u)) u? a 


for Res > 0. Using the Jacobi triple product identity [HardW, Theo- 
rem 352, p. 282], 


ya - [ase Pa -@"), 


we can compute 


be ( S- “) =25\(-1)"¥q"o-1(nln|p), 


where |n|z = 2~ °°?) denotes the 2-adic valuation (so that n|n|z is the 
largest odd factor of n), and o_1(n) = dq)», +. We thus obtain 


Ca(s,0) = 0-*/?T(s/2)C(s/2)¢(1 + 8/2)(1 — 2!-9/2)(1 — 2-3-#/), 


where ¢(s) is the Riemann zeta function. Substituting the Euler product for 
the Riemann zeta function, we obtain the Euler product for ¢z(s,0), valid 
for Res > 2. Using the functional equation for the Riemann zeta function, 


Pars" 


the doubling formula 
27°11 (s)P'(s + 1/2) = P(2s)T'(1/2), 
and the fact that [(1/2) = \/z, we obtain the alternative expression 


At 


Cas, 0) = 6(5/2)¢(—9/2)(1 — 2-4-¥/2)(1 — a t/2) 


which shows clearly that ¢z(—s,0) = ¢z(s, 0). 


Remark A.8. It would be interesting to consider two-variable dynamical 
zeta functions in the context of Chapter 7, in the spirit of [Lag2]. We hope 
to do so in some future work. 
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A.6 Other Zeta Functions in Number Theory 


The flexibility of our theory of explicit formulas with an error term allows 
us to apply it to other zeta functions that do not necessarily satisfy a 
functional equation. 

As an example, we mention the zeta function 


P(s) => (logp) p~*, 


Pp 


which was studied by M. van Frankenhuijsen in [vF2, §3.9] in connection 
with the ABC conjecture. To obtain information about this function, we 
consider the logarithmic derivative of the Euler product of the Riemann 
zeta function, 


=) i(logp) p-™*, 


p,m 


where p ranges over the rational primes (as above), and m over the positive 
integers. This function has simple poles at s = 1 and at each zero of ¢(s). 
By Mobius inversion, 


els) , CRs) 
PO) aay aS) 


=o (Ss) 


where p(n) is the Mébius function, defined on the positive integers by 


(35) (5s) _ (Gs) | 


¢ 
* (3s) 


0, if n is not square-free, 
p(n) = eo fond ian 
(—1)", ifn =p,...p x is square-free. 


Thus the poles of P(s) are contained in the set 
{s/n: s is a zero of €,n =1,2,...}. 


If the Riemann hypothesis holds, then each of these points is a pole of P, 
and in general, the number of possible cancelations is small. It follows 
that the poles of P(s) accumulate on the line Res = 0. Hence this line 
is a natural boundary for the analytic continuation of P(s). But on a line 
Res =o > 0 that does not meet any of the poles of P(s), this function is 
bounded by a constant times log |t|, for t = Ims > 2. Hence this function 
satisfies hypotheses L1 and L2 (Equations (5.19) and (5.20), page 147) 
with W = {s: Res > ao}, where oo > 0 is suitably chosen. For example, 
if the Riemann hypothesis is true, one can take any positive value for oo 
other than 1/n, for n = 1,2,.... 


Appendix B 


Zeta Functions of Laplacians 
and Spectral Asymptotics 


In this appendix, we provide a brief overview of some of the results from 
spectral geometry that are relevant to the study of the spectral zeta func- 
tion associated with a Laplacian A on asmooth compact Riemannian mani- 
fold M. For the simplicity of exposition, we focus on the case when M is 
a closed manifold (i.e., is without boundary). However, as is briefly ex- 
plained at the end of the appendix, all the results stated for closed mani- 
folds are known to have a suitable counterpart for the case of a compact 
manifold with boundary. An important special case of the latter situation 
is that when M is a smooth bounded open set in Euclidean space R@ 
and A = —)7¢_, 6?/0x? is the associated Dirichlet or Neumann Laplac- 
ian. 

By necessity of concision, our presentation is somewhat sketchy and 
imprecise. For a much more detailed treatment of these matters, we re- 
fer the interested reader to some of the articles and books cited below, 
including [Min1—2, MinPI, Kac, McKSin, Sel, BergGM, AtPSin, Gil, H61-3, 
Gru, AndLap1-2], along with the relevant references therein. 


B.1 Weyl’s Asymptotic Formula 


Let M be a closed, d-dimensional, smooth, compact and connected Rie- 
mannian manifold. We assume throughout that the closed manifold M is 
equipped with a fixed Riemannian metric g. Let A be the (positive) La- 
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placian (or Laplace—Beltrami operator) on M associated with g.' It is well 
known that A has a discrete (frequency) spectrum, written in increasing 
order according to multiplicity: 


(eer tee ery oe eee 


where f; —> +00 as j — oo. Here, by convention, the frequencies of A are 
defined as the square root of its eigenvalues A;.?°° 

Next, let N(x) = Nz,1(x) be the associated spectral counting function 
(or counting function of the frequencies): 


NiAe)=#(9 21: f,;<2}, forre>0. (B.1) 
Then Weyl’s classical asymptotic formula [Wey1-2] states that 
N, (x) = ca vol(M) x? + 0(x%), (B.2) 


as © —> oo, where cq = (27)~4By and By denotes the volume of the unit 

ball in R¢. Recall that Ba = 1¢/?/T(d/2 +1), where T = [(s) is the usual 

gamma function. Further, vol(/7) denotes the Riemannian volume of M. 
The leading term in (B.2), 


W (a) = Wyr(a) = (277) ~“Ba vol(M) 2%, (B.3) 


is often referred to as the Weyl term in the literature. 


Remark B.1. Weyl’s original result has been improved in various ways. 
One extension consists in giving a (sharp) remainder estimate for Weyl’s 
asymptotic law, of the form 


N, (x) = ca vol(M) x? + O(x*"), (B.4) 


as x — oo. This result is due to Hérmander [H61] in the case of closed 
manifolds, and to Seeley [Se4—5] (for d < 3) or to Pham The Lai [Ph] 
(for d > 4) in the case of manifolds with boundary (for example, for the 
Dirichlet or Neumann Laplacian on a smooth bounded open set in R%). 
We refer the interested reader to [H62-3] for a detailed exposition of these 
results. 


1Using Einstein’s summation convention, A is given in local coordinates by 


where g = (Gaye bs and g~! = Cag aeee 


?We have used a slightly different normalization in the rest of this book; see, for 
example, Section 1.3 and footnote 1 of the introduction. 

’Throughout this discussion, we ignore the zero eigenvalue of the Neumann Laplacian. 
Alternatively, we can replace A by A+ a, for some positive constant a. 
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B.2. Heat Asymptotic Expansion 


We denote by z,(t) = zy,11(t) the trace of the heat semigroup {e~'*: t > 0} 
generated by A.* Thus, z,(t) is given by 


z(t) = Trace (e’“) = o es, (B.5) 


j=1 


for every t > 0. 

A well-known Tauberian argument shows that Weyl’s formula (B.2) is 
equivalent to the following asymptotic formula for z,(t) (see, for exam- 
ple, [Kac] or [Sim]): 


z(t) = ea vol(M)t-4/? + o(t-4/?), (B.6) 


as t + 0*, where eg = I'(d/2 + 1)ca. Using the above expression for cq 
and Bg, one finds eq = (4m) ~4/?. 


Remark B.2. The fact that (B.2) implies (B.6) is immediate and follows 
from a simple Abelian argument; see, e.g., [Sim, Theorem 10.2, p. 107] 
or [Lap1, Appendix A, pp. 521-522]. However, the converse relies on Kara- 
mata’s Tauberian Theorem [Sim, Theorem 10.3, p. 108] (which is closely re- 
lated to the Wiener—Ikehara Tauberian Theorem [Pos, Section 27, pp. 109- 
112; Shu, Theorem 14.1, p. 115]). In addition, even the existence of an error 
term in (B.6) does not imply the corresponding Wey] formula with error 
term in (B.2).° 


More generally, a key result due in its original form to Minakshisundaram 
and Pleijel [MinP]] (building, in particular, on work of the first of these 
authors [Min1-—2] in a closely related context) states that z,(t) has the 
following asymptotic expansion (in the sense of Poincaré):® 


ault) ~ Sart HP, (B.7) 
k>0 


4For convenience, we use here for z,(t) the standard convention encountered in the 


—-tA 


literature on spectral geometry; that is, we work with the trace of e rather than 


of e~*V4. The latter choice would correspond to the spectral partition function 
oe. fore) 
0,(t) = Trace (oes) a by e hi = i, e **dN,(a), 
j=l ° 


as we defined it in Section 6.2.3 above; see, for example, Equation (6.29). 

5We stress that in contrast to much of the rest of this book, all the asymptotic 
formulas in this appendix are interpreted pointwise. 

6This asymptotic formula can be interpreted as follows: For each fixed integer ky > 0, 


z(t) = ‘> apt (4-*)/2 f OG ora), 
k<ko 


ast— Ot. 
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as t + 0*, where the coefficients a, = a,(M) are integrals with respect to 
the Riemannian volume measure of M of suitable local geometric invariants 
of M. Namely, for each k = 0,1,2,..., 


eg [, on(y,M) dvoly(y), (B.8) 


where the function a,(-, 4) can be expressed as a (locally invariant) po- 

lynomial of (suitable contractions of) the Riemann curvature tensor of M 

and of its covariant derivatives. In this sense, it is a local invariant of M. 
Moreover, in the present situation, one can show that 


a,(M)=0, if k is odd. (B.9) 


Remark B.3. For example, ao is equal to eg vol(M), while a2 is propor- 
tional to the integral over M of the scalar curvature of M.” In general, the 
explicit computation of the coefficients a, is difficult but a large amount 
of information is now available, particularly in the present case of closed 
manifolds. We refer to Gilkey’s book [Gil, Sections 1.7, 1.10, 4.8, and 4.9] 
for a detailed treatment of this matter. 


B.3 The Spectral Zeta Function and its Poles 


Let us next introduce the spectral zeta function of the Laplacian on M (or 
simply, the zeta function of A) ¢,(s) = G,u(s):3 


¢,(s) = Trace (A-*/?) => fy*. (B.10) 
j= 
In view of (B.5), we have the following relation between ¢,,(s) and z,(t), 
1 co 
¢,(2s) = i 2H oak. (B.11) 
T(s) Jo 


Hence, by Weyl’s asymptotic formula (B.2) (or equivalently, by (B.6)), ¢,(s) 
extends holomorphically to the open right half-plane Res > d. Further, 


“By application of the Gauss—Bonnet formula (as extended by S.-S. Chern [Chern1-2] 
to every dimension d), it follows from the latter statement that the Euler characteristic 
of M is audible (i.e., can be recovered from the spectrum of M); see, e.g., [McKSin, 
pp. 44-45]. (Recall that the Euler characteristic of M vanishes when d is odd.) 

8In the usual terminology, ¢.(s) is the zeta function of VA, because, according to 
our present conventions, the frequencies f; of A are given by f; = JAj where the \j’s 
are the eigenvalues of A, written in nondecreasing order. The reader should keep this in 
mind when comparing our formulas with those in [Gil], for example. 
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according to (B.7), ¢,(s) has a simple pole at s = d. It follows that the 
abscissa of convergence of the Dirichlet series ¢)(s) = at Ff} is equal 
to d, the dimension of the manifold M. 

More generally, the asymptotic expansion (B.7) combined with rela- 
tion (B.11) above yields the following key theorem (see [MinP]] and, for 
instance, [Gil, Section 1.10, especially Lemma 1.10.1, p. 79]): 


Theorem B.4. The spectral zeta function ¢,(s) of a closed Riemannian 
manifold M has a meromorphic extension to the whole complex plane, with 
simple poles located at d and at a (subset of) the points d—2,d—4,.... 
Further, fork =0,1,2,..., the residue at s =d—k is equal to 


2ax(M) 
T((d— k)/2)’ 


where a, = ax(M) is the k-th coefficient in the heat asymptotic expan- 
sion (B.7). 
More precisely, ¢,(s) is holomorphic except for simple poles located at 


s=d—2q, q=0,1,2,..., if d is odd, 
s=d,d—2,d—4,...,4,2, if d is even. 


Remark B.5. From our present point of view, the first part of Theo- 
rem B.4 is the most important one. It implies that all the poles of the 
spectral zeta function of a smooth manifold are located on the real axis, in 
contrast to what happens for fractal manifolds, as illustrated in the main 
body of this book. 


Remark B.6. As was explained above, s = d is always a (simple) pole 
of ¢,(s). On the other hand, the other points mentioned in Theorem B.4 
may not be poles of ¢,(s), because the associated residue may vanish. 
For example, if M = T¢ = R?/Z?4 is the standard flat d-dimensional 
torus (ie., the unit cube [0,1]? with its faces identified, as at the end 
of Section 1.4), then ¢,(s) = ¢.,1c(s) is the normalized Epstein zeta func- 
tion associated with the standard quadratic form ga(z) = 27 +--: + 23 
for x = (41,...,%4) € R*. Namely, 


¢(s) = Cals) — a (nz ce ie mayr 


(n1,...,ra)EZ4\ {0} 
as in Equation (1.47) above.? Therefore, for any d > 1, s = d is the only 


pole of ¢,(s) = Ca(s), and it is simple. (See Appendix A, Section A.4, 
or [Ter, Section 1.4].) In order to reconcile this fact with the statement of 


°For convenience, we are using here the normalized eigenvalues of A on T¢. 
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Theorem B.4, it suffices to note that M = T¢ has zero Euler characteris- 
tic and vanishing curvature. An entirely analogous comment can be made 
about a general Epstein zeta function ¢,(s) considered in Section A.4 of 
Appendix A (or in [Ter, Section 1.4]), which can be viewed as the spectral 
zeta function of the Laplacian on a flat torus M = R4/A, where A is a 
lattice of R¢ with associated positive definite quadratic form q = q(x). (See 
Equation (A.16).) 


B.4. Extensions 


Various extensions of the above results are known in spectral geometry. We 
mention only a few, which are most relevant to our situation or that may 
help clarify certain issues: 


(i) Formulas (B.2), (B.7) and Theorem B.4 apply to the more general 
situation of a (positive) elliptic differential operator P (instead of the La- 
placian A). If P is of order m > 0, then we define the j-th frequency of P 
by fj; = Ae ™ where \; is the j-th eigenvalue of P, written in nondecreas- 
ing order according to multiplicity. With this convention, the exponent of x 
in (B.2) remains equal to d, while the exponent of t~' in (B.6) and (B.7) is 
now equal to d/m and (d— k)/m, respectively. Further, the poles of ¢,(s) 
also remain the same as in Theorem B.4. On the other hand, in (B.2) and 
in (B.3), the constant (27)~4B, will be replaced by (27)~¢ times a vol- 
ume in phase space (i.e., in the cotangent bundle of M/) determined by 
the principal symbol of P. Moreover, with the obvious change in notation, 
in the analogue of (B.7) and (B.8), the local invariants a;(-,P) are now 
expressed as (locally invariant) polynomials of the total symbol of P and 
of its covariant derivatives. 


(ii) Let us now assume that M is a (smooth, compact) manifold with 
boundary. For elliptic boundary value problems on M (and, in particular, 
for the prototypical cases of the Dirichlet and Neumann Laplacians on a 
smooth bounded open set of d-dimensional Euclidean space R¢), the ana- 
logue of Weyl’s asymptotic formula (B.2) and of the Minakshisundaram— 
Pleijel heat asymptotic expansion (B.7) still holds. It takes the same form 
as above, except that in the counterpart of (B.7), the coefficients a, (or 
the corresponding local invariants) are more complicated to compute.!° In 
addition, a suitable counterpart of Theorem B.4 also holds; see [MinP]] 
and [McKSin]. In particular, the poles of ¢, are all simple and located on 
the real axis. Perhaps the most complete treatment of these questions in the 
case of manifolds with boundary can be found in Grubb’s book [Gru], which 


10In fact, to our knowledge, no explicit algorithm is known to calculate every ay in 
this case, although a great deal of information is available. 
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also deals with the more general case of elliptic pseudodifferential boundary 
value problems on M.1! Besides the earlier papers [Min1—2, MinP]] (which 
study slightly different notions of spectral zeta functions of Laplacians, 
motivated by the work of Carleman [Car]), other useful references in this 
setting include the aforementioned paper by McKean and Singer [McKSin], 
along with the classical paper by Mark Kac [Kac] entitled Can one hear 
the shape of a drum?, which gives some related results on certain planar 
domains. 

In a seminal paper, entitled Complex powers of elliptic operators, See- 
ley [Sel] has used modern analytical tools to study spectral zeta functions. 
In turn, Seeley’s paper (along with its sequel for boundary value prob- 
lems [Se2-3]) has stimulated a number of further developments related to 
the zeta functions of elliptic pseudodifferential operators. (See, for exam- 
ple, [Shu, Chapter IT] and [Gru].) 


B.4.1 Monotonic Second Term 


Under the assumptions of Remark B.1 for a manifold with smooth bound- 
ary, it need not be the case that N,(a#) admits (pointwise) an asymptotic 
second term as x — oo. (Contrast this statement with the fact that z(t) 
has an asymptotic expansion of every order as t + 0+; see formula (B.7).) 
Knowing when N,(x) admits a monotonic asymptotic second term (i.e., of 
the form a nonzero constant times 27~') is the object of Hermann Weyl’s 
conjecture [Wey1—2]. In a beautiful work, Ivrii [Ivr1—2] has partially solved 
this conjecture. More specifically, for example for the Dirichlet or Neumann 
Laplacian, respectively, he shows that on a manifold M with boundary 0M, 
we have (with the obvious notation for the volume of M and 0M), 


N,(x) = eq volg(M) x $ gq_1 volg_1(0M) x"! + tame F (B.12) 


as x — oo, provided a suitable condition is satisfied.1? (Here, the posi- 
tive constant gq_1 is explicitly known in terms of d — 1, the dimension 
of the smooth boundary 0M.) Positive results toward Weyl’s Conjecture 
were also obtained by Melrose [Mell-—2] for manifolds with concave bound- 
ary. We refer the interested reader to volumes III and IV of Hérmander’s 
treatise [H63] as well as to Ivrii’s recent book [Ivr3] for further information 
about this subject. 


11For a general pseudodifferential operator P on M, the heat asymptotic expansion 
may contain logarithmic terms, corresponding to the singularities of the symbol of P. 
This is not the case, however, for an elliptic differential operator, and hence for a La- 
placian on M. (See Corollary 4.27, page 388 and the comment on page 390 in [Gru].) 

!2Roughly speaking, this condition says that the set of multiply reflected periodic 
geodesics of M forms a set of measure zero, with respect to Liouville measure in phase 
space (i.e., in the cotangent bundle of M). This condition (which is sufficient but not 
necessary) is known to be generic among smooth Euclidean domains, but is very difficult 
to verify in any concrete example. 
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Finally, we note that situations where N,(x) has an oscillatory behavior 
(beyond the Weyl term) have been analyzed, in particular, by Duistermaat 
and Guillemin [DuiGu] in terms of the concentration of periodic geodesics 
(or, more generally, of bicharacteristics). See also the beginning of Sec- 
tion 12.5.3 for a sample of related mathematical and physical works, in- 
cluding the papers by Colin de Verdiére [Col] and Chazarain [Chaz]. 


B.5 Notes 


We note that Weyl’s formula plays an important role in mathematical 
physics and can be given interesting physical interpretations; see, for ex- 
ample, [CouHi, Kac, ReSi3, Sim], along with [BaltHi]. 

Further information about heat asymptotic expansions and related issues 
can be found in the papers by McKean and Singer [McKSin] or Atiyah, 
Patodi and Singer [AtPSin], and in [AndLap1-2] or in the first unnumbered 
subsection of [JohLap, Section 20.2.B], along with the relevant references 
therein. See also [BergGM] for many interesting examples of spectra of 
Laplacians on Riemannian manifolds. 

Additional information regarding spectral zeta functions and some of 
their connections with dynamical or with arithmetic zeta functions can be 
found in the book [Lap-vF8]. 


Appendix C 
An Application of Nevanlinna ‘Theory 


In this appendix, we briefly discuss aspects of Nevanlinna theory and give 
in Section C.2, Theorem C.1, an application of that theory to the com- 
plex zeros of Dirichlet polynomials, as defined and studied in Chapter 3. 
This theorem is used in the proof of Equation (2.37) of Theorem 2.16 (see 
Sections 2.5 and 2.6). Note however, that in Chapter 3 we obtain a bet- 
ter asymptotic density estimate (with the O(,/o) of Equation (C.8) below 
replaced by O(1) in Theorem 3.6, Equation (3.10)). 


Nevanlinna theory was developed in the 1930s to study the distribution of 
solutions in z of the equation f(z) = a (so-called a-points) of a meromorphic 
function f. Recall that a meromorphic function is an analytic function 


f: C3 CU {oo}, 


where f(z) is defined to be oo if f has a pole at x. In this case, the func- 
tion g(z) = 1/f(<) is defined in a neighborhood of x and g is holomorphic 
at z = « if we set g(x) = 0. In other words, we can view f as a holomorphic 
function to the Riemann sphere 


P'(C) = CU {oo}. 


The starting point of Nevanlinna theory is the Poisson—Jensen formula. It 
was Nevanlinna’s insight that this formula can be interpreted as saying that 
the number of a-points of f in a disc plus the average closeness of f to a on 
the boundary of this disc (measured in a suitable way) equals the number 
of poles of f plus the average size of f on this boundary. We exploit this 
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fact for a holomorphic function, by counting the number of a-points of f 
in a disc by computing the average size of f on the boundary of this disc, 
provided one can bound the average closeness of f to a on the boundary. 

We refer the reader to the monographs [Hay] and [LanCh] for an expo- 
sition of Nevanlinna theory. 


C.l The Nevanlinna Height 


Recall that P!(C) denotes the complex projective line; i.e., the complex 
line C, completed by a point at infinity, denoted oo. Alternatively, P!(C) 
could be realized as the Riemann sphere. The distance between two points a 
and a’ in P'(C) is defined as 
7 la —a’ | 

J/1 + |al2./1 + [a’/?’ 


and the distance of a point to the point at infinity is given by 


if G0 OO; (C. 1a) 


lla, a’|| 


||a, ool] = ifa#oo. (C.1b) 


1 

J1 + al?’ 
Here, |z| denotes the ordinary absolute value of the complex number z. (See, 
e.g., [Bea, §2.1].) When one views P'(C) as a sphere of diameter 1 in three- 
dimensional Euclidean space, the distance is simply the chordal distance 
between the inverse images of a and a’ under stereographic projection. 

Let f be a nonconstant meromorphic function and let a € P1(C). The 
mean proximity function of f is the function of the positive real variable o 
given by 


dz 
mj(a,o)= f — —log\lf(2)sall 5 (C.2) 
|2l=0 wiz 
The counting function of f is defined as! 
nyg(a,0) = #{z€C: |z|<@, f(z) =a}, (C.3) 
and, for a 4 f(0), we set 
g dt 
N;(a, 0) = : n,(a, t) ae (C.4) 
Finally, the Nevanlinna height of f is defined, for a 4 f(0), by 
Ts(e) = Ne(a, @) + ms(a, Q) + log || f(0), all, (C.5) 


which is independent of a (cf. [LanCh, Theorem 1.6, p. 19]). It is this 
independence that we will exploit, for a = oo and for a = 0. 


1This function takes finite values since the zeros of a nonconstant meromorphic func- 
tion form a discrete subset of C. 
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C.2 Complex Zeros of Dirichlet Polynomials 


We investigate the distribution of the roots of the equation 


M M 

Sr pTwzs _ 
mir? = S_ mye wv =0, 
j=0 j=0 


where 79 = 1 > 71 > r2 >... > ry > 0. The weights w; are defined 
by rj =e“, so that wo = 0 < wi < wo < +++ < wm. 

Our analysis is partly similar to that of Jorgenson and Lang [JorLan3]. 
In particular, the result that the zeros of a Dirichlet polynomial lie in a 
bounded strip can be found in [JorLan3, p. 58]. On the other hand, in the 
present situation, we obtain more precise results than in [JorLan3]. Similar 
results were also obtained by B. Jessen. (See [Bohr, Appendix I]].) 

Let o; and a, be defined by the equations 


M 


1 
e(wm—wu-1)o1 S- |m,| = 5 |mul, (C.6a) 
j=0 
and 
2 1 
en wor oe |m5| = 5 |mo| . (C.6b) 
j=0 


In other words, writing }°> |m,| = Sd |m,|, we have 


log(2E Iglu) gg, — 282 bral/lmol) Gy 
WM — WM-1 Wi , , 


Theorem C.1. Let wo = 0 < wy < ... < wy and let mo,...,myq_ be 
arbitrary nonzero complex numbers. Define 


M 
f(s) = So mje" 
j=0 


and assume that f(0) = ey m; #0. Then the number of complex zeros 
of f(s), counted according to multiplicity in the closed disc of radius o, 
equals? 


l -1 
SM 9 + O( VB), as Q—> OO. (C.8) 


-1 

2In Theorem 3.6, Equation (3.10), the density is given as ~8T Mo + O(1), as @ > 00; 
i.e., half of the density as given here. The reason is that in Theorem 3.6, we count zeros 
in the upper half of a vertical strip, {s: 0 < Ims < 9}. 
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Moreover, the zeros lie in the horizontally bounded strip 0, < Res <a,, 
where o; and o, are given respectively by Equations (C.6a) and (C.6b) and 
formula (C.7) above. 


Proof. To obtain information about the zeros of f(s), we estimate the 
counting function n (0, 9). To accomplish this, we first compute the height 


Ty(Q) = m5 (co, Q) + log || f(0), col 


and then combine the relation 


T;(o) = Nz(0, 0) + m0, Q) + log || F(0), O| 


with estimates for m (0, 0) to obtain an estimate for N;(0, 0). Finally, we 
use Lemma C.2 below to deduce the estimate for n,(0, @). 
The height of f is 


my(co,e) = flow VIFTFOP sar + 08 I/(0). cl 


We need to estimate |f(s)| in the above integral. Foro = Res > oy, 
the function |f(s)| is bounded by a constant depending on w; and m, 
(j = 0,...,M). On the other hand, for ¢ < a1, we have 


M a 
1 = [Oe mard] = Imarlrse — Oe 
M-1 ; 
capt, Cay |myle™ “oe 
> Gq (lrmar| — efrarem—2de SI 
2 TM ees 


me (C.9) 


Putting these estimates together, we find that 


log V/1 + [f(s)P? = fe +O) (oS), 


O(1) (o 2 01); 


as |s| = @ > oo. On the circle with radius 9, the real part of s = ge’? 
equals ocos @. For the height, we thus find that 


30/2 do 
T;(@) = —war f ocosé — +O(1) = ey O(1), 
1/2 27 T 


as |s| = @ — oo, where the implied constant depends only on M and the 
numbers r; and m;. 
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Now, clearly, m (0, @) is positive. Hence N;(0, 0) < “0 + O(1). To show 
that this is the correct asymptotic order for N(0, 9), we have to bound the 
function m (0, @) from above. In view of (C.1), inequality (C.9) shows that 


4 _ViFROF_ qa 
If(9),0[78 = YE = VIF TF 


is uniformly bounded for ¢ < o;. For a > o,, on the other hand, we have 


M M 
mo 
LF(3)] > lomo] = Jnglr > lrmol — rf ony] > eel, 
j=l j=0 


Thus log || f(s), 0||~! is uniformly bounded for Res > o, and Res < gj. 
Observe that this shows that the complex zeros of f lie in the horizontally 
bounded strip 0; < Res < a,. The integral for m (0, g@) over the parts of the 
circle |s| = @ between Res = a; and Res = a, is bounded since x + log || 
is an integrable function around x = 0. This shows that 


W 
N;(0, 0) = ae O(1), 


as 9 — oo. Finally, in view of (C.3) and (C.4), the statement for n(0, 0) 
is a consequence of the following general calculus lemma, applied to the 
functions n(t) := n¢(0,t) and N(g) := Ny (0, @). 


Lemma C.2. Let n(t) be a nondecreasing, nonnegative function on [0, 00) 
for which there exists tp > 0 such that n(t) =0 for t < to. Let 


no= font 


t 


and suppose that there exist positive constants c and C’' such that 
|N(e)—coel<C for alle >0. 
Then 


In(o) — co| < V/8Cce 


for all sufficiently large positive values of o. 
Proof. Consider a value of @ for which n(@) > cg. For this value, we have 


n(o) +C > N(n(o@)/c) 


n(@)/c dt n 
=N(o) + f n(t) 2 > co~ C +n(e) log M2. 
Q CQ 


Hence, writing 7 = wh we deduce that 


20 > co — n(o) + n(0) 10g M2 =co(l—a+zlogz). 
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Consider now a value of @ for which n(e) < co. In the same way as above, 
we find 


2 dt ae) 
co- CE N(Q)=Ninloh/o + f_n(t) F <n(g) +C-+n(o) log 2, 
n(o)/¢ t n(o) 
Again, we deduce that co (1—2+zlog 2x) < 2C, with x = ae 
The function 
—1)2 
L-e+aloge = = ) + O ((a— 1)°) (as 7 > 1) 
is nonnegative and vanishes at x = 1. It follows that for o@ sufficiently 
large, x is close to 1. Around x = 1, this function takes values larger 


than (2 — 1)?/4. Hence for large positive 0, (c—1)? < 8S. This is equivalent 
0 
to |n(@) — co| < V/8Cca, as was to be proved. 


Remark C.3. In Chapter 3, we define numbers d; and d, such that the 
Dirichlet polynomial f(s) does not vanish for Res < d; and Res > d, (see 
formula (3.18)). The numbers o; and o, defined above give weaker bounds, 
because they are defined to satisfy the stronger property that | f(s)| (respec- 
tively, |f(s)|rj;) is bounded away from 0 by a fixed distance for Re s > 0, 
(respectively, Res < 07). 


Acknowledgements 


We would like to thank the Institut des Hautes Etudes Scientifiques (THES), 
of which we were members in 1994-2000 when some of the main ideas 
for [Lap-vF5] were conceived. The work of Michel L. Lapidus was supported 
by the National Science Foundation under grants DMS-9207098, DMS- 
9623002, DMS-0070497, DMS-0707524 and DMS-1107750, and the work of 
Machiel van Frankenhuijsen was supported by the Marie Curie Fellowship 
ERBFMBICT960829 of the European Community and by summer stipends 
from Utah Valley University. The second author would also like to thank 
the Department of Mathematics and the College of Science and Health at 
Utah Valley University for their continuing and generous support. 

The first author thanks Alain Connes, Rudolf H. Riedi and Christophe 
Soulé for helpful conversations and/or references during the preliminary 
phase of [Lap-vF5]. In addition, the authors are grateful to Gabor Elek 
and Jim Stafney as well as to several anonymous referees, for their helpful 
comments on the preliminary versions of [Lap-vF5] and [Lap-vF 11]. 

We are indebted to Mark Watkins for sharing with us his beautiful proof 
of the finiteness of shifted arithmetic progressions of zeros of L-series, which 
was first included in [Lap-vF11], the first edition of this book. We also 
wish to thank Ben Hambly for his comments on a preliminary version of 
Section 13.4. 

We are very grateful to Erin Pearse, one of the first author’s former Ph.D. 
students, for many helpful comments on [Lap-vF5] after its publication and 
on several preliminary versions of [Lap-vF 11]. The pedagogical improve- 
ments in the presentation of parts of Chapter 8, including Figure 8.1, make 
use of his Ph.D. oral examination (based on Chapter 6 of [Lap-vF5], Chap- 


M.L. Lapidus and M. van Frankenhuijsen, Fractal Geometry, Complex Dimensions and Zeta 511 
Functions: Geometry and Spectra of Fractal Strings, Springer Monographs in Mathematics, 
DOI 10.1007/978-1-4614-2176-4, © Springer Science+Business Media New York 2013 


512 Acknowledgements 


ter 8 of [Lap-vF11] and the present book), kindly made available to us. The 
term “languid” for the growth conditions L1 and L2 was suggested to us by 
Erin (these conditions were called hypotheses (H,) and (H2) in [Lap-vF5]). 
Also, Figures 12.7-12.10 and 13.1-13.5 (from [LapPel], some in adapted 
form) were created by Erin. Finally, we wish to acknowledge his help in 
combining two figures from the book in order to obtain the design ap- 
pearing on the front cover (the first edition [Lap-vF 11] had a similar front 
cover). 

The first author would like to thank his former and current Ph.D. stu- 
dents and members of his “Fractal Research Group”, Erin Pearse, Vicente 
Alvarez, Scot Childress, Britta Daudert, Hafedh Herichi, Nishu Lal, Tim 
(Hing) Li’, Michael Maroun, Robert Niemeyer, Jason Payne, John Quinn, 
John Rock, Dominick Scaletta and Jonathan Sarhad, for helpful comments 
and feedback. He would also like to thank the many participants in his 
Seminar on “Mathematical Physics and Dynamical Systems”, graduate stu- 
dents, visitors, postdocs and faculty members alike. 

We are very grateful to Ann Kostant, formerly Executive Editor for 
the Mathematical Sciences at Birkhauser Boston, and also Editorial Di- 
rector for Mathematics at Springer, for her enthusiasm and her constant 
encouragement, as well as for her guidance in preparing the manuscripts 
of [Lap-vF5] and the first edition of this book, [Lap-vF 11], for publication. 
She went well beyond the call of duty in helping us bring this project to 
fruition. In particular, her wonderful attention both to the big picture and 
many important details certainly played a significant role in the succesful 
completion of [Lap-vF 11]. She, and especially Elizabeth Loew at Springer, 
provided great guidance in preparing the present second revised and en- 
larged edition. We wish to thank Elizabeth Loew for her hard work. 

We would especially like to thank Erin Pearse and Steffen Winter, Lu’ 
Hing (Tim Lu), and John Rock for their significant involvement in writing 
and proofreading the new Sections 13.1, 13.2, and 13.3, respectively. 

We thank several anonymous referees for their efforts in reviewing these 
books at various stages of their preparation, as well as for their exper- 
tise, enthusiasm, and many useful suggestions and constructive criticisms 
which definitely helped us improve the readability and overall quality of 
this research monograph. 

Last, but not least, the first author would like to thank his wife, Odile, 
and his children, Julie and Michaél, for supporting him through long periods 
of sleepless nights, either at the Résidence de l’Ormaille of the IHES in 
Bures-sur- Yvette or at their home in Riverside, California, while the theory 
presented in the research monographs [Lap-vF5] and [Lap-vF 11] was being 
developed and when those books and parts of the present one were in the 
process of being written. 


The beginning of this work was presented by the authors at the Special 
Session on “Analysis, Diffusions and PDEs on Fractals” held during the 


Acknowledgements 513 


Annual Meeting of the American Mathematical Society (San Diego, Cal- 
ifornia, January 1997); the Special Session on “Dynamical, Spectral and 
Arithmetic Zeta-Functions” held during the Annual Meeting of the Amer- 
ican Mathematical Society (San Antonio, January 1999);' the Special Ses- 
sion on “Fractal Geometry, Number Theory and Dynamical Systems” held 
during the “First Joint Mathematical International Meeting of the Amer- 
ican Mathematical Society and the Société Mathématique de France” at 
the Ecole Normale Supérieure (Lyon, France, July 2001); the Special Ses- 
sion on “Fractal Geometry and Applications: A Jubilee of Benoit Mandel- 
brot” held during the Annual Meeting of the American Mathematical Soci- 
ety (San Diego, California, January 2002); the Special Session on “Fractal 
Geometry: Connections to Dynamics, Geometric Measure Theory, Math- 
ematical Physics and Number Theory” held during the Sectional Meeting 
of the American Mathematical Society (San Francisco, California, April 
2006); and the Special Session on “Fractals, Dynamical Systems, Number 
Theory and Analysis on Rough Spaces” held during the Sectional Meet- 
ing of the American Mathematical Society at the University of California, 
Riverside (November 2009). 

It was also presented by the first author in invited talks at the CBMS- 
NSF Conference on “Spectral Problems in Geometry and Arithmetic" (Iowa 
City, August 1997) and at the Conference on “Recent Progress in Noncom- 
mutative Geometry" (Lisbon, Portugal, September 1997), as well as in the 
Workshops and Programs on “Spectral Geometry” (June-July 1998) and on 
“Number Theory and Physics” (September 1998), both held at the Erwin 
Schroedinger International Institute for Mathematical Physics in Vienna, 
Austria. 

In addition, the continuation of this work was presented by one or both 
of the authors at numerous conferences, workshops, summer schools and 
meetings of professional societies. A list of the corresponding talks prior to 
the publication of the first edition of this book in 2006 can be found on 
pages 440 and 441 of [Lap-vF 11]. We mention just a few of the most impor- 
tant ones. It was presented by the authors at the Special Session on “Fractal 
Geometry and Applications: A Jubilee of Benoit Mandelbrot” held during 
the Annual Meeting of the American Mathematical Society (San Diego, 
California, January 2002), and at the International Conference on “Anal- 
ysis, Fractal Geometry, Dynamical Systems and Economics” held at the 
University of Messina on the occasion of the Award (to MLL) of the 2011 
Anassilaos International Prize in Mathematics (Messina, Sicily, and Reg- 
gio Calabria, Italy, November 2011), and at the Special Session on “Fractal 
Geometry in Pure and Applied Mathematics: In Memory of Benoit Man- 


1 Abstracts #918-35-537 and 539, Abstracts Amer. Math. Soc. 18 No. 1 (1997), 82-83, 
and Abstracts #939-58-84 and 85, ibid. 20 No. 1 (1999), 126-127. 


514 Acknowledgements 


delbrot” held during the Annual Meeting of the American Mathematical 
Society (Boston, Massachussetts, January 2012). 


The research for this book was conducted at a number of institutions in 
the United States and abroad, including the authors’ own universities. In 
addition to those already mentioned above, the first author would like to 
acknowledge the University of Rome (Tor Vergata), Italy, the University of 
Copenhagen, Denmark, and the Université Paris VII, France, for a number 
of visits during the past few years, as well as the Institut des Hautes Etudes 
Scientifiques (IHES) in Bures-sur-Yvette, France, of which he has been 
a frequent member since the early 1990’s and was last a member in the 
Spring of 2008 (and will soon be a member in the Spring of 2012), the 
Mathematical Sciences Research Institute (MSRI) in Berkeley, of which he 
was a member during the Research Programs on “Random Matrix Theory: 
Models and Applications” from May through June 1999 and on “Spectral 
Invariants” from April through June 2001, along with the Centre Emile 
Borel of the Institut Henri Poincaré (IHP) of which he was a member 
of the Research Program on “Noncommutative Geometry and K-Theory” 
from March through July 2004 while living in the Résidence de l’Ormaille 
of the IHES from March through September 2004, and from May through 
July 2008 while a member of the Research Program on “Ricci Curvature and 
Ricci Flow”. This revised and enlarged second edition was completed during 
a sabbatical year of the second author at the Georg-August-Universitat 
Gottingen at the invitation of Professor Ralf Meyer. 

The material and financial support during this latter period of the MSRI, 
IHP, IHES, the Clay Mathematics Institute, and the US National Science 
Foundation (NSF), is gratefully ackowledged by the first author. The gen- 
erous support from Professor Ralf Meyer during the sabbatical year of the 
second author is also gratefully acknowledged. 


Bibliography 


[Ahl] 


[AndLap1] 


[AndLap2] 


[ArMazul] 


[AtPSin| 


[BadPo] 
[Bae] 
[Bae] 


[Bal1] 


L. V. Ahlfors, Complex Analysis, 3d. ed., McGraw-Hill, Lon- 
don, 1985. 


S. I. Andersson and M. L. Lapidus (eds.), Progress in Inverse 
Spectral Geometry, Trends in Mathematics, vol. 1, Birkhauser- 
Verlag, Basel and Boston, 1997. 


S. I. Andersson and M. L. Lapidus, Spectral Geometry: 
An introduction and background material for this volume, 
in [AndLapl1, pp. 1-14]. 


M. Artin and B. Mazur, On periodic points, Annals of Math. 
81 (1965), 82-99. 


M. Atiyah, V. K. Patodi and I. M. Singer, Spectral asymmetry 
and Riemannian geometry, I, Math. Proc. Cambridge Philos. 
Soc. 77 (1975), 43-69; II, ibid. 78 (1975), 405-432; III, bed. 
79 (1976), 71-99. 


R. Badii and A. Politi, Intrinsic oscillations in measuring the 
fractal dimension, Phys. Lett. A 104 (1984), 303-305. 


J. C. Baez, The octonions, Bull. Amer. Math. Soc. (N. 8.) 39 
(2002), 145-205, and Errata, ibid. 42 (2005), 213. 


L. Baéez-Duarte, A class of invariant unitary operators, Adv. 
Math. 144 (1999), 1-12. 


V. Baladi, Dynamical zeta functions, in: Real and Complex 
Dynamical Systems (B. Branner and P. Hjorth, eds.), NATO 


MLL. Lapidus and M. van Frankenhuijsen, Fractal Geometry, Complex Dimensions and Zeta 515 
Functions: Geometry and Spectra of Fractal Strings, Springer Monographs in Mathematics, 
DOI 10.1007/978-1-4614-2176-4, © Springer Science+Business Media New York 2013 


516 Bibliography 


[BalaVor] 


[BallBlul| 


[BallBlu2| 


[BallBlu3] 


[BallanBlo] 
[BaltHil 


[Ban] 


[BarHam| 


[Bar] 
[Bea] 


[BedFii 


[BedKS] 


Adv. Sci. Inst. Ser. C Math. Phys. Sci., vol. 464, Kluwer, Dor- 
drecht, 1995, pp. 1-26. 


V. Baladi, Periodic orbits and dynamical spectra, Ergodic 
Theory and Dynamical Systems 18 (1998), 255-292. 


V. Baladi, Kneading operators and transfer operators in 
higher dimensions, in [Lap-vF10, Part 1, pp. 407-416]. 


V. Baladi and G. Keller, Zeta functions and transfer opera- 
tors for piecewise monotone transformations, Commun. Math. 


Phys. 127 (1990), 459-477. 


N. L. Balazs and A. Voros, Chaos on the pseudosphere, Phys. 
Rep., No. 3, 143 (1986), 109-240. 


R. C. Ball and R. Blumenfeld, Universal scaling of the stress 
field at the vicinity of a wedge crack in two dimensions and 
oscillatory self-similar corrections to scaling, Phys. Rev. Lett. 
65 (1990), 1784-1787. 

R. C. Ball and R. Blumenfeld, Sidebranch selection in fractal 
growth, Europhys. Lett. 16 (1991), 47-52. 

R. C. Ball and R. Blumenfeld, Probe for morphology and hi- 
erarchical corrections in scale-invariant structures, Phys. Rev. 
E 47 (1993), 2298-3002. 

R. Ballan and C. Bloch, Solution of the Schrédinger equation 
in terms of classical paths, Ann. Physics 85 (1974), 514-546. 
H. P. Baltes and E. R. Hilf, Spectra of Finite Systems, B. 
I.-Wissenschaftsverlag, Vienna, 1976. 

T. Banchoff, Critical points and curvature for embedded poly- 
hedra, J. Differential Geom. 1 (1967), 245-256. II, in: Differ- 
ential Geometry (Proc. Special Year, Maryland), Progress in 
Math., vol. 32, Birkhauser, Boston, 1983, pp. 34-55. 

M. T. Barlow and B. M. Hambly, Transition density estimates 
for Brownian motion on scale irregular Sierpinski gaskets, 
Ann. Inst. H. Poincaré Probab. Statist. 33 (1997), 531-557. 
K. Barner, On A. Weil’s explicit formula, J. Reine Angew. 
Math. 323 (1981), 139-152. 

A. F. Beardon, Iteration of Rational Functions, Springer- 
Verlag, Berlin, 1991. 

T. Bedford and A. M. Fisher, Analogues of the Lebesgue den- 
sity theorem for fractal sets of reals and integers, Proc. London 
Math. Soc. (3) 64 (1992), 95-124. 

T. Bedford, M. Keane and C. Series (eds.), Ergodic Theory, 


Symbolic Dynamics and Hyperbolic Spaces, Oxford Univ. 
Press, Oxford, 1991. 


[BegDMS] 


[Bér] 


[BergGM] 


[BergGo] 


[Berk] 


[Berr1] 


[Berr2] 


[Berr3] 


[Berr4] 
[BerrHow] 


[Bes1] 


[Bes2] 


[BesTal] 


[BessGM] 


Bibliography 517 


M. Begué, L. DeValue, D. Miller and B. Steinhurst, Spectrum 
and heat kernel asymptotics on general Laakso spaces, e-print, 
arXiv:0912.2176v2 [math.CA], 2010. 


P. Bérard, Spectres et groupes cristallographiques I: Domaines 
euclidiens, Invent. Math. 58 (1980), 179-199. 


M. Berger, P. Gauduchon and E. Mazet, Le Spectre d’une 
Variété Riemannienne, Lecture Notes in Math., vol. 194, 
Springer-Verlag, New York, 1971. 


M. Berger and B. Gostiaux, Differential Geometry: Manifolds, 
Curves and Surfaces, English translation, Springer-Verlag, 
Berlin, 1988. 


V. G. Berkovich, p-adic analytic spaces, in: Proc. Internat. 
Congress Math. (Berlin, 1998), G. Fisher and U. Rehmann 
(eds.), Vol. Il, Documenta Math. J. DMV (Extra Volume 
ICM °98), pp. 141-151. 


M. V. Berry, Distribution of modes in fractal resonators, in: 
Structural Stability in Physics (W. Giittinger and H. Eike- 
meier, eds.), Springer-Verlag, Berlin, 1979, pp. 51-53. 


M. V. Berry, Some geometric aspects of wave motion: Wave- 
front dislocations, diffraction catastrophes, diffractals, in: 
Geometry of the Laplace Operator, Proc. Sympos. Pure 
Math., vol. 36, Amer. Math. Soc., Providence, R. I., 1980, 
pp. 13-38. 


M. V. Berry, The Bakerian lecture, 1987: Quantum chaology, 
Proc. Roy. Soc. London Ser. A 413 (1987), 183-198. 


M. V. Berry, Private communication, January 1999. 


M. V. Berry and C. J. Howls, High orders of the Weyl expan- 
sion for quantum billiards: resurgence of periodic orbits, and 
the Stokes phenomenon, Proc. Roy. Soc. London Ser. A 447 
(1994), 527-555. 


A. S. Besicovitch, On the sum of digits of real numbers repre- 
sented in the dyadic system, Math. Ann. 110 (1934), 321-330. 


A. S. Besicovitch, A general form of the covering principle and 
relative differentiation of additive functions, I], Proc. Cam- 
bridge Philos. Soc. 42 (1946), 1-10. 


A. S. Besicovitch and S. J. Taylor, On the complementary 
intervals of a linear closed set of zero Lebesgue measure, J. 
London Math. Soc. 29 (1954), 449-459. 


D. Bessis, J. S. Geronimo and P. Moussa, Mellin transforms 
associated with Julia sets and physical applications, J. Statist. 
Phys. 34 (1984), 75-110. 


518 Bibliography 


[Beu] 


[BiSo] 


[Bl] 
[BIStUg| 


[BogKe] 


[Bohr] 


[Bom] 


[BorCP] 


[BatSil] 
[Bou] 
[Bow1] 


[Bow2} 


[BraBh] 


[Bre] 


[BroCa] 


A. Beurling, Analyse de la loi asymptotique de la distribution 
des nombres premiers généralisés, I, Acta Math. 68 (1937), 
255-291. 


M. S. Birman and M. Z. Solomyak, Spectral asymptotics of 
nonsmooth elliptic operators, I, Trans. Moscow Math. Soc. 27 
(1972), 3-52; II, ibid. 28 (1973), 3-34. 


W. Blaschke, Integralgeometrie, Chelsea, New York, 1949. 


A. Blasiak, R. S. Strichartz, and B. E. Ugurcan, Spectra of 
self-similar Laplacians on the Sierpinski gasket with twists, 
Fractals, No. 1, 16 (2008), 43-68. 


E. B. Bogomolny and J. P. Keating, Random matrix theory 
and the Riemann zeros I: Three-and-four-point correlations, 
Nonlinearity 8 (1995), 1115-1131. 


H. Bohr, Almost Periodic Functions, Chelsea, New York, 
1951. 


E. Bombieri, Counting points on curves over finite fields 
(d’aprés S. A. Stepanov), Séminaire Bourbaki, 25iéme année 
1972/73, no. 430, Lecture Notes in Math., vol. 383, Springer- 
Verlag, New York, 1974, pp. 234-241. 


J. M. Borwein, K.-K. 8. Choi and W. Pigulla, Continued frac- 
tions of tails of hypergeometric series, Amer. Math. Monthly 
112, No. 6, (2005), 493-501. 


A. Boéttcher and B. Silbermann, Analysis of Toeplitz Opera- 
tors, Springer-Verlag, Berlin, 1990. 


G. Bouligand, Ensembles impropres et nombre dimensionnel, 
Bull. Sct. Math. (2) 52 (1928), 320-344 and 361-376. 


R. Bowen, Symbolic dynamics for hyperbolic flows, Amer. J. 
Math. 95 (1973), 429-460. 


R. Bowen, Equilibrium States and the Ergodic Theory of 
Anosov Diffeomorphisms, Lecture Notes in Math., vol. 470, 
Springer-Verlag, New York, 1975. 


M. Brack and R. K. Bhaduri, Semiclassical Physics, Frontiers 
in Physics, Addison-Wesley, Reading, 1997. 


H. Brezis, Analyse Fonctionnelle: Théorie et Applications, 
Masson, Paris, 1983; English expanded version: Functional 
Analysis, Sobolev Spaces and Partial Differential Equations, 
Springer, New York, 2011. 


J. Brossard and R. Carmona, Can one hear the dimension of 
a fractal?, Commun. Math. Phys. 104 (1986), 103-122. 


[BrowMP] 
[Bul | 
[Bug] 
[Bu3] 


[Cal] 


[Ca2] 


[Car] 


[CawMau]| 
[Chaz] 


[CheeMiS1] 


[CheeMiuiS2] 


|Chern1| 


|Chern2| 
|Chern3] 
[Chit] 


[Chi2| 


Bibliography 519 


G. Brown, G. Michon and J. Peyriére, On the multifractal 
analysis of measures, J. Statist. Phys. 66 (1992), 775-790. 


J.-F. Burnol, The explicit formula in simple terms, e-print, 
arXiv:math.NT/98100169, 1998. 


J.-F. Burnol, The explicit formula and the conductor opera- 
tor, e-print, arXiv:math.NT/9902080, 1999. 


J.-F. Burnol, Sur les formules explicites I: analyse invariante, 
C. R. Acad. Sci. Paris Sér. I Math. 331 (2000), 423-428. 


A. M. Caetano, Some domains where the eigenvalues of the 
Dirichlet Laplacian have non-power second term asymptotic 
estimates, J. London Math. Soc. (2) 43 (1991), 431-450. 


A. M. Caetano, On the search for the asymptotic behaviour 
of the eigenvalues of the Dirichlet Laplacian for bounded ir- 
regular domains, Internat. J. Appl. Sci. Comput. 2 (1995), 
261-287. 


T. Carleman, Propriétés asymptotiques des fonctions fonda- 
mentales des membranes vibrantes, Scand. Math. Congress 
(1934), 34-44. 


R. Cawley and R. D. Mauldin, Multifractal decompositions of 
Moran fractals, Adv. in Math. 92 (1992), 196-236. 


J. Chazarain, Formule de Poisson pour les variétés riemanni- 
ennes, Invent. Math. 24 (1974), 65-82. 


J. Cheeger, W. Miiller and R. Schrader, On the curvature of 
piecewise flat manifolds, Commun. Math. Phys. 92 (1984), 
405-454. 


J. Cheeger, W. Miiller and R. Schrader, Kinematic and tube 
formulas for piecewise linear spaces, Indiana Univ. Math. J. 
35 (1986), 737-754. 


S.-S. Chern, A simple intrinsic proof of the Gauss—Bonnet 
formula for closed Riemannian manifolds, Ann. of Math. 45 
(1944), 747-752. 


S.-S. Chern, On the curvature integrals in a Riemannian mani- 


fold, Ann. of Math. 46 (1945), 674-684. 


S.-S. Chern, On the kinematic formula in integral geometry, 
J. of Math. and Mech. 16 (1966), 101-118. 


S. Childress, Canonical products over the roots of certain Di- 
richlet polynomials, preprint, 2007. 


S. Childress, Quantum Measures, Arithmetic Coils, and Gen- 
eralized Fractal Strings, Ph.D. Dissertation, University of Cal- 
ifornia, Riverside, USA, June 2009. 


520 Bibliography 


[Chis] 


[ChrIvaLap| 


[Coh| 
[Col] 
[Con] 
[(CouHil 
[Cram] 
[CranMH] 


[CuStr] 


[DauLap| 


[Dav] 
[Del] 


[avi] 


[av] 


[DemDKU] 


D. V. Chistyakov, Fractal geometry of continuous embed- 
dings of p-adic numbers into Euclidean spaces, Theoretical 
and Mathematical Physics 109 (1996), 1495-1507. 


E. Christensen, C. Ivan and M. L. Lapidus, Dirac oper- 
ators and spectral triples for some fractal sets built on 
curves, Adv. in Math. 217 (2008), 42-78. (Also: e-print, 
arXiv:math.MG/0610222v2, 2007.) 


D. L. Cohn, Measure Theory, Birkhauser, Boston, 1980. 


Y. Colin de Verdiére, Spectre du laplacien et longueur des 
géodésiques périodiques, I et II, Compositio Math. 27 (1973), 
83-106 and 159-184. 


A. Connes, Noncommutative Geometry, Academic Press, New 


York, 1994. 


R. Courant and D. Hilbert, Methods of Mathematical Physics, 
vol. I, English translation, Interscience, New York, 1953. 


H. Cramér, Studien itiber die Nullstellen der Riemannschen 
Zetafunktion, Math. Z. 4 (1919), 104-130. 


A. Crannell, S. May and L. Hilbert, Shifts of finite type and 
Fibonacci harps, Appl. Math. Lett. No. 2, 20 (2007), 138-141. 


M. Cucuringu and R. S. Strichartz, Self-similar energy forms 
on the Sierpinski gasket with twists, Potential Anal. No. 1, 
27 (2007), 45-60. 


B. Daudert and M. L. Lapidus, Localization on snowflake do- 
mains, Fractals, No. 3, 15 (2007), 255-272. (Also: e-print, 
arXiv:math .NA/0609798, 2006.) 


H. Davenport, Multiplicative Number Theory, 2nd_ ed., 
Springer-Verlag, New York, 1980. 


J. Delsarte, Formules de Poisson avec reste, J. Anal. Math. 
17 (1966), 419-431. 


C.-J. de la Vallée Poussin, Recherches analytiques sur la 
théorie des nombres; Premiére partie: La fonction ¢(s) de 
Riemann et les nombres premiers en général, Ann. Soc. Sct. 


Bruaelles Sér. I 20 (1896), 183-256. 


C.-J. de la Vallée Poussin, Sur la fonction ¢(s) de Riemann 
et le nombre des nombres premiers inférieurs 4 une limite 
donnée, Mém. Couronnés et Autres Mém. Publ. Acad. Roy. 
Sci., des Lettres, Beaua-Arts Belg. 59 (1899-1900). 


B. Demir, A. Deniz, S. Kocak and A. E. Ureyen, Tube for- 
mulas for graph-directed fractals, Fractals, No. 3, 18 (2010), 
349-361. 


[DemKOU] 


[Den1] 


[Den2] 


[Den3} 


[DenSchr] 


[DerGrVo] 


[dH Tie 


[DodKzr| 


[DolFr] 


[Dra] 


[DraYKKV]| 


[Duc] 


Bibliography 521 


B. Demir, S. Kogak, Y. Ozdemir and A. E. Ureyen, Tube for- 
mulas for self-similar fractals with non-Steiner-like generators, 
preprint, 2010. 


C. Deninger, Local L-factors of motives and regularized de- 
terminants, Invent. Math. 107 (1992), 135-150. 


C. Deninger, Lefschetz trace formulas and explicit formulas in 
analytic number theory, J. Reine Angew. Math. 441 (1993), 
1-15. 


C. Deninger, Evidence for a cohomological approach to an- 
alytic number theory, in: Proc. First European Congress of 
Mathematics (A. Joseph, et al., eds.), vol. I, Paris, July 1992, 
Birkhauser-Verlag, Basel, 1994, pp. 491-510. 


C. Deninger and M. Schroter, A distributional theoretic proof 
of Guinand’s functional equation for Cramér’s V-function and 
generalizations, J. London Math. Soc. 52 (1995), 48-60. 


G. Derfel, P. Grabner and F. Vogl, The zeta function of the 
Laplacian on certain fractals, Trans. Amer. Math. Soc. 360 
(2008), 881-897. (Also: e-print, arXiv:math.SP/0508315v2, 
2005.) 


S. DeHard and M. Tierz, Discrete and oscillatory matrix mod- 
els in Chern-Simons theory, Nucl. Phys. B731 (2005), 225- 
241. (Also: e-print, arXiv:hep-th/0501123v1, 2005.) 


M. M. Dodson and 8S. Kristensen, Hausdorff dimension and 
Diophantine approximation, in [Lap-vF10, Part 1, pp. 305- 
347]. 


J. D. Dollard and C. N. Friedman, Product Integration, with 
Application to Differential Equations, Encyclopedia of Math- 
ematics and Its Applications, vol. 10, Addison-Wesley, Read- 
ing, 1979. 


B. Dragovich, Adelic harmonic oscillator, Internat. J. Mod. 
Phys. A 10 (1995), 2349-2365. 


B. Dragovich, A. Yu, S. Khrennikov, S. V. Kozyrev and I. V. 
Volovich, On p-adic mathematical physics, p-Adic Numbers, 
Ultrametric Analysis and Applications (Russian Academy of 
Sciences, Moscow, and Springer-Verlag), No. 1, 1 (2009), 1- 
17. (Survey article.) 


A. Ducros, Espaces analytiques p-adiques au sens de 
Berkovich, in: Séminaire Bourbaki, 58iéme année, 2005-2006, 
No. 958, Astérisque, vol. 311, Société Mathématique de 
France, Paris, 2007, pp. 137-176. 


522 Bibliography 


[DuiGu] 


[Ed] 


[EdmEv] 


[Edw] 


[Eg] 


[EliTie| 


[Elk] 


[ElLapMR] 


[Ep] 


[Ess1] 


[Ess2] 
[Ess3] 


[Ess4] 


[EssLap] 


J. J. Duistermaat and V. Guillemin, The spectrum of positive 
elliptic operators and periodic bicharacteristics, Invent. Math. 
29 (1975), 39-79. 


G. A. Edgar (ed.), Classics on Fractals, Addison-Wesley, 
Reading, 1993. 


D. E. Edmunds and W. D. Evans, Spectral Theory of Differ- 
ential Operators, Oxford Mathematical Monographs, Oxford 
University Press, Oxford, 1987. 


H. M. Edwards, Riemann’s Zeta Function, Academic Press, 
New York, 1974. 


H. G. Eggleston, The fractional dimension of a set defined by 
decimal properties, Quart. J. Math. Oxford Ser. 20 (1949), 
31-36. 


E. Elizalde and M. Tierz, Multiplicative anomaly and zeta 
factorization, J. Math. Phys. 45 (2004), 1168-1179. 


N. D. Elkies, Rational points near curves and small nonzero 
|x?—y?| via lattice reduction, in: Proc. of ANTS-4 (W. Bosma, 
ed.), Lecture Notes in Computer Science, vol. 1838, Springer- 
Verlag, New York, 2000, pp. 33-63. 


K. E. Ellis, M. L. Lapidus, M. C. Mackenzie and J. A. Rock, 
Partition zeta functions, multifractal spectra, and tapestries 
of complex dimensions, in: Benoit Mandelbrot: A life in many 
dimensions, The Mandelbrot Memorial Volume, World Scien- 
tific, Singapore, in press, 2012 (and special issue of the jour- 
nal Fractals). (Also: e-print, arXiv:1007.1467v2 [math-ph], 
2011.) 


P. Epstein, Zur Theorie allgemeiner Zetafunktionen, I, Math. 
Ann. 56 (1903), 614-644; II, ibid. 63 (1907), 205-216. 

D. Essouabri, Singularités des séries de Dirichlet associées a 
des polynémes de plusieurs variables et applications en théorie 


analytique des nombres, Ann. Inst. Fourier (Grenoble) 47 
(1996), 429-484. 


D. Essouabri, Private communication, June 1996. 
D. Essouabri, Zeta functions associated to Pascal’s triangle 


mod p, Japan J. Math. (New Series) 31 (2005), 157-174. 


D. Essouabri, Contributions a la Théorie Générale des Fonc- 
tions Zeta et Applications en Théorie des Nombres et en 
Géométrie Arithmétique, Ph.D. Dissertation (Habilitation), 
Université de Caen, France, November 2005. 


D. Essouabri and M. L. Lapidus, Analytic continuation of a 
class of multifractal zeta functions, in preparation, 2011. 


[EvPeVo| 


[Fal] 
[Fa2] 


[Fa3] 


[Fa4] 
[Fa5] 


[FaSam] 


[Fed1] 
[Fed2] 
[Fel] 


[Fey] 


[FlaRV] 


[FleLeVa] 


[FleVa] 


[Fol] 


Bibliography 523 


C. J. G. Evertsz, H.-O. Peitgen and R. F. Voss (eds.), Fractal 
Geometry and Analysis: The Mandelbrot Festschrift, World 
Scientific, Singapore, 1996. 


K. J. Falconer, The Geometry of Fractal Sets, Cambridge 
Univ. Press, Cambridge, 1985. 


K. J. Falconer, Random fractals, Math. Proc. Cambridge Phi- 
los. Soc. 100 (1986), 559-582. 


K. J. Falconer, Fractal Geometry: Mathematical Foundations 
and Applications, John Wiley & Sons, Chichester, 1990. (2nd 
ed., 2003.) 


K. J. Falconer, On the Minkowski measurability of fractals, 
Proc. Amer. Math. Soc. 123 (1995), 1115-1124. 


K. J. Falconer, Techniques in Fractal Geometry, John Wiley 
& Sons, Chichester, 1997. 


kK. J. Falconer and A. Samuel, Dixmier traces and coarse 
multifractal analysis, Ergodic Theory and Dynamical Sys- 
tems 31 (2011), 369-381. (Also: e-print, arXiv:0905.3052v1 
[math.CA], 2009.) 


H. Federer, Curvature measures, Trans. Amer. Math. Soc. 93 
(1959), 418-491. 


H. Federer, Geometric Measure Theory, Springer-Verlag, New 
York, 1969. 


W. Feller, An Introduction to Probability Theory and its Ap- 
plications, vol. II, John Wiley & Sons, New York, 1966. 


R. P. Feynman, Statistical Mechanics: A Set of Lectures, W. 
A. Benjamin, New York, 1962. 


P. Flajolet, M. Roux and B. Vallée, Digital trees and memory- 
less sources: From arithmetic to analysis, in: DMTCS Proceed- 
ings, 21st International Meeting on Probabilistic, Combinato- 
rial, and Asymptotic Methods in the Analysis of Algorithms 
(AofA’10), 2010, pp. 233-260. 


J. Fleckinger, M. Levitin and D. Vassiliev, Heat equation on 
the triadic von Koch snowflake, Proc. London Math. Soc. (3) 
71 (1995), 372-396. 


J. Fleckinger and D. Vassiliev, An example of a two-term 
asymptotics for the “counting function" of a fractal drum, 
Trans. Amer. Math. Soc. 337 (1993), 99-116. 


G. B. Folland, Real Analysis: Modern Techniques and Their 
Applications, 2nd. ed., John Wiley & Sons, Boston, 1999. 


524 Bibliography 


[FouTuVa| 


[Fral] 
[Fra] 
[FreKie] 
[Ful] 
[Fu2| 
[FukSh| 


[Gab] 
[GarSteu] 


[Gat] 


[Gel] 


[Ger] 


[GerSc1] 


[|GerSc2] 


[|GibHaw] 


fen 


[Gou] 


J.-D. Fournier, G. Turchetti and S. Vaienti, Singularity spec- 
trum of generalized energy integrals, Phys. Lett. A 140 (1989), 
331-335. 


M. Frantz, Minkowski measurability and lacunarity of self- 
similar sets in R, preprint, 2001. 


M. Frantz, Lacunarity, Minkowski content, and self-similar 
sets in R, in [Lap-vF10, Part 1, pp. 77-91]. 


E. Freitag and R. Kiehl, Etale Cohomology and the Weil Con- 
jectures, Springer-Verlag, Berlin, 1988. 


J.H. G. Fu, Tubular neighborhoods in Euclidean spaces, Duke 
Math. J. 52 (1985), 1025-1046. 


J. H. G. Fu, Curvature measures of subanalytic sets, Amer. 
J. Math. 116 (1994), 819-880. 


M. Fukushima and T. Shima, On a spectral analysis for the 
Sierpinski gasket, Potential Analysis 1 (1992), 1-35. 


O. Gabber, Private communication, June 1997. 


R. Garunkstis and J. Steuding, On the roots of the equation 
¢(s) = a, e-print, arXiv:1011.5339v1 [math.NT], 2010. 


D. Gatzouras, Lacunarity of self-similar and stochastically 
self-similar sets, Trans. Amer. Math. Soc. 352 (2000), 1953— 
1983. 


S. Gelbart, An elementary introduction to the Langlands pro- 
gram, Bull. Amer. Math. Soc. (N. S.) 10 (1984), 177-219. 


J. Gerling, Untersuchungen zur Theorie von Weyl—Berry- 
Lapidus, Graduate Thesis (Diplomarbeit), Dept. of Physics, 
Universitat Osnabriick, Germany, May 1992. 


J. Gerling and H.-J. Schmidt, Self-similar drums and general- 
ized Weierstrass functions, Physica A 191 (1992), 536-539. 


J. Gerling and H.-J. Schmidt, Three-term asymptotics of the 
spectrum of self-similar fractal drums, J. Math. Sci. Univ. 
Tokyo 6 (1999), 101-126. 


G. W. Gibbons and S. W. Hawking (eds.), Euclidean Quantum 
Gravity, World Scientific Publ., Singapore, 1993. 


P. B. Gilkey, Invariance Theory, the Heat Equation, and the 
Atiyah-Singer Index Theorem, 2nd ed., Publish or Perish, 
Wilmington, 1984. (New rev. and enl. ed. in Studies in Ad- 
vanced Mathematics, CRC Press, Boca Raton, 1995.) 


S. Gouézel, Spectre de l’opérateur de transfert en dimension 1, 
Manuscripta Math. 106 (2001), 365-403. 


[Gra] 


[GreMOY] 


[|GriLap] 


[Gro] 


[GréLS} 


[Gru] 


[GulsLap1| 


[GulsLap2| 


[GulsLap3] 


[GulsLap4] 


[GulsLap5| 


[Guil] 


Bibliography 525 


A. Gray, Tubes, 2nd ed. (of the 1990 ed.), Progress in Math., 
vol. 221, Birkhauser, Boston, 2004. 


C. Grebogi, 5. McDonald, E. Ott and J. York, Exterior di- 
mension of fat fractals, Physics Lett. A No. 1, 110 (1985), 
1-4. 


C. A. Griffith and M. L. Lapidus, Computer graphics and the 
eigenfunctions for the Koch snowflake drum, in [AndLap1, 
pp. 95-109]. 


M. Gromov, Crystals, proteins, stability and isoperimetry, 
Bull. Amer. Math. Soc. 48 (2011), 229-257. 


M. Grotschel, L. Lovasz, A. Schrijver, Geometric Algorithms 
and Combinatorial Optimization, Springer-Verlag, Berlin, 
1993. 


G. Grubb, Functional Calculus of Pseudodifferential Bound- 
ary Problems, 2nd ed. (of the 1986 ed.), Progress in Mathe- 
matics, vol. 65, Birkhauser, Boston, 1996. 


D. Guido, T. Isola and M. L. Lapidus, A trace on frac- 
tal graphs and the Ihara zeta function, Trans. Amer. 
Math. Soc., No. 6, 361 (2009), 3041-3070. (Also: e-print, 
arXiv:math.0A/0608060v2, 2007.) 


D. Guido, T. Isola and M. L. Lapidus, Ihara’s zeta function for 
periodic graphs and its approximation in the amenable case, 
J. Functional Anal., No. 6, 255 (2008), 1339-1361. (Also: e- 
print, arXiv:math.0A/0608229, 2007. IHES/M/08/36, 2008.) 


D. Guido, T. Isola and M. L. Lapidus, Ihara’s zeta func- 
tions for periodic simple graphs, in: C*-Algebras and Ellip- 
tic Theory II (D. Burguelea, R. Melrose, et al., eds.), Trends 
in Mathematics, Birkhauser-Verlag, Basel and Boston, 2008, 
pp. 103-131. (Also: e-print, arXiv:math.0A4/0605753, 2006. 
THES /M/08/39, 2008.) 


D. Guido, T. Isola and M. L. Lapidus, Bartholdi zeta functions 
for periodic simple graphs, in: Analysis on Graphs and its 
Applications (P. Exner, et al., eds.), Proc. Symposia Pure 
Math. 77, Amer. Math. Soc., Providence, R. I., 2008, pp. 109- 
122. (Also: e-print, IHES/M/08/38, 2008.) 


D. Guido, T. Isola and M. L. Lapidus, Complex dimensions 
of fractal strings with non-power scaling laws (tentative title), 
work in progress, 2011. 


H. P. Guinand, A summation formula in the theory of prime 
numbers, Proc. London Math. Soc. (2) 50 (1948), 107-119. 


526 Bibliography 


[Gui2] 
[Gut1] 


[Gut2] 


[Had1] 


[Had2] 


[Had3] 


[Ham1] 


[Ham2] 


[HamLap] 


[Haran1| 


[Haran2] 


[HardW] 
[Harr] 


[HasJLS] 


[HawIs] 


H. P. Guinand, Fourier reciprocities and the Riemann zeta- 
function, Proc. London Math. Soc. (2) 51 (1950), 401-414. 


M. C. Gutzwiller, Periodic orbits and classical quantization 
conditions, J. Math. Phys. 12 (1971), 343-358. 


M. C. Gutzwiller, Chaos in Classical and Quantum Mechan- 
ics, Interdisciplinary Applied Mathematics, vol. 1, Springer- 
Verlag, New York, 1990. 


J. Hadamard, Etude sur les propriétés des fonctions entiéres 
et en particulier d’une fonction considérée par Riemann, J. 
Math. Pures Appl. (4) 9 (1893), 171-215. (Reprinted in [Had3, 
pp. 103-147].) 


J. Hadamard, Sur la distribution des zéros de la fonction ¢(s) 
et ses conséquences arithmétiques, Bull. Soc. Math. France 
24 (1896), 199-220. (Reprinted in [Had3, pp. 189-210].) 


J. Hadamard, Oeuvres de Jacques Hadamard, Tome I, Edi- 
tions du Centre National de la Recherche Scientifique, Paris, 
1968. 


B. M. Hambly, Brownian motion on a random recursive Sier- 


pinski gasket, Ann. Probab. 25 (1997), 1059-1102. 


B. M. Hambly, On the asymptotics of the eigenvalue count- 
ing function for random recursive Sierpinski gaskets, Probab. 
Theory Related Fields 117 (2000), 221-247. 


B. M. Hambly and M. L. Lapidus, Random fractal strings: 
their zeta functions, complex dimensions and spectral asymp- 
totics, Trans. Amer. Math. Soc., No. 1, 358 (2006), 285-314. 


S. Haran, Riesz potentials and explicit sums in arithmetic, 
Invent. Math. 101 (1990), 696-703. 


S. Haran, The Mysteries of the Real Prime, London Mathema- 
tical Society Monographs, New Series, vol. 25, Oxford Univ. 
Press, Oxford, 2001. 


G. H. Hardy and E. M. Wright, An Introduction to the Theory 
of Numbers, 4th ed., Oxford Univ. Press, Oxford, 1960. 


T. E. Harris, The Theory of Branching Processes, rev. ed. (of 
the 1963 ed.), Dover, New York, 2004. 


J. Hastad, B. Just, J. C. Lagarias, C. P. Schnorr, Polynomial 
time algorithms for finding integer relations among real num- 


bers, SIAM J. Comput. 18 (1989), 859-881. 


S. W. Hawking and W. Israel (eds.), General Relativity: An 
Einstein Centenary Survey, Cambridge Univ. Press, Cam- 
bridge, 1979. 


[Hay] 


[HeLap1] 


[HeLap2] 


[HerLap1] 


[HerLap?2] 


[HerLap3] 


[HerLap4] 


[HilLap] 


[Ho1] 


[Ho2| 


(H83} 


[Huas]] 


[Hub] 


[HugLaWe| 


Bibliography 527 


W. K. Hayman, Meromorphic Functions, Oxford Mathema- 
tical Monographs, Oxford Univ. Press, 1975. 


C. Q. He and M. L. Lapidus, Generalized Minkowski content 
and the vibrations of fractal drums and strings, Mathematical 
Research Letters 3 (1996), 31-40. 


C. Q. He and M. L. Lapidus, Generalized Minkowski con- 
tent, spectrum of fractal drums, fractal strings and the Rie- 
mann zeta-function, Memoirs Amer. Math. Soc., No. 608, 127 
(1997), 1-97. 


H. Herichi and M. L. Lapidus, Fractal strings, the spectral 
operator and the Riemann hypothesis: Zeta values, Riemann 
zeroes, universality and phase transitions, preprint, 2012. 


H. Herichi and M. L. Lapidus, Invertibility of the spectral 
operator and a reformulation of the Riemann hypothesis, in 
preparation, 2012. 


H. Herichi and M. L. Lapidus, Spectral operator and conver- 
gence of its Euler product in the critical strip, in preparation, 
2012. 


H. Herichi and M. L. Lapidus, Riemann zeroes and phase 
transitions via the spectral operator on fractal strings, e-print, 
arXiv:1203.4828v1 [math-ph], 2012. 


T. W. Hilberdink and M. L. Lapidus, Beurling zeta functions, 
generalised primes, and fractal membranes, Acta Applican- 
dae Mathematicae, No. 1, 94 (2006), 21-48. (Also: e-print, 
arXiv:math.NT/0410270, 2004.) 


L. Hormander, The spectral function of an elliptic operator, 
Acta Math. 121 (1968), 193-218. 


L. Hérmander, The Analysis of Linear Partial Differential 
Operators, vol. I, Distribution Theory and Fourier Analysis, 


2nd ed. (of the 1983 ed.), Springer-Verlag, Berlin, 1990. 


L. Hérmander, The Analysis of Linear Partial Differential 
Operators, vols. I-IV, Springer-Verlag, Berlin, 1983 & 1985. 


C. Hua and B. D. Sleeman, Fractal drums and the n-di- 
mensional modified Weyl—Berry conjecture, Commun. Math. 
Phys. 168 (1995), 581-607. 


H. Huber, Zur analytischen Theorie hyperbolischer Raumfor- 
men und Bewegungsgruppen, Math. Ann. 138 (1959), 1-26. 


D. Hug, G. Last and W. Weil, A local Steiner-type for- 
mula for general closed sets and applications, Mathematische 
Zeitschrift 246 (2004), 237-272. 


528 Bibliography 


[HurWa] 
[Hut] 


[In] 


[Ivi] 


[Ivr1] 


[Ivr2] 


[JohLap] 


[JorLan1| 


[JorLan2| 


[JorLan3] 


W. Hurewicz and H. Wallman, Dimension Theory, Princeton 
Univ. Press, Princeton, 1941. 


J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. 
Math. J. 30 (1981), 713-747. 


A. E. Ingham, The Distribution of Prime Numbers, 2nd ed. 
(reprinted from the 1932 ed.), Cambridge Univ. Press, Cam- 
bridge, 1992. 


A. Ivié, The Riemann Zeta-Function: The Theory of the Rie- 
mann Zeta-Function with Applications, John Wiley & Sons, 
New York, 1985. 


V. Ja. Ivrii, Second term of the spectral asymptotic expansion 
of the Laplace—Beltrami operator on manifolds with bound- 
ary, Functional Anal. Appl. 14 (1980), 98-106. 


V. Ja. Ivrii, Precise Spectral Asymptotics for Elliptic Opera- 
tors Acting in Fiberings over Manifolds with Boundary, Lec- 
ture Notes in Math., vol. 1100, Springer-Verlag, New York, 
1984. 


V. Ja. Ivrii, Microlocal Analysis and Precise Spectral Asymp- 
totics, Springer-Verlag, Berlin, 1998. 


S. Jaffard, Multifractal formalism for functions, SIAM J. 
Math. Anal. 28 (1997), 994-998. 


S. Jaffard, Wavelet techniques in multifractal analysis, in 
[Lap-vF 10, Part 2, pp. 91-151]. 


S. Jaffard, On Davenport expansions, in [Lap-vF10, Part 1, 
pp. 273-304]. 


S. Jaffard and Y. Meyer, Wavelet methods for pointwise reg- 
ularity and local oscillations of functions, Memoirs Amer. 
Math. Soc., No. 587, 123 (1996), 1-110. 


G. W. Johnson and M. L. Lapidus, The Feynman Integral 
and Feynman’s Operational Calculus, Oxford Mathematical 
Monographs, Oxford Univ. Press, Oxford, 2000. (Corrected 
reprinting and paperback edition, 2002.) 


J. Jorgenson and S. Lang, On Cramer’s theorem for gen- 
eral Euler products with functional equation, Math. Ann. 297 
(1993), 383-416. 


J. Jorgenson and S. Lang, Basic Analysis of Regularized Series 
and Products, Lecture Notes in Math., vol. 1564, Springer- 
Verlag, New York, 1993. 


J. Jorgenson and S. Lang, Explicit Formulas for Regular- 
ized Products and Series, Lecture Notes in Math., vol. 1593, 
Springer-Verlag, New York, 1994, pp. 1-134. 


[Kac| 


[KahPey] 
[KahSa] 


[KalSteu] 


[KarVor] 


[Kat] 
[KatSar] 


[Ke] 


[Kil] 
[Ki2] 


[KiLap1] 


[KiLap2| 


[KIRo] 


[Kob] 


[KogRat] 


[Kor] 


Bibliography 529 


M. Kac, Can one hear the shape of a drum?, Amer. Math. 
Monthly (Slaught Memorial Papers, No. 11) (4) 73 (1966), 
1-23. 


J.-P. Kahane and J. Peyriére, Sur certaines martingales de 
B. Mandelbrot, Adv. in Math. 22 (1976), 131-145. 


J.-P. Kahane and R. Salem, Ensembles Parfaits et Séries Tri- 
gonométriques, Hermann, Paris, 1963. 


J. Kalpokas and J. Steuding, On the value-distribution 
of the Riemann zeta-function on the critical line, e-print, 
arXiv:0907.1910 [math.NT], 2009. 


A. A. Karatsuba and S. M. Voronin, The Riemann Zeta- 
Function, De Gruyter Expositions in Mathematics, Walter de 
Gruyter, Berlin, 1992. 


N. M. Katz, An overview of Deligne’s proof for varieties over 
finite fields, Proc. Sympos. Pure Math. 28 (1976), 275-305. 


N. M. Katz and P. Sarnak, Zeroes of zeta functions and sym- 
metry, Bull. Amer. Math. Soc. (N. S.) 36 (1999), 1-26. 


J. P. Keating, The Riemann zeta-function and quantum chaol- 
ogy, in: Quantum Chaos (G. Casati, I. Guarneri and U. Smi- 
lanski, eds.), North-Holland, Amsterdam, 1993, pp. 145-185. 


J. Kigami, Harmonic calculus on p.c.f. self-similar sets, Trans. 
Amer. Math. Soc. 335 (1989), 721-755. 


J. Kigami, Analysis on Fractals, Cambridge Univ. Press, Cam- 
bridge, 2001. 


J. Kigami and M. L. Lapidus, Weyl’s problem for the spec- 
tral distribution of Laplacians on p.c.f. self-similar fractals, 
Commun. Math. Phys. 158 (1993), 93-125. 


J. Kigami and M. L. Lapidus, Self-similarity of volume mea- 
sures for Laplacians on p.c.f. self-similar fractals, Commun. 
Math. Phys. 217 (2001), 165-180. 

D. A. Klain and G.-C. Rota, Introduction to Geometric Prob- 
ability, Accademia Nazionale dei Lincei, Cambridge Univ. 
Press, Cambridge, 1999. 

N. Koblitz, p-Adic Numbers, p-Adic Analysis, and Zeta- 
Functions, Springer-Verlag, New York, 1984. 

S. Kocgak and A. V. Ratiu, Inner tube formulas for polytopes, 
Proc. Amer. Math. Soc. No. 3, 140 (2012), 999-1010. (Also: 
e-print, arXiv:1008.2040v1 [math.MG], 2010.) 


J. Korevaar, A century of complex Tauberian theory, Bull. 
Amer. Math. Soc. (N. S.) 39 (2002), 475-531. 


530 Bibliography 


[Kow] 


[Lag]] 


[Lag2] 


[LagP] 


[LagR] 


[LalLap] 


[Lall1] 


[Lall2| 


[Lall3] 
[Lan] 
[LanCh] 
[Langer] 


[Lap1]| 


[Lap2| 


O. Kowalski, Additive volume invariants of Riemannian mani- 


folds, Acta Math. 145 (1980), 205-225. 


J.C. Lagarias, The computational complexity of simultaneous 
diophantine approximation problems, SIAM J. Comput. 14 
(1985), 196-209. 


J. C. Lagarias, Number theory zeta functions and dynam- 
ical zeta functions, in: Spectral Problems in Geometry and 
Arithmetic (T. Branson, ed.), Contemporary Mathematics, 
vol. 237, Amer. Math. Soc., Providence, R. I., 1999, pp. 45-86. 


J. C. Lagarias and P. A. B. Pleasants, Repetitive Delone sets 
and quasicrystals, Ergodic Theory and Dynamical Systems 23 
(2003), 831-867. 


J. C. Lagarias and E. Rains, On a two-variable zeta function 
for number fields, Ann. Inst. Fourier (Grenoble) 53 (2003), 
237-258. (See also: e-print, arXiv:math.NT/0104176, 2001.) 


N. Lal and M. L. Lapidus, Hyperfunctions and spectral 
zeta functions of Laplacians on self-similar fractals, e-print, 
arXiv:1202.4126v1 [math-ph], 2012. 


S. P. Lalley, Packing and covering functions of some self- 
similar fractals, Indiana Univ. Math. J. 37 (1988), 699-709. 


S. P. Lalley, Renewal theorems in symbolic dynamics, with 
applications to geodesic flows, noneuclidean tessellations and 
their fractal limits, Acta Math. 163 (1989), 1-55. 


S. P. Lalley, Probabilistic counting methods in certain counting 
problems of ergodic theory, in [BedKS, pp. 223-258]. 


S. Lang, Algebraic Number Theory, 3d ed. (of the 1970 ed.), 
Springer-Verlag, New York, 1994. 


S. Lang and W. Cherry, Topics in Nevanlinna Theory, Lecture 
Notes in Math., vol. 1433, Springer-Verlag, New York, 1990. 


R. E. Langer, On the zeros of exponential sums and integrals, 
Bull. Amer. Math. Soc. 37 (1931), 213-239. 


M. L. Lapidus, Fractal drum, inverse spectral problems for 
elliptic operators and a partial resolution of the Weyl-Berry 
conjecture, Trans. Amer. Math. Soc. 325 (1991), 465-529. 


M. L. Lapidus, Spectral and fractal geometry: From the Weyl— 
Berry conjecture for the vibrations of fractal drums to the 
Riemann zeta-function, in: Differential Equations and Mathe- 
matical Physics (C. Bennewitz, ed.), Proc. Fourth UAB Inter- 
nat. Conf. (Birmingham, March 1990), Academic Press, New 
York, 1992, pp. 151-182. 


[Lap3] 


[Lap4] 


[Lap5] 


[Lap6] 


[Lap7| 


[Lap8] 


[Lap9] 


[Lap10} 


[LapF]] 


Bibliography 531 


M. L. Lapidus, Vibrations of fractal drums, the Riemann hy- 
pothesis, waves in fractal media, and the Weyl-Berry con- 
jecture, in: Ordinary and Partial Differential Equations (B. 
D. Sleeman and R. J. Jarvis, eds.), vol. IV, Proc. Twelfth 
Internat. Conf. (Dundee, Scotland, UK, June 1992), Pitman 
Research Notes in Math. Series, vol. 289, Longman Scientific 
and Technical, London, 1993, pp. 126-209. 


M. L. Lapidus, Fractals and vibrations: Can you hear the 
shape of a fractal drum?, Fractals, No. 4, 3 (1995), 725-736. 
(Special issue in honor of Benoit B. Mandelbrot’s 70th birth- 
day. Reprinted in [EvPeVo, pp. 321-332].) 


M. L. Lapidus, Analysis on fractals, Laplacians on self 
similar sets, noncommutative geometry and spectral dimen- 
sions, Topological Methods in Nonlinear Analysis, 4 (1994), 
137-195. 


M. L. Lapidus, Towards a noncommutative fractal geometry? 
Laplacians and volume measures on fractals, in: Harmonic 
Analysis and Nonlinear Differential Equations, Contempo- 
rary Mathematics, vol. 208, Amer. Math. Soc., Providence, 
R. 1., 1997, pp. 211-252. 


M. L. Lapidus, The possible origins of fractality in Nature: 
The example of the Koch snowflake drum, lecture delivered at 
the Internat. Sympos. on “New Geometric Methods in Mod- 
ern Science—The Philosophies of Nature Today: The Contri- 
butions of Mathematics, Physics, and Biology”, Paris, March 
2003. (Also, plenary lecture at the “Fifth European Conf. on 
Elliptic and Parabolic Problems: A Special Tribute to the 
work of Haim Brezis”, Gaeta, Italy, May 2004.) 


M. L. Lapidus, Fractal Geometry and Applications—An Intro- 
duction to this Volume, in [Lap-vF 10, Part 1, pp. 1-25]. 


M. L. Lapidus, T-duality, functional equation, and noncom- 
mutative spacetime, in: Geometries of Nature, Living Systems 
and Human Cognition: New interactions of Mathematics with 
Natural Sciences and Humanities (L. Boi, ed.), World Scien- 
tific, Singapore, 2005, pp. 3-91. 


M. L. Lapidus, In Search of the Riemann Zeros: Strings, frac- 
tal membranes and noncommutative spacetimes, Amer. Math. 
Soc., Providence, R. I., January 2008 (xxix+558 pages). 


M. L. Lapidus and J. Fleckinger-Pellé, Tambour fractal: vers 
une résolution de la conjecture de Weyl—Berry pour les valeurs 
propres du laplacien, C. R. Acad. Sci. Paris Sér. I Math. 306 
(1988), 171-175. 


532 Bibliography 


[LapLévRo] 


[LapLul] 


[LapLu2] 


[LapLu3} 


[LapLu-vF 1] 


[LapLu-vF 2] 


[LapMal] 


[LapMa2] 


[LapNes1] 


[LapNes2] 


M. L. Lapidus, J. Lévy-Véhel and J. A. Rock, Fractal strings 
and multifractal zeta functions, Lett. Math. Phys., No.1, 88 
(2009), 101-129 (special issue dedicated to the memory of 
Moshe Flato). (Springer Open Access: DOI 10.1007/s1105- 
009-0302-y.) (Also: e-print, arXiv:math-ph/0610015v3, 
2009.) 


M. L. Lapidus and H. Lu, Nonarchimedean Cantor set and 
string, Journal of Fixed Point Theory and Applications (spe- 
cial issue dedicated to Vladimir Arnol’d’s jubilee), 3 (2008), 
181-190. (Also: e-print, THES /M/08/29, 2008.) 


M. L. Lapidus and H. Lu, Self-similar p-adic fractal strings 
and their complex dimensions, p-Adic Numbers, Ultramet- 
ric Analysis and Applications (Russian Academy of Sciences, 
Moscow, and Springer-Verlag), No. 2, 1 (2009), 167-180. 
(Also: e-print, IHES/M/08/42, 2008.) 


M. L. Lapidus and H. Lu, The geometry of p-adic frac- 
tal strings: A comparative survey, in: Advances in Non- 
Archimedean Analysis, Proc. 11th Internat. Conference on 
“p-Adic Functional Analysis” (Clermont-Ferrand, France, 
July 2010), J. Araujo, B. Diarra and A. Escassut, eds., Con- 
temporary Mathematics 551, Amer. Math. Soc., Providence, 
R. I., 2011, pp. 163-206. (Also: e-print, arXiv: 1105.2966v1 
[math .MG], 2011.) 


M. L. Lapidus, H. Lu and M. van Frankenhuijsen, Minkowski 
dimension and explicit tube formulas for p-adic fractal strings, 
preprint, 2012. 


M. L. Lapidus, H. Lu and M. van Frankenhuijsen, Minkowski 
measurability and exact fractal tube formulas for p-adic self- 
similar strings, preprint, 2012. 


M. L. Lapidus and H. Maier, Hypothése de Riemann, cordes 
fractales vibrantes et conjecture de Weyl—Berry modifiée, C. 
R. Acad. Sci. Paris Sér. I Math. 313 (1991), 19-24. 


M. L. Lapidus and H. Maier, The Riemann hypothesis and 
inverse spectral problems for fractal strings, J. London Math. 
Soc. (2) 52 (1995), 15-34. 


M. L. Lapidus and R. Nest, Fractal membranes as the second 
quantization of fractal strings, in preparation, 2011. (Prelim- 
inary version, 2007.) 


M. L. Lapidus and R. Nest, Functional equations for zeta func- 
tions associated with quasicrystals and fractal membranes, in 
preparation, 2011. 


[LapNes3] 
[LapNes4] 


[LapNiel1] 


[LapNie2] 


[LapNie3] 


[LapNie4] 


[LapNieRo| 


[LapNRG| 


[LapPan| 


[LapPel] 


[LapPe2] 


[LapPe3} 


Bibliography 533 


M. L. Lapidus and R. Nest, Quasicrystals, zeta functions, and 
noncommutative geometry, work in progress, 2011. 


M. L. Lapidus and R. Nest, Towards a fractal cohomology 
theory (tentative title), work in progress, 2006. 


M. L. Lapidus and R. G. Niemeyer, Towards the Koch 
snowflake fractal billiard: Computer experiments and math- 
ematical conjectures, in: Gems in Experimental Mathe- 
matics (T. Amdeberhan, L. A. Medina and V. H. Moll, 
eds.), Contemporary Mathematics 517, Amer. Math. Soc., 
Providence, R. I., 2010, pp. 231-263. (Also: e-print, 
arXiv:math.DS.0912.3948v1, 2009.) 


M. L. Lapidus and R. G. Niemeyer, Families of periodic orbits 
of the Koch snowflake billiard, e-print, arXiv: 1105.0737v1 
[math.DS], 2011. 


M. L. Lapidus and R. G. Niemeyer, Sequences of compatible 
periodic orbits of prefractal Koch snowflake billiards, e-print, 
arXiv:1204.3133v1 [math.DS], 2012. 


M. L. Lapidus and R. G. Niemeyer, Veech groups I, of the 
Koch snowflake prefractal flat surfaces S(AS,,) (tentative ti- 
tle), work in progress, 2011. 


M. L. Lapidus, R. G. Niemeyer and J. A. Rock, An Invita- 
tion to Fractal Geometry (Dimension theory, zeta functions, 
and applications), book in preparation for the Student Math- 
ematical Library Series, Amer. Math. Soc., Providence, R. I., 
2012. 


M. L. Lapidus, J. W. Neuberger, R. J. Renka and C. A. Grif- 
fith, Snowflake harmonics and computer graphics: Numerical 
computation of spectra on fractal domains, Internat. J. Bi- 
furcation & Chaos 6 (1996), 1185-1210. 


M. L. Lapidus and M. M. H. Pang, Eigenfunctions of the Koch 
snowflake drum, Commun. Math. Phys. 172 (1995), 359-376. 


M. L. Lapidus and E. P. J. Pearse, A tube formula for the 
Koch snowflake curve, with applications to complex dimen- 
sions, J. London Math. Soc., No. 2, '74 (2006), 397-414. (Also: 
e-print, arXiv:math-ph/0412029v2, 2005.) 

M. L. Lapidus and E. P. J. Pearse, Tube formulas and 
complex dimensions of self-similar tilings, Acta Applicandae 
Mathematicae, No. 1, 112 (2010), 91-137. (Springer Open 
Access: DOI 10.1007/S10440-010-9562-x.) (Also: e-print, 
arXiv:math.DS/0605527v5, 2010. IHES/M/08/27, 2008.) 
M. L. Lapidus and E. P. J. Pearse, Tube formulas for self 
similar fractals, in: Analysis on Graphs and its Applications 


534 Bibliography 


[LapPed4] 


[LapPeWil|} 


[LapPeWi2| 


[LapPeWi3} 


[LapPol] 


[LapPo2] 


[LapPo3] 


[LapRaZu| 


[LapRol|] 


[LapRo2] 


[LapRo3] 


[LapSar] 


(P. Exner, et al., eds.), Proc. Symposia Pure Math. 77, 
Amer. Math. Soc., Providence, R. I., 2008, pp. 211-230. (Also: 
e-print, arXiv:math.DS/0711.0173, 2007. IHES/M/08/28, 
2008.) 


M. L. Lapidus and E. P. J. Pearse, Tube formulas for the 
generators of a self-similar tiling, in preparation, 2010. 


M. L. Lapidus, E. P. J. Pearse and S. Winter, Pointwise tube 
formulas for fractal sprays and self-similar tilings with arbi- 
trary generators, Adv. in Math. 227 (2011), 1349-1398. (Also: 
e-print, arXiv: 1006.3807v3 [math.MG], 2011.) 


M. L. Lapidus, E. P. J. Pearse, and S. Winter, Minkowski 
measurability of fractal sprays and self-similar tilings, work 
in progress, 2011. (See also: Minkowski measurability results 
for self-similar tilings and fractals with monophase generators, 
arXiv:1104.1641v1 [math.MG], 2011.) 


M. L. Lapidus, E. P. J. Pearse, and S$. Winter, Fractal cur- 
vature measures and local tube formulas, work in progress, 


2010. 


M. L. Lapidus and C. Pomerance, Fonction zéta de Riemann 
et conjecture de Weyl-Berry pour les tambours fractals, C. 
R. Acad. Sci. Paris Sér. I Math. 310 (1990), 343-348. 


M. L. Lapidus and C. Pomerance, The Riemann zeta-function 
and the one-dimensional Weyl—Berry conjecture for fractal 
drums, Proc. London Math. Soc. (3) 66 (1993), 41-69. 


M. L. Lapidus and C. Pomerance, Counterexamples to the 
modified Weyl-Berry conjecture on fractal drums, Math. 
Proc. Cambridge Philos. Soc. 119 (1996), 167-178. 


M. L. Lapidus, G. Radunovic and D. Zubrinic, Zeta functions 
associated with fractal sets in Euclidean space, preprint, 2011. 


M. L. Lapidus and J. A. Rock, Towards zeta func- 
tions and complex dimensions of multifractals, Complex 
Variables and Elliptic Equations (special issue dedicated 
to fractals), No. 6, 54 (2009), 545-559. (Also: e-print, 
ArXiv:math-ph/0810.0789, 2008; IHES/M/08/34, 2008.) 
M. L. Lapidus and J. A. Rock, Partition zeta functions and 
multifractal probability measures, preprint, 2009. 

M. L. Lapidus and J. A. Rock, A full family of multifrac- 
tal zeta functions and its spectrum of complex dimensions, 
preprint, 2009. 

M. L. Lapidus and J. J. Sarhad, Noncommutative Riemannian 
geometry, Dirac operators and geodesic metric on fractals, 
preprint, 2012. 


[Lap-vF 1] 


[Lap-vF 2] 


[Lap-vF3] 


[Lap-vF‘4] 


[Lap-vF5] 


[Lap-vF 6] 


[Lap-vF7| 


[Lap-vF8] 


[Lap-vF9] 


Bibliography 535 


M. L. Lapidus and M. van Frankenhuijsen, Complex dimen- 
sions of fractal strings and explicit formulas for geometric and 
spectral zeta-functions, preprint, IHES/M/97/34, Institut des 
Hautes Etudes Scientifiques, Bures-sur-Yvette, France, April 
1997. 


M. L. Lapidus and M. van Frankenhuijsen, Complex di- 
mensions and oscillatory phenomena, with applications to 
the geometry of fractal strings and to the critical zeros of 
zeta-functions, preprint, IHES/M/97/38, Institut des Hautes 
Etudes Scientifiques, Bures-sur-Yvette, France, May 1997. 


M. L. Lapidus and M. van Frankenhuijsen, (i) Complex dimen- 
sions of fractal strings and oscillatory phenomena; (ii) Zeta- 
functions and explicit formulas for the geometry and spectrum 
of fractal strings, Abstracts #£918-35-537 and 918-35-539, Ab- 
stracts Amer. Math. Soc. 18, No. 1 (1997), pp. 82-83. 


M. L. Lapidus and M. van Frankenhuijsen, Complex dimen- 
sions of fractal strings and oscillatory phenomena in fractal 
geometry and arithmetic, in: Spectral Problems in Geometry 
and Arithmetic (T. Branson, ed.), Contemporary Mathe- 
matics, vol. 237, Amer. Math. Soc., Providence, R. I., 1999, 
pp. 87-105. 


M. L. Lapidus and M. van Frankenhuijsen, Fractal Geo- 
metry and Number Theory (Complex dimensions of fractal 
strings and zeros of zeta functions), Birkhauser, Boston, 2000 
(xii+268 pages). 


M. L. Lapidus and M. van Frankenhuijsen, A prime orbit 
theorem for self-similar flows and Diophantine approxima- 
tion, Contemporary Mathematics 290 (2001), 113-138. (Also: 
MSRI Preprint No. 2001-039, Mathematical Sciences Re- 
search Institute (MSRI), Berkeley, November 2001.) 


M. L. Lapidus and M. van Frankenhuijsen, Complex dimen- 
sions of self-similar fractal strings and Diophantine approx- 
imation, J. Experimental Math., No. 1, 12 (2003), 41-69. 
(Also: MSRI Preprint No. 2001-040, Mathematical Sciences 
Research Institute (MSRI), Berkeley, November 2001.) 


M. L. Lapidus and M. van Frankenhuijsen (eds.), Dynami- 
cal, Spectral, and Arithmetic Zeta Functions, Contemporary 
Mathematics 290, Amer. Math. Soc., Providence, R. I., 2001. 


M. L. Lapidus and M. van Frankenhuijsen, Fractality, self- 
similarity and complex dimensions, in [Lap-vF10, Part 1, 


pp. 349-372]. 


536 Bibliography 


[Lap-vF 10} 


[Lap-vF 11] 


[Lau] 


[LenLeLo] 


[LeviVal] 


[LévyMen] 


[Lévy Tr] 


[LIWi| 


[Lu] 


[Man1] 


[Man2] 


[Man3}] 


[Man4] 


M. L. Lapidus and M. van Frankenhuijsen (eds.), Fractal 
Geometry and Applications: A Jubilee of Benoit Mandelbrot, 
Proc. Symposia Pure Math. 72 (Part 1: Analysis, Number 
Theory, and Dynamical Systems; Part 2: Multifractals, Prob- 
ability and Statistical Mechanics, Applications), Amer. Math. 
Soc., Providence, R. I., 2004. 


M. L. Lapidus and M. van Frankenhuijsen, Fractal Geo- 
metry, Complex Dimensions and Zeta Functions (Geometry 
and spectra of fractal strings), Springer Monographs in Math- 
ematics, Springer-Verlag, 2006 (xxii+460 pages). 


A. Laurincikas, Limit Theorems for the Riemann Zeta- 
Function, Kluwer Academic Publishers, Dordrecht, 1996. 


A. K. Lenstra, H. W. Lenstra, Jr., and L. Lovasz, Factoring 
polynomials with rational coefficients, Math. Ann. 261 (1982), 
515-534. 


M. Levitin and D. Vassiliev, Spectral asymptotics, renewal 
theorem, and the Berry conjecture for a class of fractals, Proc. 
London Math. Soc. (3) 72 (1996), 188-214. 


J. Lévy-Véhel and F. Mendivil, Multifractal and higher- 
dimensional zeta functions, Nonlinearity, No. 1, 24 (2011), 
259-276. 


J. Lévy-Véhel and C. Tricot, On various multifractal spectra, 
in: Fractal Geometry and Stochastics III (C. Bandt, U. Mosco 
and M. Zahle, eds.), Birkhauser, Basel, 2004, pp. 23-42. 


M. Llorente and S. Winter, A notion of Euler characteristic 
for fractals, Math. Nachr. Nos. 1-2, 280 (2007), 152-170. 


H. Lu, p-Adic Fractal Strings and Their Complex Dimensions, 
Ph.D. Dissertation, University of California, Riverside, USA, 
June 2007. 


B. B. Mandelbrot, Intermittent turbulence in self-similar cas- 
cades: Divergence of high moments and dimension of the car- 
rier, J. Fluid Mech. 62 (1974), 331-358. 


B. B. Mandelbrot, The Fractal Geometry of Nature, rev. and 
enl. ed. (of the 1977 ed.), W. H. Freeman, New York, 1983. 


B. B. Mandelbrot, Measures of fractal lacunarity: Minkowski 
content and alternatives, in: Fractal Geometry and Stochastics 
(C. Bandt, S. Graf and M. Ziahle, eds.), Progress in Probabil- 
ity, vol. 37, Birkhauser-Verlag, Basel, 1995, pp. 15-42. 


B. B. Mandelbrot, Multifractals and 1/f Noise (Wild Self- 
Affinity in Physics), Springer-Verlag, New York, 1998. 


[Marg] 


[Mart Vu] 


[Mat] 


[MauWiil 


[Maz] 
[McKSin] 


[Mell] 


[Mel2] 


[Met] 


[Mey] 


[Mil] 


[Min1] 
[Min2} 


[MinP]] 


Bibliography 537 


G. Margulis, Certain applications of ergodic theory to the 
investigation of manifolds of negative curvature, Functional 


Anal. Appl. 3 (1969), 89-90. 


O. Martio and M. Vuorinen, Whitney cubes, p-capacity, and 
Minkowski content, Exposition Math. 5 (1987), 17-40. 


P. Mattila, Geometry of Sets and Measures in Euclidean 
Spaces (Fractals and Rectifiability), Cambridge Univ. Press, 
Cambridge, 1995. 


R. D. Mauldin and S. G. Williams, Random recursive con- 
structions: asymptotic geometric and topological properties, 
Trans. Amer. Math. Soc. 295 (1986), 325-346. 


V.G. Maz’ja, Sobolev Spaces, Springer-Verlag, Berlin, 1985. 


H. P. McKean and I. M. Singer, Curvatures and the eigenval- 
ues of the Laplacian, J. Differential Geom. 1 (1967), 43-69. 


R. B. Melrose, Weyl’s conjecture for manifolds with concave 
boundary, in: Geometry of the Laplace Operator, Proc. Sym- 
pos. Pure Math., vol. 36, Amer. Math. Soc., Providence, R. 
I., 1980, pp. 254-274. 


R. B. Melrose, The trace of the wave group, Contemporary 
Mathematics, vol. 27, Amer. Math. Soc., Providence, R. L., 
1984, pp. 127-167. 


G. Métivier, Valeurs propres de problémes aux limites el- 
liptiques irréguliers, Bull. Soc. Math. France, Mém. 51-52 
(1977), 125-219. 


Y. Meyer, Wavelets, Vibrations and Scaling, CRM Mono- 
graphs Ser. (Centre de Recherches Mathématiques, Univer- 
sité de Montréal), vol. 9, Amer. Math. Soc., Providence, R. 
I., 1998. 


J. Milnor, Euler characteristic and finitely additive Steiner 
measure, in: John Milnor: Collected Papers, vol. 1, Geometry, 
Publish or Perish, Houston, 1994, pp. 213-234. (Previously 
unpublished.) 


S. Minakshisundaram, A generalization of Epstein zeta-func- 
tions, Canad. J. Math. 1 (1949), 320-329. 


S. Minakshisundaram, Eigenfunctions on Riemannian mani- 


folds, J. Indian Math. Soc. 17 (1953), 158-165. 


S. Minakshisundaram and A. Pleijel, Some properties of the 
eigenfunctions of the Laplace-operator on Riemannian mani- 
folds, Canad. J. Math. 1 (1949), 242-256. 


538 Bibliography 


[Mink] 


[MolVa] 


[Moo] 


[Mor] 


[Na| 


[Neu] 


[Not] 


[Oa] 


[O42] 


[Oa3] 
[Od-tR] 


[ol] 


[O12] 


[013] 


H. Minkowski, Theorie der konvexen KG6rper, insbesondere Be- 
griindung ihres Oberflaichenbegriffs, in: Gesammelte Abhand- 
lungen von Hermann Minkowski (part II, Chapter XXV), 
Chelsea, New York, 1967, pp. 131-229. (Originally reprinted 
in: Gesamm. Abh., vol. II, Leipzig, 1911.) 


S. Molchanov and B. Vainberg, On spectral asymptotics for 
domains with fractal boundaries, Commun. Math. Phys. 183 
(1997), 85-117. 


R. V. Moody, Model sets: A survey, in: From Quasicrystals to 
More Complex Systems (F. Axel and J.-P. Gazeau, eds.), Les 
Editions de Physique, Springer-Verlag, Berlin, 2000, pp. 145— 
166. 


P. A. P. Moran, Additive functions of intervals and Hausdorff 
measure, Math. Proc. Cambridge Philos. Soc. 42 (1946), 15- 
23. 


N. Naumann, On the irreducibility of the two variable ze- 
ta-function for curves over finite fields, C. R. Acad. Sci. 
Paris Sér. I Math. 336 (2003), 289-292. (Also: e-print, 
arXiv:math.AG/0209092, 2002.) 


J. Neukirch, Algebraic Number Theory, A Series of Compre- 
hensive Studies in Mathematics, Springer-Verlag, New York, 
1999. 


L. Notale, Fractal Spacetime and Microphysics: Towards a 
theory of scale relativity, World Scientific Publ., Singapore, 
1993. 


A. M. Odlyzko, On the distribution of spacings between zeros 
of the zeta-function, Math. Comp. 48 (1987), 273-308. 


A.M. Odlyzko, The 107°-th zero of the Riemann zeta-function 
and 175 millions of its neighbors, preprint, AT&T Bell Labs, 
Murray Hill, 1991; available at 

http://www.dtc.umn.edu/~ odlyzko/unpublished /index.html. 


A. M. Odlyzko, http: //www.dtc.umn.edu/* odlyzko. 


A. M. Odlyzko and H. J. J. te Riele, Disproof of the Mertens 
conjecture, J. Reine Angew. Math. 357 (1985), 138-160. 


L. Olsen, A multifractal formalism, Adv. in Math. 116 (1996), 
82-196. 


L. Olsen, Multifractal geometry, in: Fractal Geometry and 
Stochastics IT (Greifswald/Koserow, 1998), Progress in Prob- 
ability, vol. 46, Birkhauser, Basel, 2000, pp. 3-37. 


L. Olsen, Distribution of digits in integers: Fractal dimensions 
and zeta functions, Acta Arith. 105 (2002), 253-277. 


[Os1| 


[Os2] 


[Ott] 


[PariFri] 


[ParrPol]] 


[ParrPol2] 


[ParsSh1] 


[ParsSh2] 


[Pat] 


[Pel] 


[Pe2] 


[PeWii 


[Pea] 


Bibliography 539 


A. Ostrowski, Bemerkungen zur Theorie der Diophantischen 
Approximationen, Abh. Math. Sem. Univ. Hamburg 1 (1922), 
77-98. 


A. Ostrowski, Zu meiner Note: «<Bemerkungen zur Theorie der 
Diophantischen Approximationen» im 1. Heft dieses Bandes, 
Abh. Math. Sem. Univ. Hamburg 1 (1922), 249-250. 


E. Ott, Fat Fractals, in: Chaos in Dynamical Systems, Cam- 
bridge Univ. Press, New York, 1993, pp. 97-100 (Sect. 3.9). 


G. Parisi and U. Frisch, Fully developed turbulence and in- 
termittency in turbulence, and predictability in geophysical 
fluid dynamics and climate dynamics, in: International School 
of “Enrico Fermi”, Course 88 (M. Ghil, ed.), North-Holland, 
Amsterdam, 1985, pp. 84-88. 


W. Parry and M. Pollicott, An analogue of the prime number 
theorem and closed orbits of Axiom A flows, Annals of Math. 
118 (1983), 573-591. 


W. Parry and M. Pollicott, Zeta Functions and the Periodic 
Orbit Structure of Hyperbolic Dynamics, Astérisque, vols. 
187-188, Soc. Math. France, Paris, 1990. 


A. N. Parshin and I. R. Shafarevich (eds.), Number Theory, 
vol. I, Introduction to Number Theory, Encyclopedia of Math- 
ematical Sciences, vol. 49, Springer-Verlag, Berlin, 1995. 
(Written by Yu. I. Manin and A. A. Panchishkin.) 


A. N. Parshin and I. R. Shafarevich (eds.), Number Theory, 
vol. II, Algebraic Number Fields, Encyclopedia of Mathema- 
tical Sciences, vol. 62, Springer-Verlag, Berlin, 1992. (Written 
by H. Koch.) 


S. J. Patterson, An Introduction to the Theory of the Riemann 
Zeta-Function, Cambridge Univ. Press, Cambridge, 1988. 


E. P. J. Pearse, Complex Dimensions of Self-Similar Systems, 
Ph.D. Dissertation, University of California, Riverside, USA, 
June 2006. 


E. P. J. Pearse, Canonical self-affine tilings by iterated func- 
tion systems, Indiana Univ. Math. J., No. 6, 56 (2007), 3151- 
3169. (Also: e-print, arXiv:math.MG/0606111, 2006.) 


E. P. J. Pearse and S. Winter, Geometry of canonical self- 
similar tilings, Rocky Mountain J. Math., in press, 2011. (Also: 
e-print, arXiv:0811.2187, 2009.) 

J. C. Pearson, The Noncommutative Geometry of Ultrametric 


Cantor Sets, Ph.D. Dissertation, Georgia Institute of Tech- 
nology, Atlanta, 2008. 


540 Bibliography 


[PeaBel] 


[Pel] 


[Ph] 


[Pin] 


[Pit] 


[Pos] 


[Pul] 
[Pu2] 


[Quel 


[RamTo] 


[ReSil] 


[ReSi2] 


[ReSi3] 


[Riel] 


J. C. Pearson and J. Bellissard, Noncommutative Rieman- 
nian geometry and diffusion on ultrametric Cantor sets, J. 
Noncommutative Geometry 3 (2009), 447-480. 


R. Pellikaan, On special divisors and the two variable zeta 
function of algebraic curves over finite fields, in: Arithmetic, 
Geometry and Coding Theory, Proceedings of the Interna- 
tional Conference held at CIRM, Luminy, France, 1993, pp. 
175-184. 


Pham The Lai, Meilleures estimations asymptotiques des 
restes de la fonction spectrale et des valeurs propres relatifs 
au laplacien, Math. Scand. 48 (1981), 5-38. 


M. A. Pinsky, The eigenvalues of an equilateral triangle, SIAM 
J. Math. Anal. 11 (1980), 819-827. 


J. Pitman and M. Yor, The two parameter Poisson—Dirichlet 
distribution derived from a stable subordinator, Ann. Probab. 
25 (1997), 855-900. 


A. G. Postnikov, Tauberian theory and its applications, Proc. 
Steklov Inst. of Math., vol. 144, No. 2, Amer. Math. Soc., 
Providence, R. I., 1980. 


C. R. Putnam, On the non-periodicity of the zeros of the 
Riemann zeta-function, Amer. J. Math. 76 (1954), 97-99. 


C. R. Putnam, Remarks on periodic sequences and the Rie- 
mann zeta-function, Amer. J. Math. 76 (1954), 828-830. 


H. Queffélec, Propriétés presque stires et quasi-stires des séries 
de Dirichlet et des produits d’Euler, Canad. J. Math. 32 
(1980), 531-558. 


R. Rammal and G. Toulouse, Random walks on fractal struc- 
tures and percolation cluster, J. Physique Lettres 44 (1983), 
L13-L22. 


M. Reed and B. Simon, Methods of Modern Mathematical 
Physics, vol. I, Functional Analysis, rev. and enl. ed. (of the 
1975 ed.), Academic Press, New York, 1980. 


M. Reed and B. Simon, Methods of Modern Mathematical 
Physics, vol. Il, Fourier Analysis, Self-Adjointness, Academic 
Press, New York, 1975. 


M. Reed and B. Simon, Methods of Modern Mathematical 
Physics, vol. IV, Analysis of Operators, Academic Press, New 
York, 1979. 


B. Riemann, Ueber die Anzahl der Primzahlen unter einer 
gegebenen Grosse, Monatsb. der Berliner Akad., 1858/60, pp. 


[Rie2] 


[Rob] 


[Rock] 


[RockeSz] 
[Rog] 


[Roq] 


[RésS] 


[Rul] 
[Rup] 
[Ru3| 
[RudSar| 
[Ruel] 
[Rue2] 
[Rue3] 


[Rue4] 


Bibliography 541 


671-680. (Reprinted in [Rie2, pp. 145-155]; English transla- 
tion in [Edw, Appendix, pp. 299-305].) 

B. Riemann, Gesammelte Mathematische Werke, Teubner, 
Leipzig, 1892, No. VII. (Reprinted by Dover Books, New York, 
1953.) 


A.M. Robert, A Course in p-adic Analysis, Graduate Texts 
in Mathematics, Springer-Verlag, New York, 2000. 


J. A. Rock, Zeta Functions, Complex Dimensions of Fractal 
Strings and Multifractal Analysis of Mass Distributions, Ph.D. 
Dissertation, University of California, Riverside, USA, June 
2007. 


A. M. Rockett and P. Sziisz, Continued Fractions, World Sci- 
entific Publishing Co., Singapore, 1992. 


C. A. Rogers, Hausdorff Measures, Cambridge Univ. Press, 
Cambridge, 1970. 


P. Roquette, Arithmetischer Beweis der Riemannschen Ver- 
mutung in Kongruenzfunktionenkérpern beliebigen Geslechts, 
J. Reine Angew. Math. 191 (1953), 199-252. 


C. Réssner, C. P. Schnorr, An optimal, stable continued frac- 
tion algorithm for arbitrary dimension, in: Proc. of IPCO 
V (Conference on Integer Programming and Combinatorial 
Optimization, Vancouver, June 3-5, 1996), Lecture Notes 
in Computer Science, vol. 1084, Springer-Verlag, New York, 
1996, pp. 31-43. 


W. Rudin, Fourier Analysis on Groups, Interscience Publish- 
ers, John Wiley & Sons, New York, 1962. 


W. Rudin, Real and Complex Analysis, 3rd ed., McGraw-Hill, 
New York, 1987. 


W. Rudin, Functional Analysis, 2nd ed. (of the 1973 ed.), 
McGraw-Hill, New York, 1991. 


Z. Rudnick and P. Sarnak, Zeros of principal L-functions and 
random matrix theory, Duke Math. J. 81 (1996), 269-322. 


D. Ruelle, Generalized zeta-functions for Axiom A basic sets, 
Bull. Amer. Math. Soc. 82 (1976), 153-156. 


D. Ruelle, Zeta functions for expanding maps and Anosov 
flows, Invent. Math. 34 (1978), 231-242. 


D. Ruelle, Thermodynamic Formalism, Addison-Wesley, 
Reading, 1978. 


D. Ruelle, Dynamical Zeta Functions for Piecewise Mono- 
tone Maps of the Interval, CRM Monographs Ser. (Centre de 


542 Bibliography 


[Sab1] 


[Sab2] 


[SalS] 


[SapGoM] 


[Sar] 


[Sch] 


[Schm] 
[Schn1] 


[Schn2] 


[SchoG] 


[SchrSo] 


[Schw1] 


[Schw2] 


Recherches Mathématiques, Université de Montréal), vol. 4, 
Amer. Math. Soc., Providence, R. I., 1994. 


C. Sabot, Spectral properties of self-similar lattices and iter- 
ation of rational maps, Mémoirs Soc. Math. France (N. S.), 
No. 92, 2003, 1-104. 


C. Sabot, Electrical networks, symplectic reductions, and ap- 
plications to the renormalization map of self-similar lattices, 
in [Lap-vF 10, Part 1, pp. 155-205]. 


H. Saleur and D. Sornette, Complex exponents and log- 
periodic correlations in frustrated systems, J. Phys. I France 
6 (1996), 327-355. 


B. Sapoval, Th. Gobron and A. Margolina, Vibrations of frac- 
tal drums, Phys. Rev. Lett. 67 (1991), 2974-2977. 


J. J. Sarhad, Part I: Spectral Geometry of the Harmonic 
Gasket. Part II: Nonlinear Poisson Equation via a Newton- 
Embedding Procedure, Ph.D. Dissertation, University of Cali- 
fornia, Riverside, 2010. 


W. H. Schikhof, Ultrametric Calculus: An introduction to p- 
adic analysis, Cambridge Studies in Advanced Mathematics, 
Cambridge Univ. Press, Cambridge, 1984. 


W. M. Schmidt, Diophantine Approximation, Lecture Notes 
in Math., vol. 785, Springer-Verlag, New York, 1980. 


R. Schneider, Curvature measures of convex bodies, Ann. 
Mat. Pura Appl. IV, 116 (1978), 101-134. 


R. Schneider, Convex Bodies: The Brunn—Minkowski Theory, 
Encyclopedia of Mathematics and its Applications, vol. 44, 
Cambridge Univ. Press, 2003. (Reprinted from the 1993 edi- 
tion.) 


R. Schoof and G. van der Geer, Effectivity of Arakelov divisors 
and the theta divisor of a number field, Selecta Math. (N.S.) 6 
(2000), 377-398. (Also: e-print, arXiv:math.AG/9802121, 
1998.) 


M. Schroter and C. Soulé, On a result of Deninger concern- 
ing Riemann’s zeta-function, in: Motives, Proc. Sympos. Pure 
Math., vol. 55, Amer. Math. Soc., Providence, R. I., 1994, pp. 
745-747. 


L. Schwartz, Théorie des Distributions, rev. and enl. ed. (of 
the 1951 ed.), Hermann, Paris, 1966. 


L. Schwartz, Méthodes Mathématiques pour les Sciences Phys- 
iques, Hermann, Paris, 1961. 


[Sel] 


[Se2] 


[Se3] 


[Se4] 


[Se5] 


[Sen| 
[Ser] 
[ShIw] 
[Shu] 
[Sim] 


[Sin] 


[Smal] 


[SmiFoSp]| 


[Sor] 
[Sta] 


[Stein] 


Bibliography 543 


R. T. Seeley, Complex powers of elliptic operators, in: Proc. 
Symp. Pure Math., vol. 10, Amer. Math. Soc., Providence, 
R. L., 1967, pp. 288-307. 


R. T. Seeley, The resolvent of an elliptic boundary problem, 
Amer. J. Math. 91 (1969), 889-920. 


R. T. Seeley, Analytic extensions of the trace associated with 
elliptic boundary problems, Amer. J. Math. 91 (1969), 963- 
983. 


R. T. Seeley, A sharp asymptotic remainder estimate for the 
eigenvalues of the Laplacian in a domain of R°, Adv. in Math. 
29 (1978), 244-269. 


R. T. Seeley, An estimate near the boundary for the spectral 
counting function of the Laplace operator, Amer. J. Math. 
102 (1980), 869-902. 


M. Senechal, Quasicrystals and Geometry, Cambridge Univ. 
Press, Cambridge, 1995. 


J.-P. Serre, A Course in Arithmetic, English translation, 
Springer-Verlag, Berlin, 1973. 


M. F. Shlesinger and B. West, Complex fractal dimensions of 
the bronchial tree, Phys. Rev. Lett. 67 (1991), 2106-2109. 


M. A. Shubin, Pseudodifferential Operators and Spectral 
Theory, Springer-Verlag, Berlin, 1987. 


B. Simon, Functional Integration and Quantum Physics, Aca- 
demic Press, New York, 1979. 


Y. G. Sinai, The asymptotic behaviour of the number of 
closed geodesics on a compact manifold of negative curvature, 
Transl. Amer. Math. Soc. 73 (1968), 227-250. 


S. Smale, Differentiable dynamical systems, Bull. Amer. 
Math. Soc. 73 (1967), 747-817. 


L. A. Smith, J.-D. Fournier and E. A. Spiegel, Lacunarity and 
intermittency in fluid turbulence, Phys. Lett. A 114 (1986), 
465-468. 


D. Sornette, Discrete scale invariance and complex dimen- 
sions, Phys. Rep. 297 (1998), 239-270. 


L. L. Stacho, On curvature measures, Acta Sci. Math. 41 
(1979), 191-207. 


J. Steiner, Uber parallele Flichen, Monatsb. preuss. Akad. 
Wiss., Berlin, 1840, pp. 114-118. (Reprinted in: Gesamm. 
Werke vol. II, pp. 173-176.) 


544 


[Steinh|] 


[Step] 


[Steu] 


[Sto-c] 


[Sto-r] 


[Str1] 


[Str2] 


[Sul 


[Tal 


[Tep1] 


[Tep2| 


[Ter] 


[Tie] 


[Tit] 


Bibliography 


B. Steinhurst, Diffusions and Laplacians on Laakso, Barlow- 
Evans, and Other Fractals, Ph.D. Dissertation, University of 
Connecticut, Storrs, USA, June 2010. 


S. A. Stepanov, On the number of points of a hyperelliptic 
curve over a finite prime field, Izv. Akad. Nauk SSSR, Ser. 
Mat. 33 (1969), 1103-1114. 


J. Steuding, Value-Distribution of L-Functions, Lecture Notes 
in Math., vol. 1877, Springer-Verlag, Berlin, 2007. 


C. J. Stone, On moment generating functions and renewal 
theory, Ann. Math. Stat. 36 (1965), 1298-1301. 


R. Stone, Operators and divergent series, Pacific J. of Math., 
No. 2, 217 (2004), 331-374. 


R. S. Strichartz, Fourier asymptotics of fractal measures, J. 
Functional Anal. 89 (1990), 154-187. 


R. S. Strichartz, Self-similar measures and their Fourier trans- 
forms, I, Indiana Univ. Math. J. 39 (1990), 797-817; II, Trans. 
Amer. Math. Soc. 336 (1993), 335-361; III, Indiana Univ. 
Math. J. 42 (1993), 367-411. 


D. Sullivan, Entropy, Hausdorff measures old and new, and 
limit sets of geometrically finite Kleinian groups, Acta Math. 
153 (1984), 259-277. 


J. T. Tate, Fourier Analysis in Number Fields and Hecke’s 
Zeta-Functions, Ph.D. Dissertation, Princeton University, 
Princeton, N. J., 1950. (Reprinted in: Algebraic Number 
Theory, J. W. S. Cassels and A. Frohlich (eds.), Academic 
Press, New York, 1967, pp. 305-347.) 


A. Teplyaev, Spectral zeta functions of symmetric fractals, 
in: Progress in Probability, vol. 57, Birkhauser-Verlag, Basel, 
2004, pp. 245-262. 


A. Teplyaev, Spectral zeta functions of fractals and the com- 
plex dynamics of polynomials, Trans. Amer. Math. Soc. 359 
(2007), 4339-4358. (Also: e-print, arXiv:math.SP/0505546, 
2005.) 


A. Terras, Harmonic Analysis on Symmetric Spaces and Ap- 
plications, vol. I, Springer-Verlag, New York, 1985. 


M. Tierz, Quantum group symmetry and discrete scale invari- 
ance: Spectral aspects, e-print, arXiv:hep-th/0308121v2, 
2005. 


E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, 
2nd ed. (revised by D. R. Heath-Brown), Oxford Univ. Press, 
Oxford, 1986. 


[Tr1] 
[Tr2] 
[Tr3] 


[Val 


[vB 


[vB-Gil] 


[vB-Le] 


[vF1] 


[vF2] 


[vF3] 


[vF Watk] 


[vL-vdG] 


[vL-tR-W] 


[V1VoZe} 


Bibliography 545 


C. Tricot, Douze définitions de la densité logarithmique, C. 
R. Acad. Sci. Paris Sér. I Math. 293 (1981), 549-552. 


C. Tricot, Two definitions of fractional dimension, Math. Proc. 
Cambridge Philos. Soc. 91 (1982), 57-74. 


C. Tricot, Curves and Fractal Dimensions, Springer-Verlag, 
New York, 1995. 


V.S. Varadarajan, Some remarks on the analytic proof of the 
Prime Number Theorem, Nieuw Archief voor Wiskunde 16 
(1998), 153-160. 


M. van den Berg, Heat content and Brownian motion for some 
regions with a fractal boundary, Probab. Theory and Related 
Fields 100 (1994), 439-456. 


M. van den Berg and P. B. Gilkey, A comparison estimate for 
the heat equation with an application to the heat content of 
the s-adic von Koch snowflake, Bull. London Math. Soc. 30 
(1998), 404-412. 


M. van den Berg and M. Levitin, Functions of Weierstrass type 
and spectral asymptotics for iterated sets, Quart. J. Math. 
Ozford (2) 47 (1996), 493-509. 


M. van Frankenhuijsen, Counting the number of points on an 
algebraic curve, in: Algoritmen in de algebra, a seminar on 
algebraic algorithms (A. H. M. Levelt, ed.), Nijmegen, 1993. 


M. van Frankenhuijsen, Hyperbolic Spaces and the abc Con- 
jecture, Ph.D. Dissertation (Proefschrift), Katholieke Univer- 
siteit Nijmegen, Netherlands, 1995. 


M. van Frankenhuijsen, Arithmetic progressions of zeros of 
the Riemann zeta function, J. of Number Theory, 115 (2005), 
360-370. 


M. van Frankenhuijsen and M. Watkins, Finite arithmetic pro- 
gressions of zeros of [-series, preprint, 2004. 


J. H. van Lint and G. van der Geer, Introduction to Cod- 
ing Theory and Algebraic Geometry, DMV Seminar, Band 12, 
Birkhauser, Basel, 1988. 


J. van de Lune, H. J. J. te Riele and D. Winter, On the zeros 
of the Riemann zeta function in the critical strip, IV, Math. 
Comp. 46 (1986), 667-681. 


V. S. Vladimirov, I. V. Volovich and E. I. Zelenov, p-Adic 
Analysis and Mathematical Physics, World Scientific Publ., 
Singapore, 1994. 


546 


[Voi] 


[Vol] 


[vK1] 


[vK2] 


[vM1] 


[vM2] 


[Vor] 
[Watk] 


[Wats] 


[Weil] 


[Wei2] 


[Wei3] 


[Wei4] 


Bibliography 


D. V. Voiculescu, Lectures on free probability theory, in: Lec- 
tures on Probability and Statistics (P. Bernard, ed.), Ecole 
d’Eté de Probabilités de Saint-Flour XXVIII-1998, Lecture 
Notes in Math., vol. 1738, Springer-Verlag, Berlin, pp. 279- 
349. 


I. V. Volovich, Number theory as the ultimate physical theory, 
Preprint, CERN-TH. 4791, 1987. 


H. von Koch, Sur une courbe continue sans tangente obtenue 
par une construction géométrique élémentaire, Ark. Mat., As- 
tron. Fys. 1 (1904), 681-702. (Engl. translation, with annota- 
tions, reprinted in [Ed, pp. 25—45].) 


H. von Koch, Une méthode géométrique élémentaire pour 
l’étude des courbes planes, Acta Math. 30 (1906), 145-174. 


H. von Mangoldt, Auszug aus einer Arbeit unter dem Titel: 
Zu Riemann’s Abhandlung ‘Uber die Anzahl der Primzahlen 
unter einer gegebenen Grésse’, Sitzungsberichte preuss. Akad. 


Wiss., Berlin, 1894, pp. 883-896. 


H. von Mangoldt, Zu Riemann’s Abhandlung ‘Uber die An- 
zahl der Primzahlen unter einer gegebenen Grosse’, J. Reine 
Angew. Math. 114 (1895), 255-305. 


A. Voros, Spectral functions, special functions and the Selberg 
zeta function, Commun. Math. Phys. 110 (1987), 439-465. 


M. Watkins, Arithmetic progressions of zeros of Dirichlet 
L-functions, preprint, 1998. 


G. N. Watson, A Treatise on the Theory of Bessel Functions, 
2nd ed., Cambridge Mathematical Library, Cambridge Univ. 
Press, Cambridge, 1995. 


A. Weil, On the Riemann hypothesis in function-fields, Proc. 
Nat. Acad. Sci. U.S.A. 27 (1941), 345-347. (Reprinted in 
[Wei7, vol. I, pp. 277-279].) 


A. Weil, Sur les courbes algébriques et les variétés qui s’en 
déduisent, Pub. Inst. Math. Strasbourg VII (1948), pp. 1-85. 
(Reprinted in: Courbes algébriques et variétés abéliennes, Her- 
mann, Paris, 1971.) 


A. Weil, Number of solutions of equations in finite fields, Bull. 
Amer. Math. Soc. 55 (1949), 497-508. (Reprinted in [Wei7, 
vol. I, pp. 399-410].) 


A. Weil, Sur les “formules explicites” de la théorie des nom- 
bres premiers, Comm. Sém. Math. Lund, Université de Lund, 
Tome supplémentaire (dédié 4 Marcel Riesz), (1952), pp. 252-— 
265. (Reprinted in [Wei7, vol. II, pp. 48-61].) 


[Wei5] 


[Wei6] 


[Wei7] 


[Wey]| 


[Wey2| 


[Wey3] 


[Wey] 


[WheFo] 


[WhW¢] 


[Wid] 
[Win] 
[za| 
[za2| 


[Zyg] 


Bibliography 547 


A. Weil, Fonction zéta et distributions, Séminaire Bour- 
baki, 18iéme année, 1965/66, no. 312, Juin 1966, pp. 1-9. 
(Reprinted in [Wei7, vol. III, pp. 158-163].) 


A. Weil, Sur les formules explicites de la théorie des nom- 
bres, Izv. Mat. Nauk (Ser. Mat.) 36 (1972), 3-18; English 
translation in: Math. USSR, Izv. 6 (1973), 1-17. (Reprinted 
in [Wei7, vol. III, pp. 249-264].) 


A. Weil, André Weil: Oeuvres Scientifiques (Collected Pa- 
pers), vols. I, IJ and III, 2nd ed. (with corrected printing), 
Springer-Verlag, Berlin and New York, 1980. 


H. Weyl, Uber die Abhangigkeit der Eigenschwingungen einer 
Membran von deren Begrenzung, J. Reine Angew. Math. 141 
(1912), 1-11. (Reprinted in [Wey4, vol. I, pp. 431-441].) 

H. Weyl, Das asymptotische Verteilungsgesetz der Eigen- 


werte linearer partieller Differentialgleichungen, Math. Ann. 
71 (1912), 441-479. (Reprinted in [Wey4, vol. I, pp. 393-430].) 
H. Weyl, On the volume of tubes, Amer. J. Math. 61 (1939), 
461-472. (Reprinted in [Wey4, vol. III, pp. 658-669].) 

H. Weyl, Hermann Weyl: Gesammelte Abhandlungen (Col- 
lected Works), vols. I and ITI, Springer-Verlag, Berlin and New 
York, 1968. 


J. A. Wheeler and K. W. Ford, Geons, Black Holes, and Quan- 
tum Foam: A life in Physics, W. W. Norton, New York, 1998. 


E. T. Whittaker, G. N. Watson, A Course of Modern Analysis, 
4th ed., Cambridge Mathematical Library, Cambridge Univ. 
Press, Cambridge, 1996. 


D. Widder, The Laplace Transform, Princeton Univ. Press, 
Princeton, 1946. 


S. Winter, Curvature measures and fractals, Dissertationes 
Math. (Rozprawy Mat.) 453 (2008), 1-16. 


M. Zahle, Integral and current representation of Federer’s cur- 
vature measures, Arch. Math. 46 (1986), 557-567. 


M. Zahle, Curvatures and currents for unions of sets with 
positive reach, Geom. Dedicata 23 (1987), 155-171. 


A. Zygmund, Trigonometric Series, vols. I and II, 2nd ed., 
Cambridge Univ. Press, Cambridge, 1959. 


Author Index 


M. Atiyah, 504 


K. Barner, 178 

T. Bedford, 269 

S. Bergman, 447 

A. V. Berkovich, 447 

M. V. Berry, 360, 365, 370, 371 
A. S. Besicovitch, 32, 337, 466 
A. Beurling, 477, 478 

H. Bohr, 507 

G. Bouligand, 31, 335 

R. Bowen, 215, 235 

J. Brossard, 211, 360 

J.-F. Burnol, 178 


T. Carleman, 503 

R. Carmona, 211, 360 

R. Cawley, 466 

J. Chazarain, 504 

S.-S. Chern, 247, 268 

Y. Colin de Verdiére, 504 
A. Connes, 475 

H. Cramér, 178 


H. Davenport, 178 


C.-J. de la Vallée Poussin, 3, 141, 
175 

J. Delsarte, 178 

C. Deninger, 178, 356 

J. J. Duistermaat, 504 


. M. Edwards, 178 
. G. Eggleston, 466 
. E. Ellis, 466 

. Essouabri, 204, 466 


. J. Falconer, 251, 269, 336 
. Federer, 268, 376, 390 
. Fisher, 269 
. Fleckinger, 211 
. Frantz, 62 
Frobenius, 356, 358, 359 


SES PoR OARS 


.G. 

. Gabber, 311 
. Galois, 359 

. Gatzouras, 346 
. Gerling, 211 

. B. Gilkey, 500 
. Gray, 268 

. Grubb, 502 


Qreu4cgowo 


M.L. Lapidus and M. van Frankenhuijsen, Fractal Geometry, Complex Dimensions and Zeta 549 
Functions: Geometry and Spectra of Fractal Strings, Springer Monographs in Mathematics, 
DOI 10.1007/978-1-4614-2176-4, © Springer Science+Business Media New York 2013 


550 Author Index 


. Guido, 371 

. Guillemin, 504 

. P. Guinand, 178 

. C. Gutzwiller, 365-367, 371 
H 


J. Hadamard, xxvi, 3, 175, 178 
B. Hambly, ix, 41, 222, 373, 467 
S. Haran, 178 

C. Q. He, 252 

H. Herichi, 193 

L. Hoérmander, 498, 503 

J. E. Hutchinson, 62, 63 


S. Ikehara, 178 

A. E. Ingham, 178 
T. Isola, 371 

A. Ivié, 176 

V. Ya. Ivrii, 503 


S. Jaffard, 173 
B. Jessen, 507 
J. Jorgenson, 178 


M. Kac, 6, 503 
J. Kigami, 270 
§. Kogak, 378 
J. Korevaar, 178 


S. P. Lalley, 62, 230, 269, 346 

S. Lang, 178 

R. E. Langer, 65 

M. L. Lapidus, 140, 193, 248, 251, 
269, 272, 275, 360, 368, 
373, 374, 398, 410, 448, 
466 

S. Lefschetz, 354 

J. Lévy-Véhel, ix, xiii, 373, 448, 
466 

H. Lu, ix, xiii, 373, 410 


M. C. Mackenzie, 466 

H. Maier, 2, 6, 140, 271, 272, 275 
B. B. Mandelbrot, 335, 337-344 
Yu. I. Manin, 178 

R. D. Mauldin, 466 

H. P. McKean, 503, 504 


. B. Melrose, 503 

. Mendivil, 466 

. Métivier, 360 

. Meyer, 173 
Minakshisundaram, 499 

. Minkowski, 11, 39, 63, 471 
A. P. Moran, 62, 63, 466 


Naumann, 491 
. Nest, 355, 374, 474 
. Niemeyer, 368 


M. Odlyzko, 321 
. Ostrowski, 412 


. A. Panchishkin, 178 
. Parry, 230, 235 
. N. Parshin, 178 
. K. Patodi, 504 
. J. Patterson, 178 
.P. J. Pearse, 146, 250, 347, 373, 
374, 398 
R. Pellikaan, 489 
Pham The Lai, 498 
A. Pleijel, 499 
J. H. Poincaré, 354, 499 
M. Pollicott, 230, 235 
C. Pomerance, 2, 6, 248, 269 
C. R. Putnam, 7, 297 


Be SP ep 8 ee 


A. V. Ratiu, 378 

B. Riemann, 3, 174, 178 

J. Rock, ix, xiii, 342, 373, 448, 466 
Z. Rudnick, 178, 488 

D. Ruelle, 5, 235 


P. Sarnak, 178, 488 

H. J. Schmidt, 211 

R. Schoof, 489, 492 

M. Schroéter, 178 

L. Schwartz, 138 

R. T. Seeley, 498, 503 

I. R. Shafarevich, 178 

I. M. Singer, 503, 504 

C. Soulé, 178 

J. Steiner, 374, 376, 378, 389, 390 


R 


J. 
J. 
S. 


M. 


M. 
. Weil, 141, 178, 327 
. Weyl, 247, 360, 503 
. Wiener, 178 


D. 


O 
G. 
S. 


Author Index 


. Stone, 269 


D. Tamarkin, 65 
T. Tate, 128, 488 
J. Taylor, 32 

. J. J. te Riele, 321 
. Teplyaev, 364 


. C. Titchmarsh, 65 


. Toeplitz, 447, 476, 480 


van der Geer, 489, 492 
van Frankenhuijsen, 302, 312, 
410, 495 


H 
A 
E 
D. Vassiliev, 211 
H. 
H 
A 
H 
N 


von Mangoldt, 3, 175, 178 


. von Koch, 370 


Watkins, 312 


Winter, 373, 374, 398 


Zagier, 173 


Subject Index 


a-adic expansion, 93 
ABC conjecture, 495 
abscissa of convergence 
of a Dirichlet integral, 120 
of a Dirichlet series, 17 
additive generator of a group, 52 
additive spectral operator, 191 
algebraic number field, 7, 280, 307, 
311, 485 
algebraic number theory, 311 
algebraic variety, 280, 354 
almost periodic functions 
Uniqueness Theorem, 249 
with amplitude of polynomial 
growth, 155 
Apollonian packing, 409 
approximately self-similar 
drum, 361, 363, 367 
set (or fractal), 341, 345, 346 
approximation 
of a nonlattice string, 80-92 
of the complex dimensions, 
80-83 
Arakelov divisor, 489, 492 


arithmetic geometry, vii 


a-stable string, 471 
lengths, 471 
a-string, 32, 203, 203-206, 246, 


335, 337, 360 
asymptotic expansion, 4, 163, 198, 
499-502 
average Minkowski content, 261, 
261-264 


b-approximable, 110, 232 

basic shape, 28, 129, 207, 211, 270 
virtual, 129, 308, 309, 328 

Berkovich’s p-adic space, 447 

Bernoulli flow, 220 

Bernoulli string, 183 

Berry’s Conjecture, 360 

Bessel function, 108 

Bessel string, 108 

Beurling integers, 478 

Beurling primes, 477 

bicharacteristic, 504 

Boltzmann constant, 188 

bosonic Fock space, 481 

boundary of a string, 11 

Bowen—Ruelle zeta function, 235 


M.L. Lapidus and M. van Frankenhuijsen, Fractal Geometry, Complex Dimensions and Zeta 553 
Functions: Geometry and Spectra of Fractal Strings, Springer Monographs in Mathematics, 
DOI 10.1007/978-1-4614-2176-4, © Springer Science+Business Media New York 2013 


504 Subject Index 


box dimension, 11, 337 
branching process, 469 
Brownian motion, 373 


C*-algebra, 476 
canonical density on M, 247 
canonical representation, 378 
Cantor dust, 343 
Cantor flow, 223 
Cantor function, 335, 335-340 
Cantor set, 13, 335, 339, 343 
virtual, 343, 344 
Cantor spray, 27, 28, 30, 308, 330 
generalized, 92, 308, 309 
shifted, 312 
Cantor string, 13, 138-16, 22-23, 
27, 41, 60, 196-197, 201, 
255, 295, 343-344 
generalized, 27, 43, 92, 122, 
255, 275, 283, 284-291, 
297-310, 343-344 
integral, 201, 288, 288-290 
modified, 46 
nonintegral, 288, 291 
truncated, 292, 291-295, 302 
capacity dimension, 11 
Central Limit Theorem, 468 
chordal distance, 506 
class field theory, 311 
class number of a curve, 327, 491 
class number of a field, 485 
completed harmonic string, 128 
complex codimension, 4, 338, 344, 
350 
complex cohomology, 357 
complex dimensions 
dynamical, 216 
of a flow, 216 
of a fractal string, 19, 26, 334, 
354-359 
of a generalized Cantor string, 
284, 343, 344 
of a generalized fractal string, 
121 


of a higher-dimensional frac- 
tal 
Devil’s staircase, 340 
self-similar set (or drum), 
374-410 
snowflake curve (or drum), 
350 
spectral, 207, 210, 362, 363 
of a lattice string with mul- 
tiple poles, 47, 48 
of a nonlattice string, 65-117 
of a self-similar string (or set 
in R), 39, 54-62, 90, 91 
of the a-string, 204 
of the Cantor string, 42, 43 
of the Fibonacci string, 43, 
44 
of the golden string, 51, 53 
of the harmonic string, 123 
of the prime string, 124 
phase transition, 73 
truncated, 148 
visible, 19, 121 
complex fractal dimensions, 20, 373 
continued fraction, 93-94, 169 
Khintchine’s theory, 104 
partial quotients, 104 
contraction mapping, 33, 35 
convolution, 125 
counting function 
k-th primitive of, 138 
geometric, 10, 120 
in Nevanlinna theory, 506 
of a generalized fractal string, 
120 
of the frequencies, 24 
of the lengths, 10, 120 
spectral, 24 
critical line, 124 
critical strip, 124, 140, 273, 280 
critical zeros, 271-280, 297-324 
of ¢(s), 124, 277, 298-301, 
320, 323 
of other zeta functions, 279, 
307-3820, 323-324 


curvature measure, 390 

curvature of a manifold M, 247 

curve over a finite field, 324-332, 
354 


decimation method, 364 
Dedekind zeta function, 7, 280, 
307, 311, 486, 487 
density function, 99 
density of states, 162, 189-190 
geometric states (lengths), 139, 
176, 189 
spectral states (frequencies), 
189 
descent method, 160 
Devil’s staircase, 8, 335, 335-340 
complex dimensions, 339 
tubular neighborhoods, 338 
dimension 
of a fractal string, 11 
of a generalized fractal string, 
120 
dimension-free region, 103-110 
Diophantine approximation, 83 
b-approximable, 110, 232 
badly approximable, 110 
Dirac measure, 122, 163 
Dirac operator, 475 
direct spectral problem, 26, 189-— 
194, 272 
Dirichlet divisor formula, 207 
Dirichlet divisor problem, 207 
Dirichlet integral, 120, 129, 279, 
322 
Dirichlet L-series, 279, 311-320, 
487, 487 
Dirichlet polynomial, 54, 67, 66— 
103 
integral, 67 
lattice, 68 
linear, 68 
nonlattice, 68-73 
positive, 67 
quadratic, 68 
roots of, 92-103 


Subject Index 550 


Dirichlet polynomial equation, 39, 
67 
Dirichlet series, vii, 16, 20, 30, 129, 
130, 191, 279, 297, 307, 
311, 320-324, 331, 355, 
501 
discriminant of a number field, 485, 
487 
distance in P!(C), 506 
distribution, 138, 139, 158-169, 
172-173, 238-242 
asymptotic order of, 168 
distribution of galaxies, 410 
distributional explicit formula, 139, 
158-174 
extended with error term, 164 
extended without error term, 
165 
with error term, 159 
without error term, 162 
distributional tube formula, 239 
divisor, 326 
canonical, 490 
of a meromorphic function, 
81 
of an algebraic function, 490 
doubled truncated Cantor string, 
306 
drum 
with fractal boundary, 1, 9, 
27, 30, 63, 337, 345-370 
with fractal membrane, 30, 
62, 270, 345, 363 
dual of a fractal string, 278 
dynamical complex dimensions, 216 
dynamical system, 5, 214, 355, 
367 
dynamical zeta function, 215, 215— 
217, 226-230 


early universe, 410 
elliptic differential operator, 360, 
502 


556 Subject Index 


Epstein zeta function, 7, 30, 279, 
280, 297, 307, 488, 488— 
489, 501 

étale cohomology, 354, 356 

Euler characteristic, 247, 389, 500, 


502 
Euler product, 191, 279, 299, 323, 
324, 331, 332 


Dedekind zeta function, 486 


dynamical zeta functions, 218, 


217-219 
Epstein zeta functions, 489 
Hecke L-series, 487 
logarithmic derivative of, 124, 
176, 217, 326, 495 
other L-series, 488 
Riemann zeta function, 123, 
176, 178 
zeta functions over a finite 
field, 325, 326 
expectation Moran equation, 470 
explicit formula, 26, 141-142, 155, 
174, 175, 178 
distributional 
extended with error term, 


164 


extended without error term, 


165 
with error term, 159 
without error term, 162 
for the density of frequencies, 
189 
for the density of lengths, 139, 
162, 189 
for the partition function 
geometric, 187 
spectral, 188 
pointwise, 139 
truncated, 149 
with error term, 153 
without error term, 156 


Fagnano orbits, 368 
Fejer kernel, 292 
Feynman path integral, 365 


Fibonacci flow, 223 
Fibonacci numbers, 43, 106 
Fibonacci string, 43, 43-46, 60, 
197-198, 202, 263 
modified, 46 
Fock space, 481 
formation of lightning, 447 
fractal billiard, 367 
fractal cohomology, 354-359 
of fractal strings, 354 
of self-similar strings, 357 
fractal curvature measures, 247 
fractal curvatures, 409 
fractal dimension, 66 
fractal drum, 1, 9, 31, 354, 360 
self-similar, 62, 266 
with fractal boundary, 9, 27, 
63, 345-370 
with fractal membrane, 62, 
270, 345, 363 
fractal geometry, vii, 3, 11 
fractal harp, 10 
string of a fractal harp, 10 
fractal lacunarity, 342-344 
fractal manifold, 501 
fractal membrane, 8, 474-482 
fractal power series, 382 
fractal spray, 27-30, 207-212, 270 
generalized, 129, 140, 308, 328 
of £ on B, 28 
self-similar, 208-212, 270, 346, 
361 
spectral complex dimensions, 
207, 208-212 
fractal string, 31 
p-adic, 410-447 
boundary, 11 
complex dimensions, 19, 121 
dimension, 11, 120 
generalized, 120 
ordinary, 9 
random, 373, 467-474 
self-similar, 33, 33-62, 130- 
135, 194-230, 253-268, 
345, 346 


fractal tube formula, 376 
fractality, 8, 334-474 
and lacunarity, 342-344 
and self-similarity, 344-353, 
374-410 
new definition of, 334 
frequencies of a fractal string, 24, 
24-27 
Frobenius operator, 355 
functional equation, 157, 279, 297, 
299, 325, 331, 355, 487 
Dedekind zeta function, 487 
Epstein zeta functions, 279, 


489 

Hecke and other L-series, 487, 
488 

Riemann zeta function, 129, 
299 


zeta functions over a finite 


field, 324, 327, 354 


g-integers, 478 
g-primes, 477 
Galton—Watson process, 469 
gamma function, 187, 487 
gaps (of a self-similar string), 34, 
37 

gauge function, 252, 370 
Gauss—Bonnet formula, 247, 500 
generalized functional equation, 482 
generalized integers, 478 
generalized primes, 477 
generator (of a lattice string) 

additive, 52 

multiplicative, 52 
generic nonlattice string, 68 
genus of a curve, 326, 490 
geometric 

oscillations, 14 

partition function, 187 

zeta function, 17, 38-41, 120 
geometric complex dimension, 365 
geometric invariants, 354, 500 
geometric measure theory, 268 
geometry 
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arithmetic, vii 

fractal, vii, 3, 11 

spectral, vii, 2, 188, 497-503 
GFE, 482 
golden flow, 224 
golden plus string, 73 
golden ratio, 43, 49, 73, 93, 104 
golden string, 51, 49-52, 90, 265 
growth conditions, 146 
Gutzwiller Trace Formula, 365, 367 


harmonic string, 123, 125, 127— 

129 
spectrum, 206-207 

Hausdorff dimension, 12, 63, 337, 
360, 361 

head and tail splitting, 403, 404, 
406 

heat asymptotic expansion, 499— 
502 

heat semigroup, 499 

Heaviside function, 143 

Hecke L-series, 280, 299, 311, 487, 
486-488 

homology, 354-359 

hypotheses L1, L2, L2’, 147 

hypothesis (P), 307, 322 


ideal, 325, 485, 486 
prime, 325, 485, 486 
ideal-character, 486 
initiator of a self-similar string, 
46 
inner tubular neighborhood, 11, 
237-247, 253-268, 338- 
340, 344, 346-353, 375- 
410 
inradius, 377 
inverse spectral operator, 190, 278, 
301 
inverse spectral problem, 26, 190, 
271-280, 309 
Irrationality Conjecture, 321 
general, 323 


Jacobi triple product, 494 
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Karamata’s Tauberian Theorem, 
499 

Khintchine’s theory, 104 

Klein curve, 331 


L1, L2, L2’, 147 

lacunarity, 342-344 

Langlands’ Conjectures, 488 

languid, 139, 146, 216, 307 
strongly languid, 147 

Laplace—Beltrami operator, 498 

Laplacian, 27, 29, 360, 497-504 
Dirichlet, 24, 27, 29, 208, 360, 


497, 502 
Neumann, 29, 360, 497, 498, 
502 


lattice spray, 212, 275 
lattice string, 2, 41-49, 52, 52-61, 
80, 182-135, 195-198, 256— 
264, 270, 275, 344-354 
spectrum, 200-202 
lattice-nonlattice dichotomy, 230 
Lefschetz fixed point formula, 355 
lengths of a string, 9 
Lindeléf hypothesis, 310, 488 
Lindeléf’s Theorem, 148 
linearly equivalent divisors, 490 
Liouville measure, 503 
LLL-algorithm, 101 
local convergence (of poles or roots), 
82 
local measure, 135 
local complex measure, 135 
local positive measure, 135 
local terms 
geometric, 180-182 
spectral, 182-183 
L-series, 311-320, 322, 486-488 
Dirichlet L-series, 7, 279, 311, 
487 
Hecke L-series, 7, 280, 299, 
311, 487, 486-487 
primitive, 488 


manifold, 188, 210, 497-504 


closed, 497, 500 
with boundary, 502-504 
mean proximity function, 506 
mean width, 389 
mean zeta function, 468 
Mellin transform, 158 
Menger sponge, 211 
metaconjecture of Lapidus, 367 
metric boundary, 417 
Minkowski content, 11, 14, 246, 
249, 252, 265, 344 
average, 261, 261-264, 269 
generalized, 252, 370 
upper, lower, 11, 14, 16, 255, 
274 
Minkowski dimension, 11, 12, 32, 
55, 60, 63, 272, 337, 344, 
345, 360 
Minkowski measurability, 54, 59, 
248-253, 266, 269, 272, 
275, 346 
Minkowski measurable, 11, 14, 55, 
56, 246, 249, 251, 253- 
268, 272, 274, 275, 346 
Minkowski sum, 389 
Mobius function, Mobius inversion, 
495 
modified Cantor string, 46 
modified Fibonacci string, 46 
monophase, 377 
monophase, pluriphase, 377 
Moran equation, 60 
multifractal, 483 
multifractal zeta function, 447-467 
multiplicative generator, 52 
multiplicity 
of a frequency, 24 
of a length, 12 
of a scaling ratio, 66 
multiply reflected periodic geodes- 
ics, 503 


Nevanlinna theory, 505-510 
counting function, 506 
height, 506 


proximity function, 506 
nongeneric nonlattice string, 68, 
70, 73, 113 
nonlattice string, 2, 52, 49-62, 65— 
117, 132-135, 198, 264— 
268, 344-354 
Bessel string, 108 
generic nonlattice, 68 
golden plus string, 73 
spectrum, 202-203 
Two-Three string, 49, 68 
Two-Three-Five string, 108 
Two-Three-Four string, 68-70 
norm of an ideal, 485 
NP-complete, 101 
number theory, 174, 178, 485, 488 


open set condition, 35, 60, 345, 
383 
order of the distributional error 
term, 168 
oscillations, 21, 23, 271—280, 291, 
299 
geometric, 6, 21, 55, 56, 80, 
252, 267, 272, 277, 291, 
297 
spectral, 6, 21, 201, 211, 212, 
272, 275, 276, 291, 297, 
299, 361 
oscillatory period, 91, 284 
of a lattice self-similar set (or 
drum), 345, 363 
of a lattice self-similar string, 
52, 54, 55, 134, 195 
oscillatory phenomena, 271—280 
oscillatory term, 7, 26, 180 
Ostrowski’s theorem, 412 


p-adic Euler string, 415 
p-adic fractal strings, 410-447 
p-adic neighborhood 
thick, 417 
thin, 419 
p-adic numbers, 411 
packing dimension, 31, 337, 361 
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partial quotients of a continued 
fraction, 93 
partition function, 187, 196-199, 
499-500 
geometric, 187, 196-199 
spectral, 187, 201, 202, 365— 
367 
pattern of complex dimensions 
periodic, 55, 76 
quasiperiodic, 56, 76, 81, 83, 
86-89 
pentagasket tiling, 397 
periodic orbits, 215-219, 226-230, 
365-370 
primitive, 5, 217, 226-230 
phase space, 502 
phase transition, 73 
for the Two-Three-Five string, 
113 
Planck constant, 188 
Platonic solid, 378 
pluriphase, 377 
Pochhammer symbol, 143, 158 
Poincaré duality, 355 
point mass, 122 
pointwise explicit formula, 143- 
158 
truncated, 149 
with error, 153 
without error, 156 
pointwise tube formula, 243 
Poisson Summation Formula, 366, 
492 
Poisson—Jensen formula, 505 
poles of the geometric zeta func- 
tion, 19, 121 
positivity hypothesis (P), 307, 322 
power series for w, 97 
prime at infinity, 413 
prime divisor, 326 
prime ideal, 485, 486 
Prime Number Theorem 
for suspended flows, 226-230 
for the rational primes, 3, 4, 
174-177 


560 Subject Index 


with error term, 177 
Prime Orbit Theorem, 226-230 
prime string, 123, 126-127, 175, 
176 
primitive L-series, 488 


quantized fractal string (see frac- 
tal membrane), 8, 474, 
475 

quantum observables, 480 

admissible, 480 

quasiperiodic structure (or behav- 
ior), 3, 53, 56, 81, 83, 86- 
89, 345 

Quermassintegral, 389 


random fractal, 345, 483 
random fractal string, 467-474 
generalized, 468 
random measure, 468 
random zeta function, 468 
real prime, 413 
reality principle, 16, 122, 352 
recursion relation, 133 
regulator of a number field, 485 
Renewal Theorem, renewal theory, 
62, 201, 212, 269, 270, 
346, 483 
nonlinear analogue, 346 
residue of ¢x(s) at s = 1, 486 
Riemann hypothesis, 7, 27, 124, 
193, 271-280, 321, 331, 
332, 482, 495 
for a curve over a finite field, 
327 
generalized, 7, 278-280 
Riemann zeta function, 24, 124, 
125, 178, 185, 272-274, 
277-278, 299, 320, 486 
completed, 128 
Riemann-—Roch formula, 490, 493 


Riemann—von Mangoldt explicit for- 


mula, 3, 174-177 
Riemannian geometry, 6, 247 
ring of integers of K, 485 


Ruelle zeta function, 235 


scaling factor, scaling ratio, 33, 40 
scaling ratios, 66 
scaling zeta function, 378 
screen, 19, 20, 91, 121, 146 
truncated, 148, 244 
Selberg Trace Formula, 365, 367 
self-similar drum, 62 
spectrum, 361-370 
with fractal boundary, 63, 266, 
345-370 
with fractal membrane, 62, 
270, 345, 363, 367 
self-similar membrane, 478 
self-similar set (or fractal), 35, 60, 
344-353, 374-394 
approximately self-similar, 341, 


345, 346 
self-similar spray, 208-212, 270, 346, 
361 
lattice, nonlattice, 212, 270, 
275 


self-similar string, 33, 33-62, 130- 
135, 194-230, 345, 346 
p-adic, 426-446 
Cantor string, 41 
Fibonacci string, 43 
generalized, 253-255 
lattice, 2, 41-49, 52, 52-61, 
80, 195-198, 256-264, 354 
nonlattice, 2, 52, 49-62, 65— 
117, 198-200, 264-268, 354 
random, 373, 470-474 
spectrum, 200-203 
with a single gap, 40-41 
with multiple complex dimen- 
sions, 47 
self-similar system, 383 
self-similar systems, 374-410 
self-similar tilings, 376-410, 483 
series approximation of w, 97 
Sierpinski carpet, 211 
Sierpinski drum, 210, 208-211, 270, 
346, 361 


spectral zeta function, 210 
Sierpinski gasket, 209-211, 270, 346 
similarity dimension, 60, 195 
similarity transformation, 33, 35 
snowflake curve, 346-353, 362 

complex dimensions, 350 

tubular neighborhoods, 347 
snowflake domain, 362 
snowflake drum, 8, 346, 346-353, 

362, 367, 368 

snowflake harmonics, 362 

spectrum, 361-362 
space of primitive periodic orbits, 
217 
spacetime, 410 
spectral asymptotics, 497-504 
spectral complex dimension, 365 
spectral complex dimensions, 207, 
210, 362 
spectral geometry, vii, 2, 188, 497— 
499, 502 
spectral measure, 124, 125 
spectral operator, 141, 190, 271, 

275, 278, 291, 301, 309, 
321 

additive, 191 

for fractal sprays, 208 

fractal drums, 364 
spectral partition function, 187 
spectral problem (S), 272 
spectral theory of smooth mani- 

folds, 272, 497-504 
spectral triple, 475, 479, 481 
spectral zeta function, 24, 29, 124 
spectrum of the square drum, 28 
spectrum of the triangular drum, 

208 
stable random fractal string, 471 
stationary phase method, 365 
Steiner’s formula, 268 
Steiner—Federer tube formula, 376 
Steiner-like representation, 377, 398 
stereographic projection, 506 
Stirling’s formula, 167, 197 
string of a fractal harp, 10 
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strong triangle inequality, 411 
strongly languid, 147 
support of a divisor, 81 
surface area, 389 
suspended flow, 214 

lattice, 224 

nonlattice, 224 


Tauberian Theorem (or argument), 
177, 178, 201, 270, 277, 
300, 499 
Taylor series, 192 
test functions, 159, 239 
general, 163-164 
theta function, 128 
tileset condition, 384 
Toeplitz operator, 480 
topological zeta function, 449 
torus, 29, 501 
total length, 17 
total symbol of P, 502 
total variation measure, 120 
total weight of an orbit, 215, 217 
trivial zeros of ¢(s), 124, 177 
truncated Cantor string, 292, 302 
truncated pointwise formula, 149 
tube formula 
analogy with Riemannian geo- 
metry, 247 
distributional, 239 
for fractal drums (or sets), 
338, 347, 379-410 
for fractal strings, 15, 238— 
247 
for generalized Cantor strings, 
253-255 
for lattice self-similar strings, 
256-264 
for nonlattice self-similar 
strings, 264-268 
for self-similar systems, 374— 
410 
for the a-string, 246 
for the von Koch snowflake 
curve, 347-353 
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pointwise, 243 
tubular neighborhood, 11, 237-247, 
253-268, 338, 344, 346, 
375-410 
tubular zeta function, 379 
Two-Three string, 49 


ultrametric, 412 


valuation, 141, 326, 332 

value distribution of Dirichlet poly- 
nomials, 505-510 

volume, 389 

volume zeta function, 379 

von Koch curve, 346 

von Koch snowflake billiard, 368— 
370 


weight of an orbit, 214 
weights, 67 
of a self-similar flow, 220 
Weil Conjectures, 354 
Weil distribution, 141 
Weyl curvatures, 247 
Weyl term, 183, 207-208, 274, 280, 
308, 310, 324, 328-332, 
367, 498 
analogue of, 366 
Weyl’s asymptotic formula, 360, 
363, 370, 497, 498 
Weyl’s conjecture, 360, 503 
Weyl’s tube formula, 247, 268 
Weyl-Berry Conjecture, 272, 371 
Wiener—Ikehara Tauberian Theo- 
rem, 178, 235, 277, 499 
window, 19, 39, 121, 146, 322 
truncated, 148 


ZeTOS 
critical, 124, 176, 271-280, 
320-324 
in arithmetic progression, 297— 
320 
trivial, 124, 177 
zeta function, 142, 191, 280, 299, 
485-495 


dynamical, 215, 215-217, 226— 
230 

geometric, 17, 120, 354 

multifractal, 447-467 

of a generalized fractal string, 
120 

of a self-similar string, 40 

of an algebraic number field, 
324 

over a finite field, 280, 322, 
326, 324-332, 354 

spectral, 24, 124, 207-212, 
354, 500 
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[|ao, 1,02,... 
93 

1s (indicator of a set S'), 275 

(., os (multinomial coefficient), 


|S||Lip (Lipschitz norm), 146 

\|a, a’|| (chordal distance in P1(C)), 
81, 506 

x = [x] + {x} (integer and frac- 
tional part of z), 14 


a(f)(t) (spectral operator, addi- 
tive), 191 

ap(f)(t) (factor of the spectral op- 
erator, additive), 191 

a;,a; (partial quotients of a con- 
tinued fraction), 93 


B (basic shape of a fractal spray), 
28 

B (Bernoulli string), 183 

Ba = n4/? /T(d/2 +1) (volume of 
d-dimensional ball), 498 

BL,» (metric boundary), 417 


C™(0,00), C%(A, 00), 159 


]] (continued fraction), 


C (Cantor function), 335, 335 
Cl(C) (divisor class group), 490 
CS (Cantor string), 13 


D (closed unit disc), 479 

®D (divisor), 326 

d= 4 (differentiation operator), 
192 

OL (boundary of a string £), 11 

6,-1} (Dirac point mass), 121 

op (indicator of a predicate), 130 

6 (canonical density on M), 247 

A (Laplacian), 497 

VA (square root of the Laplac- 
ian), 500 

D,, (Minkowski dimension), 120 

Dg (Minkowski dimension), 11 

Dag (Minkowski dimension), 360 

D,,Dr(W) (set of complex dimen- 
sions), 121 

Dc, Dc(W) (set of complex dimen- 
sions), 19 

Des (complex dimensions of the 
Cantor string), 43 
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Dy (set of complex roots of a Di- 
richlet polynomial), 75 

Drip, 43 

Dr, — D (convergence of divi- 
sors), 82 

Dyp(W) (dynamical complex di- 
mensions), 216 

det q (determinant of the quadratic 
form q), 489 

disc( A’) (discriminant of the num- 
ber field Kk’), 485, 487 

D(0, co) (test functions), 161 

D’(0, co) (distributions), 161 

D,,D, (left and right bound of 
critical strip), 75, 80, 510 

d,, d, (left and right bound of crit- 
ical strip), 80, 510 

Dr, D7(W) (complex dimensions 
of a fractal spray), 379 


4 (expectation), 470 
'(¢c) (mean zeta function), 468- 


A474 

7 (generalized fractal string), 120, 
158 

nx1 (multiplicative convolution), 
125 

®,,...,®y (similarity transforma- 


tions), 33, 35 
(f) (divisor of a function), 490 
Pa(X), Pa(s) (multiplicative shift), 
168 
Fib (Fibonacci string), 43 
p(s) (Mellin transform of y), 158 
fn 2 f (convergence of meromor- 
phic functions), 81 
F,(C)/F, (function field over a fi- 
nite field), 325 
a (lattice approximation of f), 84 
F(t, a) (suspended flow), 214 


gi,---,9« (gaps of a self-similar 
string), 34 
gi (largest gap), 39 


I'(s) (gamma function), 487 
I’(s) (derivative of I'(s)), 198 


HT (Hausdorff dimension), 360 

h (harmonic string), 123 

h = £ (normalized Planck con- 
stant), 188 

hoo (factor of h,), 128 

he (completion of h), 128 

h(C) (class number of C), 490, 
491 

h(K) (class number of K), 485 

H | (a) (k-th Heaviside function), 
143 

hp (factor of h), 127 


I,(z) (Bessel function), 108 
inf S (left bound of the screen), 
146 


Kq, kq(G, €) (coefficients of Vg(e)), 
377 

kg (Boltzmann constant), 188 

Ko; (curvature of M), 247 

Ka(a) (Fejer kernel), 292 


L (total length of a self-similar 
string), 33 

£ (fractal string), 9 

L1, L2, L2’ (growth hypotheses), 
147 

Lp,p (generalized Cantor string), 
253, 284 

Ly — L£ (convergence of fractal 
strings), 82 


m,,...,mw_ (multiplicities of the 
scaling factors r;), 66 

May (average Minkowski content), 
261 

M(D; £) (Minkowski content), 11, 
249, 252, 265 

M*, M., (upper, lower Minkow- 
ski content), 11, 255 

my (a, @) (proximity function), 506 


M*, M, (upper, lower Minkow- 
ski content), 11, 255 
p(n) (Mobius function), 495 


vy (frequencies), 124 
Ni = 7 (density of geometric 
states), 138, 189 


Nae = v (density of spectral states), 


189 
N;(a, g) (counting function), 506 
n(a, @) (counting function), 506 
ni" (x) (k-th primitive of N,), 138 
N(x) (geometric counting func- 
tion), 10 
N, (a) (spectral counting function), 
24 
N,,m (x) (spectral counting func- 
tion of a manifold), 498 
v(N)(x) (spectral operator), 191 
v,(N)(x) (factor of the spectral 
operator), 191 


O (ring of integers), 485 
w (complex dimension), 19, 39 


P (elliptic differential operator), 
502 

8 (prime string), 123 

(P) (positivity hypothesis), 307, 
322 

p (oscillatory period), 54, 195 

P!(C) (Riemann sphere), 506 

P1(F,) (projective line), 325 

= {9, an (self-similar system), 
383 

PIN (k-th distributional primitive 
of 7), 138 

a (convergent), 93 


Yw(x) (orbit counting function), 
218 

P(s) (prime zeta function), 495 

qd}, (continued fraction), 93 

Q|p] (cyclotomic field), 209 
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R(K) (regulator), 485 
r (multiplicative generator), 52 
r1, T2 (number of real, complex 


embeddings), 485 


ro = 1,1r1,...,1r (scaling ratios), 
66 

r1,.--,7n (scaling ratios), 33 

res(g(s);w) (the residue of g at w), 
139, 327 


(S) (spectral problem), 272 

Sin (truncated screen), 148, 160, 
166, 244 

S: S(t) + it (screen), 19 

o = {0,...,N — 1}% (space of 
words), 214 

o (left shift), 214 

a\% (space of periodic orbits), 217 

(s), = T(s +k)/T(s) (Pochham- 
mer symbol), 143, 158 

01,0, (lower and upper bound of 
Rew), 62, 80, 507, 510 

Steiner-like, 398 

sup S' (right bound of the screen), 
146 


T (truncated Cantor string), 292, 
303 

T (fractal membrane), 475 

T (equilateral triangle), 208 

T? (d-dimensional torus), 29, 501 

Tq (a distribution), 163 

T(n) (number of divisors of n), 
207 

Ts(o) (Nevanlinna height), 506 

6(x) (modified theta function), 128 

6,,(£) (geometric partition function), 

187 

Oc(t) (geometric partition func- 
tion), 187 

6,(t) (spectral partition function), 
188 

TT (doubled truncated Cantor 
string), 306 


v (valuation), 326 
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Vp. p(e) (volume of the inner tubu- 
lar neighborhood of £p py), 
253 

V(e) (volume of the inner tubular 
neighborhood), 6, 11, 13- 
16, 237-268, 338-340, 346-— 
353, 375-410 

Vur(e) (volume of the tubular neigh- 
borhood of a manifold), 
247 

vol(M) (Riemannian volume), 498 

V7 = VT head + VF tail (head and 
tail splitting), 406 


W (window), 19, 39, 81 

w (additive generator), 52 

wk (number of roots of unity), 
485 

W), (truncated window), 148, 160, 
166 

W'"l(x) (k-th primitive of the Weyl 
term), 183 

wht h (x) (k-th primitive of the Weyl 
term of a spray), 207 

We(x) (Weyl term), 26, 274 

WE, (@) (Weyl term of the Sier- 
pinski drum), 210 

w, (weights of a self-similar flow), 
67, 220 

w; = —log?; = kj;w (approxima- 
tion of w;), 84 

w, (multiplicity of the length 1), 


12 
wy (multiplicity of the frequency 
f), 24 


W, (Weil distribution), 141 

wo (weight of an orbit), 214 

Wot (p) (total weight of an orbit), 
215, 217 


&(s) (completion of ¢(s)), 128 


zv,m(t) (trace of the heat semi- 
group of a manifold), 499 


¢(s) (Riemann zeta function), 24, 
185 

¢p(s) (spectral zeta function of a 
basic shape), 29 

¢a(s,t) (two-variable zeta func- 
tion of a curve), 489 

¢cs(s) (geometric zeta function of 
the Cantor string), 41 

¢a(s) (Epstein zeta function), 489 

¢n(s) (geometric zeta function), 120 

Crib(s) (geometric zeta function 
of the Fibonacci string), 
43 

Cn, (8) (local zeta function), 127 

¢x(s) (Dedekind zeta function), 
486 

¢c(s) (geometric zeta function), 
17 

¢L(s) (spectral zeta function), 24 

¢.,B(S) (spectral zeta function of 
the Bernoulli string), 183 

¢v,m(s) (spectral zeta function of 
a manifold), 500 

¢s3(s) (geometric zeta function of 
the prime string), 124 

Cpt pp, (s) (zeta function of the pro- 
jective line), 325 

¢q(s) (associated with a quadratic 
form), 489 

Cofp](s) (Dedekind zeta function), 
209 

Ga(s), Gc(s) (local zeta function), 
127, 487 

¢5(s) (scaling zeta function), 378, 
400 

¢r(e,s) (tubular zeta function), 
379, 400 

¢r(s) (spectral zeta function of 
the triangle 7), 208, 211 

¢Cr(s) = Cr nead(8)+C7,tail($) (head 
and tail splitting), 406 

¢w(s) (dynamical zeta function), 
215 

¢2(s, t) (two-variable zeta function), 
493 


Conventions 


f(x) = O(g(@)) 
f(x) = o(g(2)) 
f(x) ~ g(x) 
f(x) « g(x) 
d|n 

A\B 

HA 

N 

N* = N\{0} 

Z and Q 
Rand C 

R* 

s=artit 
log x 

log, £ 

[2 
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f(«)/g(x) is bounded. 

f(«)/g(x) tends to 0. 

f(«)/g(x) tends to 1. 

same meaning as f(x) = O(g(2)). 

approximately equal to. 

d divides n. 

the set of points in A that do not lie in B. 

the cardinality of the finite set A. 

the set of nonnegative integers 0,1,2,3,... 

the set of positive integers 1,2,3,... 

the sets of integers and rational numbers, respectively. 
the sets of real and complex numbers, respectively. 
the multiplicative group of positive real numbers. 
the square root of —1; e7*/?. 

s is a complex number with og = Res and t =Ims. 
the natural logarithm of «x. 

log z/ log a, the logarithm of « with base a. 

the greatest integer less than or equal to x. 

the fractional part of x. 
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